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PREFACE 


This book is the result of experience in teaching the principles 
of optics at the Massachusetts Institute of Technology. It is 
intended to serve as a basis for a substantial first course for 
students in the third year of their undergraduate training; and 
presupposes merely the general knowledge of optical phenomena 
that is acquired in the average first and second year course in 
college physics. The scope of the book is such that it should 
provide a solid foundation for those who intend to select optics 
as a career and at the same time it should furnish an adequate 
knowledge of the subject in a comprehensible form for those who 
intend to specialize in other branches of physics or engineering. 

The existing works on optics fall into two fairly well defined 
classes.. Those dealing with what may be called pure optics 
treat the subject from a mathematical standpoint and commonly 
disregard the portions that are not amenable to mathematical 
treatment. Those dealing with what is sometimes called applied 
optics are devoted almost exclusively to the design of optical 
instruments. In this volume, we have attempted to steer a 
middle course and to treat the entire subject of optics as thor¬ 
oughly as can be done in a work of this size. Such a procedure 
appeared to be desirable because, in a broader sense, there can 
be no distinction between pure and applied optics. An acquaint¬ 
ance with the entire subject is as necessary for those whose chief 
aim is to discover new optical phenomena as for those who 
intend to find new applications for the known phenomena. 

There is as yet no profession that can truly be called optical 
engineering. In this respect, optics differs from the other 
branches of physics, such as mechanics, heat, electricity, and 
acoustics. Nevertheless, the ever-increasing importance of 
optics in industry makes it seem not unlikely that the profession 
of optical engineering will eventually assume its rightful place 
alongside the established engineering professions. The recent 
developments in such fields as illumination, motion pictures, and 
television, that depend primarily upon optics, have been brought 
about largely by engineers whose college training was received 
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at a time when optics was not regarded as an essential part of an, 
engineering education. In the selection of material for this 
volume we have had in mind the needs of engineers who may wish 
to work up the subject by themselves quite as much as the needs 
of college students who may some day call themselves optical 
engineers. 

It is unfortunate that the study of optics must inevitably 
begin with the geometrical theory of image formation, which, 
although of little interest in itself, is a prerequisite to an adequate 
comprehension of all other branches of optics. This subject is 
disposed of in the five chapters that follow the introductory 
chapter. Chapter VII then deals with the phenomenon of 
diffraction and the limitation that it imposes on the performance 
of optical systems—a limitation that is not indicated by the 
purely geometrical theory. The next seven chapters discuss the 
properties of radiation and light sources, the various detectors 
of radiation, such as the eye, the photographic plate, the photo¬ 
electric cell, and the measurement of light and color. The next 
group of four chapters describes the properties of optical materials 
and the construction and testing of optical parts. This informa¬ 
tion does not appear in any of the standard works on optics, 
despite its importance to any one who intends to make optics his 
profession- The remainder of the book deals primarily with 
optical instruments. Chapter XIX develops the general princi¬ 
ples underlying their design. It is followed by a discussion of the 
more important image-forming instruments, such as spectacles, 
photographic objectives, telescopes, microscopes, and projection 
systems. The last three chapters are concerned with spectro¬ 
scopic apparatus, interferometers, and polarizing apparatus. 

Those who are accustomed to regard optics as an exercise in 
applied mathematics will be disappointed in the present treat¬ 
ment because we have not considered it necessary to give a 
rigorous proof of every principle, since many of the proofs are 
extremely involved and may be found elsewhere. We trust 
that this lack of rigor is more than compensated by the greater 
emphasis that is thereby placed upon the principles themselves 
and upon the manner in which they can be applied. The refer¬ 
ences to original papers are more numerous in this volume than 
is customary in a work of this sort. These are intended to serve 
as a key to the literature and thus to encourage the student to 
obtain his information at first hand. In view of the impossibility 



PREFACE 


vu 

of giving a complete bibliography of the entire field of optics we 
have attempted to select papers that are readily available, espe¬ 
cially those which themselves contain extensive bibliographies. 

Grateful acknowledgment is extended to all who have assisted 
in the preparation of this volume, especially to Professor J. C. 
Slater for his aid in connection with Chap. VIII, to Mr. Alden 
Handy and Mr. Ivan A. Getting for reading a large part of the 
manuscript, and to the various firms who have so generously 
contributed material for the tables and illustrations. 

Aethur C. Hardy. 
Fred H. Perrin. 

Cambridoii, Mass., 

My , 1932, 
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THE PRINCIPLES OF OPTICS 


CHAPTER I 

GENERAL CONCEPTS 

The term ‘‘light” is used to describe radiant energy that is 
capable of affecting our sense of sight. It, may denote also 
the sensation produced by this form of energy in the brain of a 
human observer. Physicists generally use the term in its first 
or objective sense; psychologists and physiologists use it in its 
second or subjective sense. Occasionally its objective meaning 
is extended to include the energy propagated by waves that are 
either too long or too short to be perceived by our eyes but 
which can be studied by the methods that are used in the visible 
region. 

Unlike other branches of physics, optics exhibits no simple 
phenomena, and there is, therefore, no logical point at which 
to begin the study of it. In mechanics, for example, one may 
begin with simple concepts like the equilibrium of forces, deferring 
more difficult ones until later, but in optics there are certain 
fundamental principles pertaining to all branches of the subject 
that must be grasped before a single branch can be studied 
intensively. Most of these principles are to be found in more 
elementary texts, but they are so important that they will be 
summarized in this first chapter. Inasmuch as a knowledge 
of the history of optics conduces to a better understanding of 
the subject, a brief historical sketch will be presented first. 

1. The History of Optics.—The ancients were undoubtedly 
more familiar with optics than with any other branch of physics. 
The discovery in the ruins of Nineveh of a convex lens of quartz 
and tablets bearing inscriptions too minute to be decipherable 
by the naked eye indicates that the Chaldeans made use of 
magnifying glasses almost three thousand years ago. The use 
of a convex lens as a burning glass and as a magnifier is mentioned 
by Aristophanes and Pliny. Nevertheless, the knowledge of 
the ancient Greeks and Romans concerning the lens was probably 
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limited to its effects; for, although we know that they understood 
the laws of reflection at plane and curved surfaces, there is 
no evidence that they understood anything about the laws of 
refraction. It was not until a.d. 50 that Cleomedes showed by 
analogy with the appearance of a stick partially immersed in 
water that the sun must be visible after it has set. 

After the Dark Ages, the first outstanding figure in optical 
history was the Arabian philosopher Alhazen, who died in Cairo 
in 1038. Although he was distinguished in many branches of 
science, he is best known because of his optical works, which were 
later translated into Latin for the use of Europeans. He was 
the first to explaiq the functions of the different parts of the eye 
and to show that an image is formed by its optical system on the 
retina. He anticipated Huygens and others by explaining why 
we see objects singly with our two eyes. His astronomical 
investigations led him to explain the phenomenon of twilight; 
and with extraordinary sagacity he deduced that the atmosphere 
of the earth extends less than sixty miles above the surface, thus 
anticipating the epoch-making experiments that Torricelli and 
Pascal were to make many centuries later. 

The next figure of importance was Roger (Friar) Bacon, who 
lived in England during the thirteenth century. Only a little 
is known of this eccentric genius, who was centuries in advance 
of his day. He may have invented spectacles, which appeared in 
Europe about this time, and he is credited with having made 
combinations of lenses that acted like telescopes and microscopes. 
At least, his writings hint at a knowledge of these instruments, 
but if he invented them he did not claim so. Brave would have 
been the philosopher to admit being so manifestly a sophisticate 
in the black art! As it was, his scientific curiosity resulted in his 
spending some twenty-four of the last thirty-seven years of his 
life in prison. 

The Renaissance introduced a new era in science, which was 
characterized by an openly expressed dissatisfaction with the 
dogmatism of the Church and with the theories of the established 
argumentative schools of philosophy. This era marked the 
beginning of the experimental method in science, and the resulting 
advances in optics were as outstanding as those in the other 
branches of physics. Italy led the van with such pioneers as 
Leonardo da Vinci (1452—1519), Maurolycus (1494-1575), della 
Porta (1538-1615), and, foremost of all, Galileo (1564—1642). 
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There was but little specialization in those days, since all the 
known facts of natural philosophy could be comprehended by a 
single individual. As a consequence, the investigators who 
participated in the development of the branch of physics that is 
now called optics made contributions in other fields as well. 
The works of these sixteenth century pioneers are therefore too 
well known to require a detailed account here. 

The optical history of the seventeenth century is predominantly 
the history of the telescope. It is true that spectacles had been 
in use for some years, but, as few could afford such a luxury, 
the field of ophthalmic optics remained quite undeveloped. Also, 
the compound microscope had been invented by the Janssens 
about 1590, but it was so imperfect that the sciences depend¬ 
ent upon it could not progress beyond the most embryonic stages. 
Astronomy, on the other hand, was in a well-organized state; 
and the age-old heavens invited observation as never before, 
now that the novel Copernican theory was battling for its life 
against the accepted theory of Ptolemy. The actual invention 
of the telescope was probably the result of a chance observation 
of a Dutch spectacle maker. News of the discovery reached 
Galileo in 1609, and, although he had not seen one of the instru¬ 
ments, he instantly grasped the principle and made one which he 
exhibited in Venice for several months. A second and somewhat 
improved instrument followed very shortly, and in January, 
1610, he constructed one with a magnifying power of thirty-three 
times. These telescopes were similar to the modern opera glass, 
consisting of a double-convex objective and a double-concave 
ocular. Their definition was faulty, largely because of spherical 
and chromatic aberrations in the objective. It was soon found 
that these aberrations could be reduced without changing the 
magnifying power by increasing the focal length of the lenses. 
Such monstrosities as the 123-ft. telescope that Huygens pre¬ 
sented to the Royal Society were the natural result. A 
more elegant solution was proposed by Gregory, who in 1663 
suggested eliminating the chromatic aberration entirely by using 
a mirror instead of a lens. Newton adopted this suggestion 
and constructed a large number of reflecting telescopes, after 
hastily concluding that a combination of lenses could not be 
achromatized. But his conclusion was based upon inadequate 
evidence, and in 1733 an achromatic objective was constructed by 
Chester Moor Hall, an English gentleman. 
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In one sense, there are only two types of optical instruments: 
those that form images, like the telescope; and those that analyze 
radiation, like the spectroscope. It is quite fitting, therefore, 
that the seventeenth century should have witnessed the birth 
of the second type of instrument as well as the first. In fact, 
Newton’s classical experiment on the composite nature of white 
light, which led to the development of the spectroscope, was 
nearly contemporaneous with the construction of the first good 
telescope. 

The outstanding characters of the seventeenth century were 
Christiaan Huygens (1629-1695) and Sir Isaac Newton (1642- 
1727).^ The contributions of both men to optical science are so 
numerous that they cannot be even mentioned here. Both made 
valuable experimental discoveries, but they are now remembered 
chiefly as the most famous supporters of rival theories of light 
propagation, notwithstanding that neither was satisfied with 
the adequacy of the theory he supported. Although these two 
investigators somewhat overshadowed all others of the period, 
mention must be made of Scheiner (1575-1650), who studied 
the optics of the eye, Snell (1591—1626), who discovered the true 
law of refraction, and Romer (1644—1710), who, by observations 
on the moons of Jupiter, was the first to prove that light travels 
with a finite velocity. 

During the eighteenth and nineteenth centuries, developments 
in optics were more in the nature of improvements than funda¬ 
mental inventions. Progress was slow because these develop¬ 
ments had to await inventions in allied fields. Only at the end 
of the nineteenth century did the photographic film, the electric 
arc, and the incandescent lamp appear; and the present century 
had well started before the photoelectric cell could be put to 
practical use. Even optical glass was limited in variety until 
1886, when the researches of Abbe and Schott made the modern 
highly corrected lenses possible. Optical research during this 
period was confined very largely to a study of the classical 
phenomena, such as interference and diffraction, which are 
explained so beautifully on the basis of the wave theory. The 
remarkable confirmation of optical theory afforded by these 
experiments led to the growing conviction that the work of the 
physicist of the future would be merely to determine the known 

^ Huygens's “Treatiseon Light'’ was translated by Silvanus P. Thompson 
in 1912. Newton’s “Opticks” was reprinted in 1931, 
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constants of nature with greater accuracy. But this attitude 
was suddenly changed just before the beg innin g of the present 
century by the discovery of new phenomena which opened 
unexplored fields of investigation. At the same time, the indus^- 
trial applications of optics were enormously increased by the 
appearance of the inventions mentioned above and by the 
development of optical instruments by Abbe. In fact, the begin¬ 
ning of the twentieth century marks the entrance of optics, which 
had never been exploited in an engineering sense, into practical 
affairs. 

The extraordinary progress in all branches of optics during the 
present century may be said to have resulted indirectly from the 
invention of the electric lamp by Edison in 1879. At that time 
there were no satisfactory sources of electrical energy, and this 
invention created a demand that led to the development of the 
electrical industry, which has lowered the cost of light to the 
point where it has revolutionized the habits of mankind. At 
the present time, developments in optical science are progressing 
along three well-defined courses. There is considerable activity 
in the improvement of sources of light and in methods of utilizing 
them. There are also many new applications of optics in science 
and industry, and the manufacturers of optical equipment are 
therefore constantly developing new instruments and modifying 
older ones to suit new purposes. In the field of pure science, 
it has come to be recognized that the branch of optics known as 
spectroscopy holds the key to the secrets of the constitution of 
matter and possibly to the nature of the universe. The activity 
in this field is so great that spectroscopy is rapidly assuming the 
status of an independent science. 

2. The Nature of Light.—The nature of light is a puzzle 
that has absorbed the attention of philosophers and scientists 
since the earliest times. The ancient Greeks imagined that light 
consisted of a stream of corpuscles, but whether these emanated 
from the light source or from the eye was a subject of debate. 
Both theories accounted for the apparently rectilinear propaga¬ 
tion of light and also for the facts of regular reflection, thus 
supplying the Greek geometers with an application for their 
newly developed mathematical methods. 

No better theory concerning the nature of light was proposed 
until the seventeenth century, when experimental evidenc 
of new kinds began to accumulate, especially the phenomena 
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interfdiffraction, double refraction, and polarization. 
Huygens showed about 1690 that the phenomena of reflection and 
refraction could be explained by assuming that light is propagated 
as longitudinal waves like sound. However, no method was 
found of explaining rectilinear propagation; and iNTewton, after 
considering this new theory carefully, was inclined to favor the 
older corpuscular theory. The weight of his opinion squelched 
the wave theory so effectively that it was in disrepute until about 
1800, when Young and Tresnel attacked the problem anew. 
These investigators succeeded in explaining on the basis of the 
wave theory not only rectilinear propagation but the phenomena 
of interference and diffraction as well. Young later accounted 
for the phenomenon of polarization by assuming that the waves 
are transverse—^that is, perpendicular to the direction of propaga¬ 
tion—rather than longitudinal, or parallel to the direction of 
propagation. Tinally, in 1850, Foucault gave the coup de grdce 
to the corpuscular theory by proving experimentally that the 
velocity of light in a material medium is less than in free space, 
a result that the proponents of both theories had always admitted 
would be conclusive. 

But the wave theory had its difficulties. The propagation 
of waves necessitated some medium, and inexorable mathematics 
showed that the so-called ether, invented for the purpose, must 
be endowed with the most extraordinary physical properties. 
For example, to account for the enormous velocity of light, it 
must have a rigidity that is difficult to reconcile with the appar¬ 
ently unhampered motion of the planets. Then Faraday and 
Henry discovered electrical and magnetic phenomena that led 
Maxwell, in 1873, to announce his famous electromagnetic theory 
concerning the mode of propagation of electrical and magnetic 
disturbances. That this theory would also account for certain 
optical phenomena was proved about 1888, when Hertz showed 
that electrical waves possess many of the properties of light 
waves. In fact, the electromagnetic theory was so success¬ 
ful in interpreting the known phenomena in the field of optics 
that everyone believed that the final chapter on the subject had 
been written. 

Hew experimental evidence began to make its appearance 
toward the end of the last century. Several investigators found 
that the space surrounding certain metals becomes electrically 
conductive when the metals are exposed to light. After J. J. 
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Thomson discovered the electron in 1897, it was naturally con¬ 
cluded that this photoelectric effect, as it is called, is due to the 
emission of electrons by the metal as a result of some action of the 
light. The expulsion of an electron from a metal requires a 
certain deidnite amount of energy, and this energy presumably 
comes from the beam of light. Hjowever, calculations showed 
that the rate at which an electron receives energy from a beam of 
light of ordinary intensity is so small that several years would be 
required for it to accumulate enough to bring about its expulsion. 
Actually, of course, the expulsion of electrons begins as soon as 
the metal is exposed. As a consequence it was necessary 
to assume that the energy in a beam of light is not distrib¬ 
uted uniformly over the wave front but is concentrated at 
certain points, as if the light consisted of corpuscles instead. 
Other evidence in favor of this view soon began to accumulate. 
In arriving at a satisfactory explanation of the radiation from a 
black body, Planck found it necessary to assume that the radiat¬ 
ing oscillators in the body radiate energy discontinuously in 
units called quanta. Then in 1905 Einstein suggested that 
the absorption of light in the photoelectric process might 
be in quantum units also, and experiment proved that these 
quanta are of the same size as those required by Planck. 

During the last decade, the physicist has been forced to employ 
two seemingly contradictory theories: the wave theory for 
classical phenomena such as reflection, refraction, interference, 
diffraction, and polarization; and the quantum theory for the 
more recent discoveries in the field of X-rays, photoelectricity, 
and radiation. The inability of the physicist to fuse these two 
theories placed him in an anomalous position. We may smile 
at Newton’s idea that corpuscles have alternate fits of easy 
reflection and refraction, but what shall we say when a modern 
physicist determines the energy of a corpuscle that causes the 
expulsion of a photoelectron on the basis of the wave length 
required by the wave theory to explain phenomena that thc^ 
corpuscular theory is incapable of explaining? The reason for 
the existence of the two theories is that the human inind can 
conceive of but two ways by which energy can be transferred- - 
either by the actual transfer of matter or by a wave motion. 
Both theories in their simple forms have been signally successful 
in explaining certain optical phenomena while failing to explain 
the others. 
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A deepen maderstanding of some recent experiments suggests 
that both theories are essentially correct as far as they go. 
The Compton effect has indicated that light corpuscles may 
behave much lihe particles of matter, while the work of Davisson 
and Germer has indicated that, under certain conditions, electrons 
behave like a group of waves. Wave mechanics is the name given 
to a new method of interpreting physical phenomena that may 
provide the fundamental principle necessary for reconciling the 
conflicting theories. While a detailed account is beyond the 
scope of this book, it may be stated here that the theory of wave 
mechanics accepts the equivalence of matter and energy at the 
outset, postulating that waves are always associated with 
particles of matter. This subject has been developed principally 
by de Broglie and Schrodinger and is intended to supplant the 
ordinary gross mechanics when treating particles of atomic and 
sub-atomic dimensions. In fact, it goes beyond this and makes 
the ordinary gross mechanics of Newton merely a special case of a 
more general theory. 

In the present volume, the theory that “explains” a certain 
set of phenomena most conveniently will always be used, notwith¬ 
standing that it may not “explain” some other set. Thus, in 
arriving at the principles of image formation, it will be assumed 
merely that light travels in straight hnes; in discussing inter¬ 
ference, diffraction, and similar phenomena, that it is propagated 
as transverse waves; and in discussing radiation and the photo¬ 
electric effect, that it behaves more like corpuscles and is emitted 
or absorbed in multiples of the elementary quantum of energy. 
Despite the seeming inconsistency of such a procedure, it should 
be remembered that if a certain theory fits the observed facts 
once it will do so always. That the theory represents only a 
special case of a more general principle should not be an objection 
to utilizing it for what it is worth, especially in a book whose 
emphasis is laid more on the applications of the theories than 
on the proofs of their validity. 

3. The Velocity of Light.—The ancients were undoubtedly 
famihar with the finite velocity of sound and must have specu¬ 
lated about the velocity of light. All the early terrestrial experi¬ 
ments failed of their purpose, however, because of the crudeness 
of the apparatus. It remained for Rdmer in 1675 to note with 
the aid of the newly discovered telescope that a peculiar varia¬ 
tion in the apparent periods of the eclipses of the satellites of 
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Juicier d6pa:ids upon tbe distanoe between Urn f]laiie^ and the 
earth. The rexnarkahly preeide vidue el 3.0 X 10** an/aee. 
for the Telocity of light in free space was determined on the basfe 

his obeerrations. The hrst terree^ial method of detennining 
the Telocity of light was successfully carried out by Fiaeau in 
1849. He allowed light to pass through a rotating toothed wheel, 
thus causing rapid interruptions in the beam. A minor located 
some distance away rediiected the Mght to the toothed wheel 

d rotation at udiich the wheel moTed through a dtataiiee eq^ial 
to one tooth in the time required for the h^t to trawei twiee 
OTer the distance between the wheel and the mirror. Flaaatih 
method was improTed by Foucault a year later by the substitii- 
tion of a rotating mirror as the timing device in place of the 
toothed wheel. This resulted in the same precision with a 
much shorter optical path, so that Foucault was able to demon¬ 
strate also that the Telocity of light in water is less than in air. 
The most accurate determinations of the Telocity of light haTe 
been made by Michelson,^ who concluded in 1926 that its 
Tdocity in free space is ( 2.99796 ± 0 . 00004 ) X cm/sec. 
Michelson used the essential features of Foucault’s method but 
employed a greatly improTed technique, so that now the Telocity 
of light is known with greater accuracy than almost any other 
physical constant. 

4. Wave Motion.—The simplest wave motion that can 
be represented mathematically is the one shown in Fig. 1. The 
figure may be considered a snap>shot of a longitudinal section of 
a transverse wave. Every i>article in the wave is vibrating up 
and down, its maximum distance from the axis being a. If 
the origin is chosen at some particle that is on the axis for the 
moment, the distance of any other particle from the axis is 

y — a sin x, (1) 

where z is the distance of the particle from the origin, measure 
along the line of propagation. 
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Conader two particles mi and m 2 occupying corresponding 
positions in two successive waves of a train. The distance 
^2 —• Xi between these particles is one wave lengthy the symbol 
for which is X. Now mi, m 2 , and all the intermediate particles 
are vibrating up and down and therefore will return to their 
present positions again at the end of a time T called the 'period. 
During this time, the wave will have progressed from x\ to 
with a velocity 



The velocity may be expressed also in terms of the frequencyy 
which is the reciprocal of the period. Then 

c = X/. (3) 



Fig. 1. 


The position of a given particle in terms of these constants is 

2 / = a sm2x/^, (4) 

where t is the time measured from some instant when 2 / was zero. 
The graphical representation of this equation is similar to Fig. 1 
with values of time as abscissae instead of distance. 

When a given particle is acted upon simultaneously by two 
disturbances of the type represented by Eq. (4), the resultant 
displacement is the vector sum of the displacements that each 
disturbance would produce alone. A case of considerable 
importance in optics arises when the two disturbances lie in the 
same plane and pursue substantially the same course. If the dis¬ 
turbances have the same frequency, the equations may be written 


and 


2/1 = ai sin ^irft 
2^2 = o.% sin (2x/< H- ip), 
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where <p represents the phase of one disturbance with resp©^ tii 
the other. It is easily shown that the sum of these disturbance 
is a sinusoidal disturbance of the same frequency as the com|)0- 
nents and that it has an amplitude 

a = \/ ai^ a2^ + 2 aiua cos^o. 

If <p is zero or any multiple of 27r, the two waves are in phase 
and the resultant amplitude is the arithmetical sum of the ampli¬ 
tudes of the two components. Now in any wave motion, the 
rate at which energy is propagated is proportional to the square 
of the amplitude. Hence, the combination of two sine waves 
of the same amplitude and frequency results, if they are in phase, 
in quadrupling the rate of flow of energy instead of merely dou- 
bhng it. This never causes a violation of the conservation of 
energy principle, however, because the surplus energy at one 
point is always accompanied by a deficiency somewhere else. 
This deficiency occurs at points for which 

<p = TTj Stt, 5x, etc. 

The two disturbances are then 180® out of phase, and the result¬ 
ant amplitude is zero. This phenomenon is known as inter¬ 
ference. It is of great use in the precise measurement of distances, 
partly because of the convenient shortness of light waves but 
more because their length is so constant. 

The velocity of light in any medium except free space depends 
on both the nature of the medium and the frequency of the light, 
the ratio of the velocity in free space to that in the medium being 
termed the refractive index of the medium. This quantity is 
commonly represented by n. Now from Eq. (3), either the wave 
length or the frequency or both must change by an amount suffi¬ 
cient to account for the change in the velocity. It so happens 
that the wave length changes, the frequency remaining constant. 
In other words, the frequency of a light wave is a property 
impressed on it by the source and is unaltered by the medium 
through which it is transmitted. 

Light waves are so short that it is convenient to adopt special 
units for expressing their length. The shortest radiation that can 
ordinarily be seen has a wave length of about 0.0004 mm, which is 
generally expressed as 0.4 micron, 400 millimicrons, or 4000 
Angstrom units. The symbols for these units are ju, m^i, and A, 
representing 10"% lO""^, and 10“® cm respectively. Following 
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the custom of most workers in the held of optics, wave length will 
be expressed in millimicrons in the present volume. 

When a source of light and an observer are in motion relative 
to each other, the frequency is apparently altered. If the source 
emits light of frequency v and is moving relative to the observer 
with a velocity v, the frequency of the light appears to the 
observer to be 

v' = ( 5 ) 

the negative sign applying when the source and the observer are 
approaching each other. This DopT^er effect is used by astrono¬ 
mers to determine the component of the velocity of stars in the 
line of sight from the change in frequency of the lines in their 
spectra. It is also used in the same way to determine the velocity 
of gas within sun spots. 

6. The Wave Front.—On the old elastic-solid theory, it was 
possible to visualize light as being propagated by waves in much 




the same manner that waves are propagated along a string that 
is under tension. Of course, the similarity is but slight because 
energy is transmitted by the vibrating string in one dimension 
only, whereas light energy is transmitted in three. With the 
advent of the electromagnetic theory of light, these mechanical 
vibrations of the ether particles were replaced by oscillating 
electric and magnetic fields. A simple conception of the mode 
of propagation, other than the purely mathematical one expressed 
by Maxwell's equations, is therefore impossible. Huygens, 
however, had demonstrated many years before that the progress 
of a wave in a three-dimensional medium may be visualized in 
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terms of the motion of a surface in ■which the phase of the disturb¬ 
ance is everywhere the same. Such a surface is "termed a 
wavefront. Regardless of our present ideas conceraing the nature 
of light, Huygens’s method still offers a simple interpretation 
of the facts of image formation and is generally used on this 
account. 

Let the point source of light S in Fig. 2a be situated in a homo- 
geneoua, isotropic medium-”—that is, one in which the velocity 
of propagation is the same at all points and in every direction. 
Under these circumstances the locus of any 
given phase of the disturbance is a sphere. 

Hence, the emission of light by the point S 
may be visualized in terms of a series of con¬ 
centric spheres, each representing the locus of 
the same phase of the disturbance at succes¬ 
sive intervals of time. Huygens showed that 
the wave front at any future time can be 
determined by assuming that every point on 
a given wave front acts as the center of a new 
disturbance emanating from that point. This 
is illustrated in Fig. 3, where W\ is the wave 
front at some particular instant. Treating 
every point, 1, 2, 3, etc., on this wave front as 
an independent source, the envelope of the 
arcs representing the wavelets emitted by these 
points can be shown to be the new wave front 
PFa. The radii of the wavelets are proportional, of course, to 
the time that has elapsed since the wave front was at TTi. If 
the original source is at infinity, the radius of the sphere becomes 
infinite and the wave front becomes a plane. 

If the medium is not isotropic, like many crystals, the velocity 
of propagation is different in different directions. In such a case 
the wave fronts are ellipsoidal as shown in Fig. 26. 

6. Rays, Pencils, Beams.—It is impossible to describe the 
shape of a wave front in simple mathematical terms unless it is 
either plane or spherical. In the passage of a wave front through 
an optical system, small departures from the true plane or 
spherical form are always introduced. These are of great 
significance in estimating the perfection of the image, and the 
designers of optical instruments have therefore been forced to 
resort to a method that permits a portion of the wave front to be 



Fia. 3. 
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treated in-depeadently. The procedure is to locate certain lines, 
such as ri, r 2 , rs, r 4 , etc., in Fig. 4a, which represent the directions 
in which the corresponding portions of the wave fronts Wi and 
Wi are moving. These lines are known as rays of light, and 
they are perpendicular to the wave front when the medium is 
isotropic. In the case of anisotropic media—crystals for example 

—the rays in general are not 
perpendicular to the wave 
front, as shown in Fig. 46. 

A bundle of rays originat¬ 
ing at a single point is known 
as a ^pencil. The light used 
for all practical purposes 
comes from sources of finite 
area, every point of which 
emits a pencil. Such a group 
of pencils is known as a beam. 
The distinction between these 
concepts is often illustrated 
by the statement that a ray of 
light will pass through two 
infinitely small holes, a pencil 
through one small hole and 
one large hole, while a beam 
requires two large holes. 

7. Monochromatic Light.— 
The type of radiation repre¬ 
sented in Fig. 1 has a definite frequency which can be expressed 
exactly in a mathematical sense. This type of radiation is com¬ 
monly called monochromatic or homogeneous; but neither term is 
entirely appropriate, the former because it implies a correspond¬ 
ence between the radiation and the color sense of a human ob¬ 
server, and the latter because in its usual sense it would imply 
merely that the radiation has the same character throughout 
space. Of the alternatives, the term mono chromatic” is perhaps 
less objectionable and is certainly more widely used. No actual 
source emits radiation that is truly monochromatic. In fact, 
before Michelson could undertake his classical determination of the 
length of the standard meter in terms of the wave length of light, 
he was forced to make an extensive search for a source whose 
wave length could be expressed with sufficient precision to give 
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significance to his results. He was fortunate in 
arc in ctidmium vapor furnishes a comparatively monoehroma^a 


red radiation. It should be emphasized, however, that t#riy 
monochromatic light in the mathematical sense can nev^ be 
produced. Even if all the atoms in a given mass of gas emitt^ 
continuously light of exactly the same frequency, the Doppler 
effect, due to the motion of the gas molecules, would prevent the 
radiation from appearing to be strictly monochromatic. 

8. H^eroc£irozn4tic Xright. —If the term ''monochromatic” is 
applied to radiation of a single frequency, the radiation from any 
actual source may be described as heterochromatic (or no 7 b~ 
homogeneous). When analyzed by a spectroscope, such radiation 
produces either a line, a band, or a continuous spectrum. A 
line spectrum is characteristic of atoms and is usually produced 
by an element in a gaseous state. If the gas itself is excited, 
the lines are bright; if the gas is in the path of light from a 
source that would produce a continuous spectrum, the lines are 
dark. The solar spectrum contains dark lines, called Fraunhofer 
linesf because the light from the photosphere passes through the 
cooler outside layer of gases and this layer absorbs the radiations 
peculiar to the elements constituting it. 

A hand spectrum is characteristic of molecules and hence is 
produced by a compound in the gaseous state. It is reaUy a 
line spectrum in which the lines are in groups, the lines of each 
group becoming more crowded toward one end, called the head. 
Of course, if the compound becomes dissociated into its con¬ 
stituent elements, the line spectrum of each element may 
appear. 

A continuous spectrum is characteristic of incandescent solids. 
It has no detectable structure but is usually considered to consist 
of radiation of all possible frequencies. However, Gouy and 
others have shown that the light from incandescent solids could 
very well consist of pulses that are analyzed by the spectroscope 
into what appears to be a continuous spectrum. In other words, 
the colors that appear in the spectrum of the sun and other 
incandescent solids may be introduced by the prism or grating 
in much the same way that the reflection of a sharp sound at 
a tier of seats in an auditorium may give rise to a musical note. 

The appearance of a continuous spectrum is characterized 
by a gradual change in hue from red at one end through orange, 
yellow, green, and blue to violet at the other. There is, of 
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course, no one-to-one correspondence between the wave length of 
the radiation and the sensation of hue that it produces. Never¬ 
theless, it has been found convenient to divide the spectrum 
somewhat arbitrarily into six or seven hues which, according to 
Abney, have the following wave-length limits: 


Violet. 
Indigo. 
Blue... 
Green. 
Yellow, 
Orange 
Red. .. 


-to 446 m/i 

446 to 464 m/ji 
464 to 500 vcifj, 
500 to 578 m/x 
578 to 592 m^t 
592 to 620 
620 to-nijit 


9. Polarized Light.—In the simple type of wave motion 
represented in Fig. 1, the vibrations take place in the plane of 
the paper, and the kind of light this is supposed to represent is 
said to be 'plane polarized. An observer viewing an oncoming 
beam of this light would notice, if he were able to see the vibra¬ 
tions, that they take place in one plane only. The effect on 
the retina is the same regardless of the azimuth of the plane of 
vibration, but, if a substance like tourmaline is introduced into 
the beam, the amplitude of the transmitted wave depends upon 
the relation of the azimuth of the tourmaline crystal to that 
of the plane of vibration. In fact, the beam may be practically 
extinguished for some positions of the crystal. 

The plane oj polarization can be defined in two ways. The 
early investigators of necessity defined it arbitrarily, and later 
experiments proved that the vibrations of the ether particles, 
assumed on the basis of the elastic-solid theory, take place in a 
plane perpendicular to the plane that had been selected as the 
plane of polarization. The situation is analogous to that in 
electricity, where the electrons carrying the current were found 
to migrate in a direction opposite to that in which the early 
experimenters had assumed the current to flow. Ordinarily, the 
term plane of polarization” means the plane normal to the 
plane of vibration, but, as the term is occasionally used to mean 
the plane of vibration, it is necessary to ascertain the meaning 
of the author in each case. In the electromagnetic theory of 
light, the electric and magnetic vectors lie in mutually perpen¬ 
dicular planes, and the plane of polarization is understood to be 
the plane containing the magnetic vector. 
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If two beams of monochromatic light of the same frequency 
are plane polarized in mutually perpendicular azimuths, the 
result of their combination is elliptically polarized light. In 
this case, an ether particle would appear to an observer viewing 
the oncoming beam along the line of propagation to be vibrating 
in an elliptical orbit. The ratio of the major to the minor axis 
of the ellipse depends upon the relative intensity of the two 
beams. In the special case when the intensities are equal, the 
ellipse becomes a circle. The light is then said to be circularly 
polarized. 

Ordinary or natural light is assumed to be ‘composed of beams 
of plane-polarized light representing all possible azimuths. As 
it is impossible to imagine an ether particle vibrating in all 
directions at once, it is assumed that natural light is comi>osed 
of a number of plane-polarized wave trains following one another 
in such rapid succession that, over any time interval which the 
eye can perceive or the photographic plate can record, all azi¬ 
muths are represented equally. The same crystal of tourmaline 
that was suggested above as a detector of plane-polarized light 
can be used to produce plane-polarized light from natural light. 
In practice, Nicol prisms, cut from a crystal of Iceland spar, 
give better results. 

Polarized light is used by chemists in the quantitative 
estimation of the concentration of solutions, especially of sugars, 
which have the property of rotating the plane of polarization. 
It is found that the amount of rotation is proportional to the con¬ 
centration, and thus, when the constant for a given substance has 
been once determined, the concentration of an unknown solution 
may be found readily. The instrument employed for this 
purpose is called a polarimeter or, if designed especially for sugar 
solutions, a saccharimeter. 

Polarized light has numerous other applications. It is of 
use to geologists because crystals can often be identified by means 
of it. Polarizing prisms are used in several types of photometers 
for controlling the intensity of light. Also, one method of 
recording sound on photographic film makes use of the change 
in the behavior of certain liquids toward polarized light when 
the liquid is placed in a strong electric field. 

10. The Visibility of Radiant Energy.—The visibility curve of 
a normal human eye is shown in Fig. 5. The ordinates of this 
curve represent the relaiive visibility^ which is the reciprocal 
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of tlie relative amount of power required to produce a givem?^ 
brightness sensation. This curve is plotted from the data in 
Table I. 


TAsiiB I.— ^Rblativb VisiBiiiiTT OP Radiant Enbbgy* 


X 

Visibility | 

X 

VisibiHty | 

X 

Visibility 

400 

0.0004 

520 

0.710 

640 

0.175 

410 

0.0012 

530 

0.862 

650 

0.107 

420 

0.0040 

540 

0.954 

660 

0.061 

430 

0.0116 

550 

0.995 

670 

0.032 

440 

0.023 

560 

0.995 

680 

0-017 

450 

0.038 

570 

0.952 

690 

0.0082 

460 

0.060 

580 

0.870 

700 

0.0041 

470 

0.091 

590 

0.757 1 

710 

0.0021 

480 

0.139 1 

600 

0.631 

720 

0.00105 

490 

0.208 

610 

0.503 

730 

0.00052 

500 

0.323 

620 

0.381 

740 

0.00025 

610 

0.503 

630 

0.266 

750 

0.00012 


* Prom Bur, Standards Sc%, Pa'per 475, p. 174. 


As the curve indicates, the normal eye is most sensitive to 
radiation at 555 m^. No exact wave-length limits can be 



assigned to the visible spectrum, but the region from 400 him to 
700 m/x contains most of the visible, radiation. 

11. Photometric Units .—Photometry is the name applied to 
the science of measuring light. Just as current can be regarded. 
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as a flow of electricity, so light can be regarded as a flow or fiux 
of radiant energy. If the human eye were uniformly sensitive 
to radiation of all wave lengths, the radiant power expressed in 
watts would provide an adequate method of evaluating the flux. 
However, the eye is so strikingly selective in its response that an 
arbitrary unit by which the flux is evaluated in terms of its visual 
effect is chosen instead. The name of this unit is the lumen. 
It obviously has the same dimensions as power, and it has been 
found by experiment that for a normal observer one lumen is 
equivalent to 0.00161 watt of monochromatic green light of a 
wave length corresponding to the maximum of the visibility 
curve (\ = 555 mju); or, taking the reciprocal, one watt of 
monochromatic green light of this wave length is equivalent to 
621 lumens. 

The number of lumens associated with one watt of radiant 
power from a given source is called the luminous efficiency of the 
source. For a source of monochromatic light, the luminous 
efficiency is obtained by multiplying 621 by the value of the 
relative visibility for the wave length in question. In general, if 
the source has an energy distribution represented by its 
luminosity in lumens is given by the expression 

L = Q2l£‘V^E^dK, 

where Fx is the relative visibility function given in Fig. 5. The 
total power in watts is, of course. 


and therefore the luminous efficiency is 


I 


621 f "FxBxdX 


( 6 ) 


Because of the form of this function, the integration is usually 
performed either graphically or by a point-by-point method. 

When a source of light does not radiate uniformly in all direc¬ 
tions, a mere statement of the total flux may be inadequate. 
If the source is so small that it can be regarded as a point without 
introducing an appreciable error, a more complete description 
can be given in terms of the amount of flux radiated per unit 
solid angle in each direction. In this case, the intensity of the 
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source in any given direction is defined as the number of lumens 
per unit solid angle radiated in that direction. That is, if a 
small source radiates dF lumens of flux within a small solid angle 
dc*), the intensity 


dF 



The unit of luminous intensity is the candle. A point source 
emitting light uniformly in all directions radiates 47r lumens per 
candle. 

It happens to be easier for standardizing laboratories to 
maintain a standard of intensity than a standard of flux. Because 
of this practice, it is often assumed that the candle is the funda¬ 
mental unit. However, for the sake of a clear understanding 
of the work that is to follow, particularly in Chaps. XIII and 
XIX, it must be realized at the outset that the lumen is the 
fundamental quantity and that the candle represents merely the 
amount of flux that a point source radiates per unit solid angle 
in some specified direction. 

The concept of intensity is applicable only when the source 
is so small that it can be treated as a point. If the source is too 
large to be treated as a point, the corresponding quantity is 
called brightness. By definition, the brightness in a given direc¬ 
tion at any point of an extended surface is the quotient of the 
intensity of an element of the surface at that point by the area of 
the element projected in a plane perpendicular to the given 
direction. In mathematical symbols, 


B = 


dl 

dor COS $ 


( 8 ) 


where dl is the intensity of an element of the surface in the 
specified direction, da is the area of this element, and 6 is the 
angle between the normal to the surface and the given direction. 
The unit of brightness is*the candle per unit area. 

The brightness of a surface depends in general upon the 
direction of observation, but there is a large class of materials 
for which the intensity varies as cos 9, and these therefore appear 
equally bright from every direction. Such materials are said 
to be diffuse radiators if self-luminous and diffuse reflectors if 
illuminated by some other source. Freshly fallen snow is a 
good example of a diffuse reflector, but it loses this property 
when a crust forms upon it. 
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The apparent brightness of an extended surface is independent 
of the distance at which it is observed; for, as the distance 
from the eye is increased, the area covered by the image on the 
retina decreases at a rate that almost exactly compensates for 
the smaller amount of dux entering the pupil. This is in contrast 
to the case of a point source, where all the flux entering the 
pupil falls on a single element of the retina regardless of the 
distance of the source. Hence in this case the source appears 
fainter as the distance is increased. 

When light is incident upon a surface, the resulting illuminor 
tion is expressed in terms of the amount of flux incident upon a 
unit area. In the English system, the unit of illumination i« 
the lumen per square foot; in the metric system, it is 
per square meter. The illumination produced by a po* 
is given by the well-known inverse-square law, which is 


E 


I 

^ cos t , 


(9) 


where I is the intensity of the source, d is its distance from the 
surface, and i is the angle of incidence measured from the normal 
to the surface. The method of computing the illumination 
produced by a source of finite area will be considered in Chap. 
XIX. In brief, it consists in dividing the source into areas 
that are small enough to be treated as points and then finding 
the total illumination due to all the elementary areas by the 
method of the integral calculus. Because of the relatively low 
precision of present methods of measuring illumination, the 
inverse-square law can usually be applied without appreciable 
error to any source whose greatest dimension is less than one- 
twentieth of the distance to the surface on which the illumination 
is computed. 

Because the inverse-square relation is used so frequently, 
illuminating engineers have fallen into the habit of evaluating 
illumination in terms of a unit known as the foot-candle. By 
definition, a foot-candle is the illumination produced when the 
light from one candle falls normally on a surface at a distance of 
one foot. From a consideration of the illumination produced on 
the interior of a sphere by a point source at its center, it will be 
seen that one foot-candle is numerically equivalent to one lumen 
per square foot. The foot-candle is, of course, dimensionally 
incorrect and implies that the illumination is the product of 
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tk<e cancUepower of the source and its distance from the surface. 
It is in common use in illuminating engineering practice, but it 
win be avoided whenever possible in the present work because 
of the confusion it causes; especially in Chap. XIX where the 
photometry of optical instruments is considered. 

12. Reflection.—The result of allowing a plane wave to fall 
upon a smooth reflecting surface can be studied by Huygenses 
construction. Figure 6 shows such a surface with a plane wave 
front I-I* incident on it at A. If the surface were not present, 
the wave front would pass successively through positions 
Il-Il'y Ill-lII'y IV~IV'y etc., each new position being deter¬ 
mined from Huygens’ principle by describing arcs representing 



the secondary disturbances emanating from each point of the old 
wave front. With the reflecting surface present, only the portion 
of the secondary disturbances above the surface at the point of 
incidence of the wave front can go to form the new wave front. 
After reflection has occurred, the new wave fronts II*'-Bj III"-Cy 
IV^‘-D, etc., are formed in exactly the same way as they would 
have been if the surface were absent. It will be seen from the 
geometry of the figure that the incident and the reflected wave 
fronts make equal angles with the surface. 

The kind of reflection discussed above is said to be regular or 
specular. In the majority of cases of practical interest, the 
reflecting surface is rough in comparison with the wave length of 
light. If a sketch similar to Fig. 6 be drawn for such a surface, 
it will be seen that the character of the reflection is very different. 
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A plane incident wave is no longer plane after reflection because 
the roughness of the surface causes the wavelets to combine in 
such a way that light is scattered in all directions. If the surface 
is sufficiently rough, its brightness is the same in every direction; 
or, in other words, the reflection is diffuse. Specular reflection 
and diffuse reflection thus represent limiting cases, between 
which lie the cases of practical interest. A surface that partakes 
of more of the properties of specular reflection than diffuse is 
commonly called glossy, while a surface exhibiting the properties 
of diffuse reflection to a pronounced degree is called matte. 
Surfaces intermediate between these two kinds are known as 
semi-gloss or semi-matte. Figure 7 illustrates the manner in 



which light is reflected from a semi-matte surface. The incident 
light follows the path AO, and the proportion reflected in each 
direction is indicated in polar coordinates by the curve. The 
specular component is reflected in the direction OS, such that 
the angle SON equals the angle AON. 

No surface ever reflects all the. light incident upon it. Even 
a block of magnesium carbonate, which is about as white as 
any known substance, reflects only about 98 per cent of the 
incident light. If the reflecting power of a material is independ¬ 
ent of the wave length, it is said to be non-selective and the materia ^ 
appears white, gray, or black depending upon the value of t^ 
reflecting power. In general, however, the reflection is seZcr 
and the material appears colored. 
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material is defined as the ratio of the intensity of the transmitted ^ 
light to that of the incident light: 

r = (10) 

The opacity is the reciprocal of the transparency. The optical 
density is defined as the common logarithm of the opacity: 

D *= logio O = logio (11) 

A non-homogeneous medium, such as a photographic emulsion, 
behaves toward transmitted light as a semi-matte surface does 
toward reflected light; that is, the light does not all pass directly 
through. Some does, but a considerable amount is scattered 
and emerges at various angles with the incident beam. If 
I in Eq. (10) refers to the light passing through the medium 
without change in direction, the density is said to be specular; if 
it refers to the total emergent light, the density is said to be 
diffuse. Inasmuch as some light is always scattered, the specular 
density of a material is always greater than the diffuse density. 

In materials that are homogeneous, such as glass or clear 
liquids, the absorption depends upon the thickness in accordance 
with Bougtier^s law.^ Suppose that a layer of unit thickness 
transmits a fraction t of the light incident upon it. This layer 
will absorb a fraction (1 -- t). Consequently a thickness x of the 
material will transmit the fraction and the intensity of the 
light transmitted is 

I = (12) 

where /o is the intensity of the incident light. This expression 
may be written 

I = , (13a) 

where a, the absorption coefficient, equals —log. t. The absorp¬ 
tion of a solution is in general proportional to the concentration 
of the solute. The absorption coefldcient can therefore be 
written as 

a — he i 

^ Bouguer set forth this law in 1729. It was rediscovered by Lambert 
and consequently is frequently called LamherVs law of absorption. 
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where c is the concentration and 6 is the absorption coefl5.cient for 
unit concentration. With this substitution, Eq. (13a) becomes 

I = (136) 

which is known as Beer^s law. 

Absorption, like reflection, varies with the wave length of the 
light and is therefore said to be selective. In rare instances, 
when radiations of all wave lengths are absorbed equally, the 
absorption is non-selective and the material is said to be neutrM 
in color. 

14. Refraction.—Inasmuch as the velocity of light in a 
material medium is less than in free space, a wave front incidmt 



on the boundary of such a medium will be deviated or refracted. 
This can be shown with the aid of Fig. 8, in which Huygens's 
construction is used again. The first medium is supposed to be 
air, whereas the second is one in which light travels two-thirds 
as fast. The successive positions of the refracted wave front are 
the successive envelopes of wavelets emanating from the wave 
front in previous positions. These wavelets penetrate the second 
medium and travel two-thirds as fast as they did in the first. If 
the normals to the wave front before and after refraction make 
the angles i and r respectively with the normal to the surface, as 
shown in the figure, 

n sin i = n' sin r. (14) 

This is known as Snell’s law. The refractive indices n and n' 
here represent the ratios of the velocity of light in free space to 



THE PRINCIPLES OF OPTICS 


tb-e v^locitaes in tbe media. Tte ratio W /ti is sometimes called 
the relative index ^ but this term leads only to confusion and the 
invariant form of Eq. (14) is preferable. 

16. Total Reflection.—If n is greater than n', it is obvious 
that pin r will become unity when i is still less than 90“. It is 
of course impossible for sin r to have a value greater than unity, 
and exj>eriment shows that this imaginary case represents a 
change from refraction to total reflection. Thus in Fig- 9, the 
rays a, 6, and c proceeding from a source S beneath the surface of 
the water emerge from the surface into the air above. In each 
case, the angle of refraction is greater than the angle of incidence. 
The ray d strikes the surface at the so-called critical angle and 



Fra. 9. 

emerges parallel to the surface. The ray e, on the other hand, is 
totally reflected on striking the boundary surface. 

It must not be assumed that the transition from refraction 
to total reflection is abrupt. As a matter of fact, there is some 
reflection at the surface in the case of even ray a, although most 
of the light is refracted into the air. As the angle of incidence 
increases, more light is reflected and less refracted, the reflection 
finally becoming complete when the angle of incidence exceeds 
the critical angle. 

A quantitative expression for the amount of light reflected 
at the boundary surface between two transparent media was 
first derived by Fresnel. In Fig. 10, let Iq represent the intensity 
of a beam of plane-polarized light that is incident at an angle i 
on the boundary surface between two media whose indices of 
refraction are w. and n' respectively. Eet it be assumed first 
that the light is polarized in the plane of incidence—that is, in 
the plane of the figure. In this case the vibrations are perpen- 
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dicular to the plane of the figure. Fresnel showed that t&f 
intensity I of the reflected beam is given by 

I _ sin* (i — r) 

Jo ~ sin* (i + r) 

The ratio 7/Jo is the reflecting power of the surface for light that 
is polarized in the manner assumed. The variation in the 
reflecting power with the angle of incidence is shown graphically 
by curve A in Fig. 11 for the case where the first medium is 
and the second is ordinary spectacle glass of index 1.5!^3. For 



Fig. 10. 


light polarized perpendicular to the plane of incidence, Fresnel 
showed that the reflecting power is 

J _ tan* (i — r) 

Jo ~ tan* {i H- r) 

The variation in the reflecting power with the angle of incidence 
is represented in this case by curve B in Fig. 11. 

Natural or unpolarized light may be assumed to consist of 
ecj^ual amounts of two components that are plane polarized in 
mutually perpendicular azimuths. Hence the proportion of 
natural light that is reflected at the boundary surface between 
two transparent media is given by 

J _ sin* {i — r) ta n* ( i — r) 

Jo ~ 2sin* (i ^r) 2tan* \i + r) 


(15) 
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16. Image Formation. —Since a large part of optics is concerned 
with instruments that form optical images, a clear understanding 
of the process of image formation is essential. As explained 
before, the most satisfactory interpretation is based on Huygens’s 
wave-front concept. In Fig. 12a, the point P is a source of light 
emitting waves which are represented by wave fronts that are 
spherical when the material is homogeneous and isotropic. The 
velocity of the wave through the lens L depends upon the refrac¬ 
tive index of the material of the lens, and in this case the lens is 
assumed to have a higher index than the surrounding media. 
Hence the wave will travel more slowly through the lens and, as 


L 



at 



ri«. 12. 


the center of the lens is thicker than the edges, the central part 
of the wave front will be retarded most. The curvature of the 
wave front will therefore be altered and may become of opposite 
sign, as in the case shown. Actually the wave front will he 
somewhat distorted by the lens unless the surfaces are especially 
figured, but, if the lens is properly corrected, the wave front will 
remain approximately spherical after refraction. That is, it 
will shrink until all the energy passes through the point P' and 
will expand again as though P' were a source. Then P' is said 
to be the image of the point P formed by the lens L. An 
observer situated at the right of the figure would see only P' and 
would be unaware of the presence of either the lens L or the 
point P, which in the theory of optics is called the object. The 
image at P' is said to be real. A lens that causes the wave front 
to converge in this manner is called a converging lens. 
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In Fig, 126, the lens is diverging in its effect on the wave front; 
so that the center of the latter after refraction lies at the left of 
the lens. As before, an observer stationed at the right of the 
figure would be unaware of the presence of either P oi L and 
would see only P'. An image of this type is said to be virtzLol, 
because the wave front only appears to spread out from P' and 
does not actually do so. 

It is difficult, as stated before, to describe in mathematical 
terms a wave front that is not exactly spherical. Consequently, 
those who work in geometrical optics visualize the process of 
image formation in terms of rays, since these can be traced 



Cl 



through the system by simple trigonometrical methods. To be 
sure, the path of a single ray gives information concerning only a 
single point on the wave front, but in practice the performance of 
an optical system can usually be judged from the behavior of a 
few properly selected rays. 

The process of image formation on the basis of the ray method 
is shown in Fig. 13. In Fig. 13a, the pencil of rays emitted by 
the point source P is refracted by the two surfaces of the lens and 
recombined to form an image at P'. In Fig. 13fe, the lens causes 
the rays to diverge after refraction as though they originated 
at P', so this point is the image of P. 

Now in any of these cases, there is no reason why the image P' 
should not serve as the object for a second lens. If P' lies at the 
left of the second lens, as in Figs. 14a and 146, the rays from P' 
behave toward the second lens exactly as though P' were an 
actual source. Such an image can then be regarded as a real 
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object for the second lens whether the rays actually diverge from 
it or only appear to do so; that is, whether the image is real (Mg. 
14a) or virtual (Fig. 146), it is, in eflfect, a real object for a second 
lens if it is situated at the left of the latter. If P' lies at the 
right of the second lens, as in Fig. 14c, the rays are converging 
toward P' when they enter the second lens, and are therefore 
intercepted before they can form the image P'. Nevertheless, P' 
may still be regarded as the object for the second lens, but in this 
case it is said to be a virttial object. It is clear that whethoi* jm 
object is real or virtual depends merely on whether the te 
diverging or converging when it enters the lens. From a 
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matical standpoint it is unnecessary to make any distinction 
between these two kinds of objects, except in choosing the 
algebraic signs of the involved quantities in the equations to be 
developed in later chapters. 

For every position that an object may occupy with respect 
to a lens, there is a corresponding position for the image. The 
object and image are therefore said to be conjugate to each other 
with respect to the lens, and the corresponding distances of the 
object and its image from the lens are called conjugate distances. 
The mathematical equations expressing this conjugate relation¬ 
ship will be developed in later chapters, and it will be sufficient to 
note here that, in the most general sense, an optical system 
transforms a three-dimensional object space into a three-dimen¬ 
sional image space. Since the object may be either real or virtual, 
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the ebjeet spiace extends from infinity in one direction to infinity 
in the other. A similar argument holds for the image, and 
consequently both object space and image space extend 
throughout the entirety of physical space. In other words, 
neither the object space nor the image space can be considered as 
a separate region, the expressions being used merely to diffe^ 
entiate between quantities relating to the object and those 
relating to the image. 

17. Geometrical Optics.—^The branch of optics that treats of 
the formation of images is called gemetricd optics because the 
subject can be developed from a few fundamental postulates by 
geometrical methods. The four postulates upon which the 
subject is usually based are given below, and the next five 
chapters will be devoted to extending their significance by Mnnal 
mathematical processes. Although the validity of these pos- 
tillates should be obvious from the experimental phenomena 
described in this chapter, the best proof lies in the fact that the 
results to which they lead are confirmed by the excellence of the 
optical instruments that they have produced. 

1. Light travels in straight lines in a homogeneous medium. 

2. When two rays of light intersect, the subsequent paths of each are the 
same as though each ray existed separately. 

3. When a ray is reflected, the angle of incidence equals the angle of 
reflection. 

4. When a ray is refracted, n sin i = n' sin r. 
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REFRACTION AT A SPHERICAL SURFACE 


Inasmuch as the most important problems in 



optics relate to lenses with spherical surfaces^ a study ol the 
subject must begin with a study of the formation of images by a 
spherical refracting surface. In Fig. 15, the point object P Hes ih 
a medium of refractive index n. A second medium at the right 
of P with an index n' is separated from the first by a spherical 
boundary surface whose center is at C. The line PC will be 
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called the axis of this system and the point F, where it intersects 
the refracting surface, the vertex. Now a ray PV coincident with 
the axis before striking the surface will be coincident thereafter, 
because it strikes the surface normally and consequently is not 
deviated. Another ray from P, such as P7, will be refracted to 
intersect the axial ray at some point P'. This point where the 
two rays intersect is the image of the point P. The problem 
that arises most frequently is to determine the image distance 
s' = FP', knowing the object distance s — PF and the angle 
6y which for convenience will be termed the slope angle of the 
ray PI. 

18. Convention of Signs.—Since every distance involved in the 
problem must be measured from some origin, a convention of 
signs must be adopted to insure consistency in the derivation 
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and use of the formulae. No convention is universal, but the 
following coincides largely with the conventions of coordinate 
geometry and results in the greatest number of positive signs 
when applying the derived formulae: 

1. Draw all figures with the light incident on the reflecting or refracting 
surface from the left. 

2. CJonsider the object distance s = PV positive when P is at the left of 
the vertex. 

3. Consider the image distance s' — VP' positive when P' is at the right 
of the vertex. 

4. Consider the radius of curvature R — CV positive when the center of 
curvature lies at the right of the vertex. 

5. Consider aiope angles positive when the aods must be rotated counter¬ 
clockwise through less than v/2 to bring it into coincidence with the ray. 

6. Consider angles of incidence and refraction positive when the radius of 
curvature must be rotated counterclockwise through less than •jr/2 to bring 
it into coincidence with the ray. 

7. Consider distances normal to the axis positive when measured upward. 

In Fig. 15, all quantities except $' are positive. 

Although the formulae that follow will be derived with the 
aid of Fig, 15, they can be proved to be of universal applicability. 
The reader may derive them from his own figure, making the 
surface concave or convex to the direction of light and placing 
the object or image on either side of the surface. Ail combina¬ 
tions of the involved quantities will be found to lead to the same 
formulae provided the latter are once corrected to suit the 
assumed convention of signs. 

19. Ray Tracing.—Let the path of the ray PI in Fig. 15 before 
refraction be described in terms of s, the object distance, 
and B, the slope angle. To find the corresponding quantities 
s' and 6' after refraction, the angle of incidence i must first be 
determined. In triangle P/C, by the sine law. 


(17) 

Now the angle of refraction can be found from Snell’s law, Eq, 
(14), which, for convenience, will be rewritten in the form 


Solving for i, 


sin 6 _ R 

sin (tt — i) ~ R 


. . R s . 

sin i = —^— sin B . 


n . 

sin r = sin z . 
n 


( 18 ) 
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Then in triangle PIP' the sum of the angles is tt. In otlier 
words, 

0 + (x - 0 + r + 0' = TT 

Making this equation explicit for 6' and remembering that the 
latter is negative, 

e' = r e — i. (19) 

This gives the slope angle of the refracted ray. To find the 
distance s' — VP\ consider the triangle P'lC and, from the law 
of sines, set 

s' — -R _ sin r 
R — sin 6' 

Solving this for s', it becomes 

s' = R - R ^2-^. (20) 

sin d' ^ 

The four equations, (17), (18), (19), and (20), are sufficient to 
locate the point P' for any ray in the object space whose inter¬ 
cept and slope angle are known. 

If the refracting surface is plane, R = co and the above formulae 
become indeterminate. For this special case, it can easily be 
shown that the following relations are sufficient: 

sin 6' = ^ sin d (21) 

n 

and 

s' = —s tan 6 cot 6' . (22) 

Another important special case^ is illustrated in Fig. 16. Here 
the point P is at infinity so that PI is parallel to PV. Designat¬ 
ing the height of the ray PI above the axis by /i, it appears at 
once that 

sin ^ ^ ’ (23) 

^ Occasionally there arist'* certain other special cases that can be treated 
more conveniently by other methods of ray tracing, but they are beyond 
the scope of the present volume. Tlu\v can be fo\ind in such works as 
von Itohr’s “The Gt'ionictric.al Investigation of the Formation of Images 
in Optical Instmmejnts” and Stcinheil and Voit’s “Applied Optics.” The 
latter contains many oxnmpk^s of trigonometrical computations. 
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The law of refraction, Eq. (18), applies as before. Then, in 
triangle P'ICj the exterior angle at C equals i, so 

e' == r - i, (24) 

Finally the law of sines gives Eq. (20) just as in the general case. 
The four equations, (23), (18), (24), and (20), are sufficient in this 
case for tracing the course of a ray after refraction. 

Most optical systems consist of many refracting surfaces; even 
a simple lens is bounded by two surfaces. When the system 
consists of more than one refracting surface, the procedure in 
ray tracing is to trace the given ray through each surface in turn, 
the object for each surface (after the first) being the image formed 



Fig, 16 . 

by the preceding surface. Almost invariably optical systems 
consist of successive media separated by spherical surfaces whose 
centers lie on a line known as the axis of the system- A ray 
intersecting this axis (or that would intersect it if extended) lies 
in a meridian plane and is known as a meridional ray. The 
preceding formulae apply to such rays. Although most of the 
rays emanating from an object do not lie in a meridian plane, 
except for the very special case of a point object on the axis, the 
performance of an optical system can usually be judged from the 
behavior of properly selected meridional rays. The rays that 
do not intersect the axis—the so-called shew rays —are so much 
more difficult to trace that they are usually ignored in practical 
lens design. 

20. ITumeiical Calculations.—In practice, the designer of an 
optical system begins by selecting a set of glasses and radii of 
curvature that experience (or a rough preliminary calculation) 
has shown may produce a system capable of forming an image 
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of the quality required. He then traces selected rays through 
each surface in turn to determine the performance of the system, 
and modifies the constants by successive trials until the desired 
performance is attained. Different establishments have dif¬ 
ferent forms for the computation but they are all similar in 
essential details to the one about to be presented. This particu¬ 
lar form is selected because of the ease with which it can be 
comprehended, and the reader who attempts lens computation 
will undoubtedly modify it to suit his own convenience. 



As an example of the process of ray tracing, let us determine 
the behavior of the simple lens sketched in Fig. 17. The 
constants of this lens are: 


Radius of first surface i?i . ... +100.00 mm 
Radius of second surface Rz .. —100.00 mm 

Refractive index n . 1.51767 

Axial thickness t . 20.00 mm 


Since the precision required in such a problem necessitates the 
use of logarithms, a formal argument facilitates the computation. 
This argument is merely a skeleton form, made out prior to 
beginning the calculation, into which the logarithms are inserted 
in the proper order for easy addition or subtraction in accordance 
with the operations indicated by the fundamental equations 
developed in the preceding section. The argument in Table II 
is for the first refracting surface and shows the calculations for 
three incident rays parallel to the axis—the axial ray (h = 0) 
and two others at an incident height of 10 mm and 15 mm respec¬ 
tively above the axis. The method of computing will be obvious 
by comparing the work with Kqs. (23), (18), (24), and (20). 

Although five-place logarithms are used ordinarily, the value 
of 9* sometimes becomes so small that six-place tables must be 
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used to attain the requisite precision. The difference between 
keeping in mind five and six figures is great, and therefore six- 
place tables should not be used unless it is necessary. Indeed, 
seven-place tables are but little more difi&cult for an inexperienced 
computer, and, as they are readily available, they are to be 
recommended when five-place tables are not sufficiently precise. 


Table II, —Argument fob First Surface 
(Incident rays parallel to the axis.) 



h = 15 mm 

h = 10 mm 

0 

1! 

log h 

1.17609+ 

1.00000+ 


colog R 

8.00000+ 

8.00000+ 


log sin i 

9.17609+ 

9.00000+ 


log n 

0.00000+ 

0.00000+ 


colog n' 

9.81882+ 

9.81882+ 


log sin r 

8.99491+ 

8.81882+ 


r 

5° 40' 20"+ 

3° 46' 41"+ 

0.098835+ 

i 

go 37, 37,,+ 

5° 44' 21"+ 

0.150000+ 

e\= r — t) 

2° 57' 17"- 

1° 57' 40"- 

0.051165- 

colog sin 9' 

1.28780- 

1.46571- 

1.29103- 

log sin r 

8.99491+ 

8.81882+ 

8.99491-^ 

log R 

2.00000+ 

2.00000+ 

2.00000+ 

log {R — s') 

2.28271- 

2.28453- 

2.28594- 

R - s' 

191.74- 

192.54- 

193.17- 

s' 

291.74+ 

292.54+ 

293.17+ 


The axial ray, for which sin i = 0, is computed by means of 
an artifice.^ The procedure is to trace any other ray parallel 
to the axis, and then, beginning with the operations represented 
by Eq. (18), to use the sines of the angles in place of the angles 
themselves. In the present case, the value of log sin r for A = 15 
is 8.99491, and the corresponding value of r is 5° 40' 20". Now 
the number whose logarithm is 8.99491 is found in the table of 
logarithms of natural numbers to be 0.098835, and the latter 

^ For the proof of the validity of this method, see Lummer’s “Photo¬ 
graphic Optics,” translated by Silvanus P. Thompson, p. 126. 
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value is entered in the table opposite r for the axial ray. A 
similar procedure is followed with respect to i, and the value of 
d' is found by subtraction. Then against colog sin 6' is written 
simply the cologarithm of 0.051165, after which the pro¬ 
cedure is the same as for any other ray. It is immaterial what 
ray is selected as the auxiliary provided it is used throughout. 

The argument shown in Table II gives the distances s' from 
the vertex Fi of the first surface to the point Px where each ray 
would intersect the axis if everything behind the first surface were 


Table III.— Argument for Second Surface 



0 = 2° .57' 17" 

0 = 1° 57' 40" 

II 

o 

log (72 + s) 

CO log. 72 
log sin d 

2. .'57024- 
8.00000- 
8.71220- 

2.57117- 
8.00000- 
8.53429- 

2.57191- 
8.00000- 
8.70897- 

log sin i 
log n 
colog n’ 

9.28244- 
0.18118+ 
0.00000' 

9.10540- 
0.18118+ 

0.00000+ 

9.28088- 
0.18118+ 

0.00000+ 

log sin r 

9.468(52- 

9.280(54- 

9.46206- 

r 

e 

i 

10° .54' 24"- 
2° .57' 17"- 
11° 2' .50"- 

11° 9' 23"- 
1° 57' 40"- 
7° 19' 28"- 

0.28977- 

0.05117- 

0.19093- 

1 

+ 

II 

8° 48' .51" - 

5° 47' 85"- 

0.15001- 

coU>g sin 0' 
log sill r 
log R 

0,8140(5 
9.40802- 
2.OOOOO - 

0.99590- 
9.28004- 
2.00000- 

0.82888- 
9.4(5206 

2.00000- 

log (72 - .s') 

2.27828- 

2.2S200- 

2.28594- 

R - .s' 

1.S9.79- 

191.09- 

198.17- 

.s' 

89.79' 

91.09+ 

98.17+ 


glass. Hut the rny iKWor roaches P because it sutrers a further 
r(‘fraction wluui it. enciouliters (ho scicond surface, the vortex of 
which is Ko. '["he tlin'ctiou and intercept of the ray in tihe final 
image space can be found, of course, by tracing it through the 
8(‘Cond surface. This procedure is straightforward since the slope 
angle O-i for (lie sectind surface is identical with dx' for the 
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first surface, and the image point Pi which has just been located 
is the object point P 2 for the second surface. That the object is 
virtual is of no consequence provided proper recognition of the 
fact is made in the choice of algebraic signs. Thus in the present 
case for the ray at A = 15, s' for the first surface was 291.74. 
This distance is measured from Vi, The object distance S 2 for 
the second surface is the distance VsPif which is obtained by 
subtracting the thickness of the lens from Si'. Thus S 2 = 
— 271.74, the negative sign being required because P 2 is at the 
right of V 2 . The rays are traced through the second surface by 
following the argument illustrated in Table III, which is based on 
Eqs. (17), (18), (19), and (20). As a result, it is found that 
if rays from infinity are incident on the lens of Fig. 17 at the 
heights zero, 10 mm, and 15 mm, the intercepts are at distances 
93.17 mm, 91.69 mm, and 89.79 mm respectively behind the 
second vertex. The inequality of these values is an indication of 
a defect known as spherical aberration, which will be treated 
more fully in Chap. VI. 

The distance from the vertex of the last refracting surface to 
the image of an infinitely distant point object on the axis is 
called the back focal length of the lens. This term is a misnomer 
since this quantity has no direct relation to what is properly 
known as the focal length, as will be shown in Sec. 31. There is 
a need for a better term but none has been suggested. 

21. Behavior of Rays in the Paraxial Region.—The sine of the 
slope angle 6 can be expanded by Maclaurin’s theorem into 

6 ^ 

sin 0 - 0 ^ 4- - - • (25) 


For a ray in the vicinity of the axis, a 'paraxial ray, 6 becomes so 
small that sin 6 = 6 to a close approximation. The theory 
based upon this approximation is known as the first-order theory 
because the terms of higher order are neglected. It is also 

called the Gaicss theory from the mathematician who first devel¬ 
oped it. 

If 0 is small, i and r must be small to the same order of approxi¬ 
mation. Then the fundamental equations become 


i 


R 4“ s 
R 


0 , 


r = 



(26) 

(27) 
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and 

s' ^ R — R~ ; (28) 

with Eq. (19), 

e' = r e — i 


remaining the same as before. By direct algebraic methods, 0 
and 6' can be eliminated from these equations with the result that 





(29) 


This equation is in many respects the most important in 
geometrical optics. From a theoretical standpoint, the fact that 
6 and 0' do not appear in it shows that all rays near the axis 
eniaiiating from a point object unite to 
form a point image. To be sure, the 
rays traced through the lens in the 
preceding section did not unite at a 
point after refraction, but if more rays 
had been traced, it would have been 
found that those within a small region 
about the axis do so to a very close 
approximation. From a practical 
standpoint, this equation is adequate 
for locating the image formed by any 
systcun of centered spherical surfaces 
regardless of its complexity. Of 
course, the equation applies only to 
rays in the paraxial region, but in a 

proi)erly corrected system, the extra-axial rays come to focus at 
substantially the same point as the paraxial rays. ^ This equation 
do(‘s not. become indeterminate when 7^ becomes infinite and it may 
t lu'rt'fore! l)e used for refraction at a plane surface. It may also 
be us(^d for ndiection by sotting n' = — n. That this is possible 
can be* shown by Fig. 18. Here, by convention, i and r are 
always of opposite sign, and so sin i = — sin r. Hence, from 
lOcp (18), n' ~ ^-n. By treating reflection as a special case of 

' It iH rl(‘ar that Kq. (29) can be used for the treatment of the axial ray 
instead of t ho artifure used in the preceding section. In practical lens 
<leMign, H<'!veral rays must be traced through a number of surfaces, 

th<i artifices is more conv<uuent. 
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refraction, it is unnecessary to develop parallel sets of equations 
for the two phenomena. 

22. Lateral Magnification.—If a point is not on the axis, it is 
usually desirable to know the distance of the image from the 
axis in addition to its position along the axis. Consider the 
point Q in Fig. 19. This point lies in a plane through P perpen¬ 
dicular to the axis, the distance PQ being represented by y. It 
is easily shown that, provided PQ is not too great, the image of Q 
lies at Q' in a plane perpendicular to the axis through P', the 
image of P. If the distance of Q' from the axis is represented by 
y', the laieral magnification in these planes is defined by 


m 



(30) 


This quantity is frequently called simpiy the magnification. 



To derive an expression for the magnification in terms of other 
constants of the system, consider rays PCP' and QCQ' passing 
through the center of curvature C in Fig. 19. Obviously these 
rays will be undeviated at the refracting surface. From the 
geometry of the figure, 


t. = - R . 

y s -h P ’ 


(31) 


Now Eq, (29) may be written 

n . n _ n’ _ n* 

s P - P - 7" 
or 

s' — R _ 7^ 
s -f- P n's 


(32) 


Combining Eqs. (30), (31), and (32), 

y' _ _ ns' 

y n's 


m 


(33) 
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This equation determines the height y' of the image formed by 
a single refracting surface of an object of height y. For 
a system comprising a number of centered spherical surfaces, the 
size of the final image is found by multiplying the size of the 
object by the product of the magnifications produced by all 
the surfaces. It must be noted that the term “magnification” is 
used in its most general sense and so includes values of m less than 
unity. 

23. Lagrange’s Law.—In Fig. 20, a spherical refracting surface 
forms an image having a height y' of an object having a height 
y. Let the corresponding slope angles in the object and image 



Fio. 20. 


spaces bo (9 and 6' respectively, 6 being so small that 6 and $' can 
be rnea.sured by their arcs. Then, 

s 


and 



Therefore 


e 


(34) 


(■'ombining this with h^q. (33), 

y' ^ 

V 


nO 
n'6' 


(36) 


or 

n y 0 = n'y'O'. (36) 

This e(^uation, whicli repnssents what is frequently called 
Ijagramjc's law afl.er its discoverer, can be extended to include the 
case of refraction at. any nuniljer of .surfaces. Then the left- 
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hand member refers to the quantities in the object space and the 
righirhand member to the corresponding quantities in the final 
image space. The validity of this extension of Lagrange’s law 
can be demonstrated by writing it for each surface in succession. 
Then, since the image formed by one surface is the object for the 
succeeding surface and since the index of the intermediate media 
and the slope angles of the intermediate rays, taken successively, 
are the same, all the quantities referring to the intermediate 
refractions cancel in pairs. There remain only those quantities 
represented by Eq. (36). This equation will still be referred 
to as Lagrange’s law, although its application to a series of 
surfaces was demonstrated by other investigators. 

The formulae derived in this and the two preceding sections 
are valid for rays in the paraxial region only. In other words, 
these formulae can be applied only to small objects lying near the 
axis and to refracting surfaces whose areas are small compared 
with the other dimensions of the system. Although in practice 
it is impossible for obvious reasons to restrict the rays to the 
paraxial region, these formulae are nevertheless useful because 
well-corrected lenses behave closely as the first-order theory 
predicts. Even for ill-corrected lenses, where these formulae 
apply only approximately, the results are still of some value. 



CHAPTER III 


THE THIN LENS IN AIR 

In the preceding chapter, formulae were developed for deter¬ 
mining the size and location of an image formed by refraction 
at a spherical surface. It was also shown that a system composed 
of any number of coaxial spherical surfaces can be treated by 
considering the surfaces one at a time, the object for each surface 
being the image formed by the preceding one. No more formulae 
are necessary, but inasmuch as certain special cases arise in the 
overwhelming majority of problems involving the first-order 
theory, it is convenient to have formulae for treating them 
directly. The case considered in this chapter is that of the thin 
lens in air. 

24. Formulae for Conjugate Distances.—In Fig. 21, let the 
refractive index of the lens be n, its axial thickness be and the 



radii of its surfaces be Ih and lU. The paraxial rays emanating 
from I\ unite aft,cr the first refraction at Pi as given by Eq. 
(29), which here becomes 


1 n 

..... 

.S‘l -S'l' 



(37) 


because the first medium is air. In other words, if the medium 
at right, of the first, surface consisted entirely of glass, an 
image of the point P\ would be formed at P\ . Now if P\ is 
considered as the object P>i for the second surface, and it is noted 

4.5 


i 
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that S 2 = ~ (si' — EQ- (29) applied to the second surface 
becomes 





(38) 


These two equations suffice to determine s^' for any simple 
lens in air. If the lens is thin, can be set equal to — si' and the 
latter eliminated. The result is that 



Inasmuch as t is assumed to be equal to zero, the distances Si and 
S 2 ' may be measured from any part of the lens and the subscripts 
lose their significance. Thus the thin-lens equation may be 
written 



It will be recalled that, by the convention of signs, s is positive 
when the object lies at the left of the lens and s' is positive 
when the image lies at the right. The radii Rx and R^ are 
positive when the center of curvature is at the right of the vertex 
of the corresponding surface. As Fig. 21 is drawn, all quantities 
appearing in Eq. (39) except R 2 are positive. 

Inasmuch as no lens can have zero thickness Eq. (39) is always 
an approximation. Whether it is satisfactory for a given case 
depends upon the importance of the error resulting from neglect¬ 
ing the thickness. If this error would be too great, Eqs. (37) 
and (38) should be used instead. 

25. Focal Leng^.—The quantities in the right-hand member 
of Eq. (39) are characteristic of the lens itself and do not involve 
the object or image distance. This member is often called the 
'power D of the lens^; and its reciprocal, the focal length f. 
Thus 

It will be seen that the value of / is the image distance s' 
when s is infinite. The sign of / evidently must follow from the 

^ The unit of power is the diopter (sometimes written dioptre, dioptrie, 
or dioptry). By definition, it is the power pf a lens whose focal length is one 
meter. 
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convention already adopted. Thus, the focal length of the lens 
shown in Fig. 21 is positive. If this lens were in a medium of 
higher index than its own, its focal length would become negative. 
Since lenses are commonly used in air, they are called positive or 
converging when f is positive for the lens in air, and negative or 
diverging when / is negative- 

26- Magnification Produced by a Thin Lens-—Consider an 
object of height 2/1 in a plane through perpendicular to the 
axis (Fig. 21). From lOq. (33) the height yi of the image formed 
at P/ by refraction at the first surface is 


?// = miVi 


Si 


(41) 


If tills image is considered as the object for the second surface, the 
height of the final image is 


2/2 


r 


m^y\ = 


ns^ 


2/1 


/ 


(42) 


If Eqs. (41) and (42) are combined, the magnification produced 
by refraction at both surfaces is found to be 


m 


y% ^ 

Vx S1S2 


(43) 


It will be noted that when the initial and final media have the 
sanici index, as in t he present case, the index of the lens disappears 
in the <^xpre:ssion for the magnification. When the lens is so 
thin that, can lie set equal to — s/, Eq. (43) can be rewritten 
without, the subscripts as 


■m 




(44) 


In this (‘(juation, .s* and .s' are measured from any part of the lens 
and // and //' ri^pn^stnit t he size of the object and the final image 
resp<a*l ivi'ly. By t.h(^ convention of signs, y and y' are positive 
wlu^n m<‘asur(‘d above the axis. Therefore a positive value of 
7n indiea(<‘s an i‘n‘c^t, image and a negative value, an inverted 
inijigi*. SiiKH' .s is always positive for a real object and s' for a 
r<‘al image, it follows that r(>al imag(‘s of real objects when formed 
by a fiingli' thin hms must, always be inverted. 

As bi'Torci, lh<‘ t<‘rin “magnification” is used in the broad 
.s(‘ns«* and is not ri^st rioted to cases where the value of m is greater 
than unity. As a matt(‘r of fact, reduction is more common in 
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practical optics than enlargement. A camera lens, for example, 
is used ordinarily to form images many times smaller than the 
objects photographed. A more extreme example is the telescope 
objective, which forms an image of the moon, say, so small that 
the magnification is practically zero. The image formed by 
the entire instrument appears larger than the object because the 
image formed by the objective is in a position where it can 
be magnified by the ocular, and this magnification is an enlarge¬ 
ment that more than overbalances the first reduction. 

27. Systems of Thin Lenses.—The position and size of the 
final image formed by any number of coaxial thin lenses in air 



Fia. 22. 


can be found by the use of Eqs. (39) and (44). The method is 
the same as that used for a series of surfaces in the preceding 
chapter. The image formed by each lens is found in turn, the 
object for each lens (after the first) being the image formed by 
the preceding lens. An example will make the method clear. 

Consider a converging and a diverging lens separated by a 
distance equal to the numerical difference of their focal lengths 
/i and /a, as shown in Fig. 22. This is the optical system of the 
opera glass or Galilean telescope. The image of an infinitely 
distant object formed by lens Li, called the objective, is at a dis¬ 
tance/i behind it. This image is the object for lens La, called the 
ocular. It is a virtual object because it lies at the right of L^. 
Inasmuch as it is at a distance /a from La by the conditions of 
the problem, the image formed by this lens is at infinity also. 

The magnification of the combination is the product of the 
magnifications produced by the individual lenses. For the 
objective, 
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where 3/1 is the assumed height of the original object, 
ocular, 


^ - Kl = -.?L =, _!i 

3/4 Vi h fi 


For the 
(46) 


and so for the combination 


/l Si' 

m = rriimi =— • 7 - 

«i h 



Now the ratio sj'/si approaches unity as Si and Si become 
increasingly large. They are opposite in sip, however, because 
of the convention that was adopted. Hence, 



Equation (48) shows that if /i is made very great and fi rela¬ 
tively small, the magnification may be made practically infinite. 
It will be shown in Chap. VII, however, that the limit of useful 
magnification is set by the wave length of light. This fact is 
not indicated by the formulae derived on the basis of the postu¬ 
lates of geometrical optics; and the postulates are, to this extent, 
an incomplete representation of the principles underlying the 
formation of optical images. 



CHAPTER IV 


THE THICK LENS 

It was shown in Chap. II that Eqs. (29) and (33) suffice to 
determine the location and size of the image formed by the 
paraxial rays that traverse any system of coaxial spherical 
refracting surfaces. The application of these equations necessi¬ 
tates treating the surfaces one at a time, the object for each 
surface (after the first) being the image formed by the preceding 
one. In Chap. Ill, special formulae were developed as a matter 
of convenience for the case of a simple lens of negligible thickness. 
In the present chapter, formulae will be developed for any system 
of centered spherical refracting surfaces, which we shall term 
simply a thick lens. Such a lens may consist of a single piece of 
glass or it may consist of several elements, which may be either 
thick or thin. As in the preceding chapter, these formulae hold 
only for the paraxial region, but in practice they represent the 
behavior of corrected systems reasonably well. 

These formulae involve conjugate distances, which must be 
measured from some point of reference, and they arc much 
simplified by selecting two points of reference, one for the 
object space and the other for the image space. These points 
may be chosen quite arbitrarily, but a further simplification 
results from selecting certain pairs of points that are so important 
that they are called cardinal points. Of the cardinal points, 
those known as the principal points and the focal points are the 
most useful, and we shall therefore discuss them first. 

28. Principal Points and Focal Points.—In Fig. 23, let the two 
conjugate planes AB and A'B' be the two transverse planes for 
which the lateral magnification produced by an optical system 
(not shown) is unity and positive. Such planes are said to be 
the principal planes of the system. The points H and H', 
where the planes intersect the axis, are known as the principal 
points or Gauss points. Now all rays parallel to the axis in the 
object space, such as QAj may be considered to have arrived from 
an infinitely distant point object on the axis, and so, from 

60 
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the first-order theory, they will converge, after refraction by the 
system, to form a point image at F'. This point is called the 
second focal point, and the distance f — H'F', the second focal 
length of the system. By turning the system end for end, it 
will be seen that the point F has similar properties for an infinitely 
distant object at the other side of the system. This point is 
called the first focal point, and the distance f = FH is called the 
first focal length of the system. Following the convention of 
signs already adopted, the first focal length is positive when 
F lies at the left of H, and the second focal length is positive 
when F' lies at the right of H'. It will be shown in Sec, 32 that, 
if the initial and final media are the same, the two focal lengths 
are etiual. Indeed, this is most commonly the case. 
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29. Conjugate Distances and Lateral Magnification Referred to 
the Focal Points.—I^et PQ and P^Q' in Fig. 23 lie in conjugate 
planes, PQ being considered the object and P'Q', its image. 
Formulae for the position and size of P'Q' will now be developed 
in terms of the position and size of PQ and certain constants 
of the system. Since P is on the axis, the object distance 
mea.sured from the first focal point \h x = PF. Similarly the 
image distanct^ is x' = It is evident from the figure that 

triangle's P(p^' and IIHP are similar, as are triangles P'Q'F' and 


A'IFF'. 


''rhc'reforc! 


-IIP _ / 
AH X 


(49) 


and 


-IP IF _ x' 
AfV f ■ 


(50) 


In t hese ecpnitions, x aiul x' are assumed positive as drawn— 
that is, t he object, dist.anct^ x from t.he first focal point is positive 


62 


TUB PRINCIPLES OF OPTICS 


when the object lies at the left of F, while the image distance x' 
is positive when the image lies at the righi of F'. 

Now the lateral magnification between the object plane and the 
image plane was defined by Eq. (30) as m = y'/v- But y AH 
and y' = H'B'. Since by definition the lateral magnification is 
unity in the principal planes, any ray in the object space that 
would pass through the point A if it were not refracted emerges 
in the image space as though coming from the point uA where 
AH = A'H'. Similarly any ray through F that would intersect 
the first principal plane at B if it were not refracted emerges 
parallel to the axis after refraction as though coming from jB', 
where HB — H'B'. In the light of these considerations, Eq. 
(30) combined with Eq. (49) results in 



(51) 


and combined with Eq. (50) results in 



Combining Eqs. (51) and (52), 

xx'^ff. (53) 

This form of the expression for the conjugate distances is 
frequently referred to as the Newtonian^ form. It is admirably 
suited to the use of the slide rule or logarithms, which can scarcely 
be said of other forms of the equation. It should be noted that, 
smce / and /' always have like signs, x and x' must have like 
signs also. In other words, an object and its image always lie 
on opposite sides of the corresponding focal points. 

30. Conjugate Distances and Lateral Magnification Referred 
to the Prmcipal Points.—In the preceding section, the distance 
of the object was measured from the first focal point F while the 
distance of the image was measured from the second focal point 
F . Occasionally it is more convenient to measure these distances 
from the principal points H and H'. Let PH = s and H'H' = s'. 
Conformably to the convention already adopted, a<ssume s 

‘‘‘Opticks’" (1704), Book I, Pt. I, Axiom VI, Case 4. Equation (53) 
was stated (in words) in the form x'ff' = fjx. Newton gave no proof 
because this axiom, like the others, had **hitherto been treated of in Opticks.^* 
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positive when P lies at the left of and s' positive when P' lies 
at the right of H'. From Fig. 23, 


and 

Substituting in Eq. (53), 


X 

x' 


s-f 

s' 




which may be written more simply as 


^ + £ = 1 . 

s s 


(54) 

(55) 


(56) 


By substituting Eq. (54) in Eq. (51), and Eq. (55) in Eq. (52), 
the lateral magnification in terms of the conjugate distances 
from the principal points is found to be 


m 


/ _ -f . 

s-f r 


(57) 


The convention of the signs of all quantities has been consistent, 
so a positive magnification still indicates an erect image. 

A more useful expression for the lateral magnification can be 
obtained by applying Lagrange’s law to the principal planes. In 
Fig. 24, 0 and d' are the corresponding slope angles for a ray 
through H and H'. Since the lateral magnification is unity in 
these planes, Lagrange’s law shows that 


n 

n' 



(58) 


where the quantities n and n' designate the refractive indices 
of the object and image spaces respectively. Since 6 and e' 
are small, they can be measured by their arcs, so 


and 



5 



The lateral magnification between the conjugate planes at P 
and P' is y'/y, so it follows at once that 

ns' 
n's 


m 


(59) 
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The method of treatment used in the present chapter is so 
general that Eqs, (56) and (59) apply even when the system con¬ 
sists of but a single refracting surface. The fact that Eq. (59) 
is identical in form with Eq. (33) in Chap. II, wherein the dis¬ 
tances s and s' were measured from the vertex, indicates that the 
principal points of a single surface coincide at its vertex. The 
focal points can be located by assuming an infinitely distant 
object, first on one side and then on the other, and finding the 
position of its image in each case by means of Eq. (29). Although 
it is of theoretical interest to notice that the concept of cardinal 
points is applicable to a single surface, it is generally more con¬ 
venient in practice to apply the formulae of Chap. II directly. 
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31. Focal Length.—The focal lengths f and /' can be deter¬ 
mined by calculation when the radii, indices, and separations 
of the system are known. The procedure is to consider a point 
object at infinity in the object space, which we shall assume to 
have a refractive index n. If the index of the medium following 
the first refracting surface is ni, Eq. (33) gives 


TliSx 


for the magnification resulting from refraction at the first sur¬ 
face, Si and Si being measured from the first vertex, of course. 
Now in similar fashion. 


m2 


71182' 

TI2S2 


for the second refracting surface. Hence the magnification m 
produced by any number of centered spherical surfaces is 


m = mi X m 2 X m 3 X m4 

niS 2 '\/ 712S3 


\ niSi J\ 71282 J\ 71^83 J\ n4S4 / 
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The same value for the magnification should result if it is com¬ 
puted by lAeans of Eq. (59) instead of Eq. (60). Equating the 
two expressions for the magnification, 


* 

n's 


( _ V 


n2Sz \/ 
nzSz )\ 


71 / 4 


(61) 


Since the object was chosen at infinity, s and Si are equal and 
infinite and may therefore be eliminated; that is, the difference 
between s and si is merely the distance between the first vertex 
and the first principal point, and this distance is small compared 
with infinity except in systems of infinite focal length- It will be 
noticed also that the refractive indices of the intermediate 
media, ni, ns, etc., cancel in pairs from the right-hand member, 
leaving only the index of the first medium n and the index of the 
final medium, which may be written n'. Hence the refractive 
indices cancel entirely from Eq. (61). But the object distance 
was assumed to be infinite, so s' = f' and therefore 





(62) 


The quantities involved in this equation can be determined 
by applying Eq. (29) in Chap. II to each surface in turn or by 
tracing a ray from infinity through the system trigonometrically. 
But if the latter procedure is adopted, there is a much simpler 
method for finding/'. In Fig. 23, the ray QA in the object space 
is at a height h above the axis and parallel to it. No matter how 
many refractions the ray may suffer, it will finally emerge into 
the image space as though it had passed through the point 
A'j which is also at a height h above the axis. Now angle A'F'H' 
is known from the t.rigonomet.rical computations since it is the 
value of 0' after refraction at the last surface. By definition, 
the focal length for the ray QA is the distance A'F'. Hence 

jf = sin 0' 


or 


/' = 


h 


sin 6' 


(63) 


As a practical example of the foregoing, let us return to the 
problem in Sec. 20, Chap. II. The value of 6' after refraction at 
the last surface (in this case the second) for the ray at = 10 is 
$' = 47' 35". Substituting in Eq. (63), f' = 99.1 mm. It 
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uhould be noted that the argument (Table III) contains both log h 
and colog sin d\ so the calculation of f is extremely simple when 
made by this method. Now if the ray at /i = 0 is selected 
instead, colog sin d' — 0.82388. Remembering that this was 
computed by an artifice with the ray at A = 15 as the auxiliary, 
we find that /' = 100.0 mm for the axial ray. 

The difference of 0.9 mm between the focal length of the axial 
ray and that of the ray at A. == 10 gives rise to a defect called 
coma, which will be discussed in Chap. VI. Even though spheri¬ 
cal aberration is entirely absent from a given system, as indicated 
by the equality of the back focal lengths for all rays, the true 
focal lengths may be different and hence the magnification will 
be different for different zones of the lens. 

32. Case of the Same Initial and Final Medium.—Equations 
(57) and (59) can be combined in a manner to 5 deld the expression 


L = IL 
r n'* 


(64) 


Thus, if f is found for a given system, f can be readily determined 
from the indices of the initial and final media. In the vast 
majority of cases, the initial and final media are air; and Eq. (64) 
shows that in this case / = /'. By making this substitution, 
Eqs. (51), (52), (53), (56), and (59) can be rewritten more simply 
as follows: 


m = 

X 

(65) 

li 

1 

(66) 

xx' — P , 

(67) 

1 . 1 _ 1 

(68) 

m = — — • 

s 

(69) 


It will be noted that the last two equations have the same form 
as Eqs. (40) and (44) for the case of a thin lens. This does not 
mean that a thick lens can be replaced by a thin lens; for, although 
there can always be found a thin lens that will produce an image of 
a given object of the same size and in the same place as the image 
produced by the thick lens, this thin lens would be equivalent for 
only a single position of the object. For an object at infinity, the 
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thin lens must lie in the second principal plane of the thick lens^ 
and its focal length is of course the same as that of the thick lens. 
Such a thin lens is often called the equivalent thin lens; and its 
focal length is therefore called the equivalent focal length. 

33. Location of the Cardinal Points by Calculation.—The 
calculations pertaining to a thick lens become so involved when it 
is treated surface by surface that it is usually advisable to 
determine the positions of the cardinal points immediately. 
This can be done in a number of ways, and the method to be 
selected depends somewhat upon the form in which the data 
are furnished. In the general case, the system is described in 
terms of the radii and separations of the surfaces and the refrac¬ 
tive indices of the media. One method of locating the focal 
points is to apply Eq. (29) to each surface in turn, the object 
for the first surface being assumed to be at infinity. The value 
of s' for the last surface gives the position of the second focal 
point with respect to the vertex of the last surface. By turning 
the system end for end and repeating the process, the first focal 
point can be located with respect to the vertex of what is the 
first surface in the normal position. The two focal lengths of 
the system can then be computed by means of Eq. (62), since all 
the quantities appearing therein have been determined for both 
the normal and the reversed positions of the system. By defini¬ 
tion, each of the principal points is separated from the correspond¬ 
ing focal point by the corresponding focal length, so the two 
principal points can be located at once. 

The trigonometrical method of locating the cardinal points 
is essentially the same as the algebraic one that has just been 
described. As before, an axial ray from an object at infinity is 
t raced through the system to locate the second focal point, and 
tlien the lens is reversed to find the first focal point. The only 
real difhu-ence between the two methods is in connection with the 
determination of the focal length, which, in this case, can be done 
by applying lOq. (63). As an example of the foregoing procedure, 
consider the lens discussed in Sec. 20. The second focal point 
was tlu're found to be 93.2 mm to the right of the vertex of the 
last refract ing surface. Now in Sec. 31, the axial focal length was 
found to bo 100.0 mm. Consequently the second principal 
point must, be 6.8 mm to the left of the vertex of the last (in 
this case, tihe second) refracting surface. The positions of the 
first focal point F and the first principal point H can be found by 
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reversing the lens end for end and making similar calculations. 
As this lens is in air, the two focal lengths are equal, and this 
fact can be used as a check on the correctness of the calculations. 

34. Formulae for a Simple Lens.—It is possible to derive 
algebraic formulae for the positions of the cardinal points of any 
optical system, but the formulae are generally so involved that 
it would be more laborious to substitute in them than to proceed 
in the straightforward manner outlined in the preceding section. 
They are sometimes convenient, however, in the case of a simple 
lens -—that is, one containing only two refracting surfaces with 
air as the initial and final medium. The necessary steps in the 
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derivation of these formulae are so obvious that only the final 
expressions will be given. 

In Fig. 25, let the focal points be F and F' and the corresponding 
principal points, H and H'. Let the thickness t = V 1 V 2 be 
considered positive always. Since the initial and final media are 
the same, the first and second focal lengths are the same. The 
numerical value of the focal length is 



(n 


— R\R 
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- 1 ) 
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Ri — R 


2 



which may be written also as 

1 _ -in/ 1 1 , - 1)^\ 

/ nRxRi ) ■ 


(70) 


(71) 


The distance of the first principal point from the first vertex is 

V H = — - 1 ) if =__ 

^ nRz n{R\ — R^) — (n — 1 )^ 


( 72 ) 
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By the sign convention, this distance is positive when H is at 
the right of V\. Similarly, 


TT/Tr _ _ tR% 

^ nR, n{Ri - R^) - {n - l)t 


(73) 


which is positive when H' is at the left of Vz. The principal 
points are separated by the distance 


HH' = 


(Ri — Rf)t 

n(Ri — Rf) — {n — 1)^ ^ 


(74) 


which is positive when H is at the left of H'. This is considered 
the normal order. When this quantity is negative, the order is 
reversed and the principal points are said to be crossed. 
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It will be seen from the above equations that no general 
statements can be made concerning the focal lengths or positions 
of the principal points of a thick lens. For example, even the 
familiar double-convex lens has a focal length that increases 
with the thickness until it becomes infinite when 

7 ) 

t = —^ , (^^1 - • 

A greater thickness results in a negative focal length. 

36. Formulae for a System of Simple Lenses.^—When the 
system consists, as it fre<iuently does, of two simple lenses whose 
individual cardinal points hjivc already been located, the focal 
length and cardinal point,s of the combination are easily found. 
In Fig. 26, let the quantities pertaining to the first lens or element 
be specified by the subscript 1 and those pertaining to the second 
element by the subscript 2. Let the distance Hfllz from the 
second principal point of the first element to the first principal 
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point of the second element be represented by a. Assume all 
quantities in the figure to be positive as drawn. 

The formula for the focal length of the system can be derived 
by a procedure similar to that used in Sec. 31. The magnifica¬ 
tion produced by the first element is 

Sx 

mi - - > 

Si 


and that produced by the second element. 


S2 

7712 — - f 

S2 


SO the total magnification is 


m = miW2 = 


S 1 S 2 

S 1 S 2 


Considering the system as a unit, the magnification is 


m = - f 

s 


where s and s' are measured from H and H', the principal points 
of the combination. Evidently these last two expressions must 
be equal, whence 

S S1S2 


But the object is assumed to be at infinity, so s = Si, Si' = /i, 
and s' = /. Therefore 

Now from the figure, s^ = a — fi; and from Eq. (68), 


S2 


f 


S 2 - /2 


By combining these equations, the focal length of the system is 
found to be 


f= 

fl~\-fi — CL 

(76) 

which may be written 


1 _ 1 1 _ a 

. f fi fz / 1/2 

(77) 


The cardinal points can now be located, as before, by assuming 
an object at infinity at the left of the system. The first element 
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then forms an image at its second focal point Fx', This image 
is the object for the second element. Writing 

= / 2 ^ 


for this element, it is evident from the figure that 


Xi = Fx'Fi = a — (/i -1-/2) 

and 

= F^'F' = / - /2 - 

since the image of Fx formed by the second element must be at 
F'. By making the obvious substitutions, it is found that the 
distance of the second principal point of the system from the 
second principal point of the second element is 


In a similar manner, the distance of the first principal point 
of the system from the first principal point of the first element can 
be shown to be 


HxH 


afi 

-h /2 — « 


(79) 


These formulae can be used when the elements are thin lenses 
by remembering that the principal points of the elements then 
coincide at the elements themselves. Thus Bq. (76) gives the 
focal length of two thin lenses separated by a distance a, and the 
subsequent formulae permit the focal points and principal 
points of a combination of two such lenses to be located. 

The formulae developed in this section can be used for a system 
containing any number of lenses by combining the first huis with 
the second, this combination with the third, and so forth. 
Usually, however, it is easier to trace a ray from infinity as 
outlined in Sec. 31. When the lenses are thin, the equation 




( 80 ) 


wherein the quantities refer to the entire lenses instead of the 
individual surfaces, can be used instead of lOq. (62). This is 
merely an extension of hlq. (7h). The distance from the last 
lens to the second principal point is the difference between the 
true focal length and the back focal length. The entire procedure 
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is exactly analogous to that described in Sec. 31, except that lenses 
are treated instead of surfaces. 

36. Angular Magnification.—Consider a ray passing through a 
lens from some axial point P in the object space to its conjugate 
P' in the image space, the slope angles in the object and image 
spaces being 6 and 6' respectively. The ratio 


(81) 


is known as the angular magnification in the planes at P and P'. 
Lagrange’s law may then be written as 


—my = 
n 


( 82 ) 


Since n, n', and m (the lateral magnification between the conju¬ 
gate planes at P and P') are constants, y is seen to be a constant 
also for all rays through P in the paraxial region. 

37. Nodal Points and Optical Center.—In Fig. 27, let the ray 
QN in the object space be refracted to cross the axis at O and 



emerge as the ray N'Q' in the image space. When QN and N'Q' 
are parallel, the angular magnification referred to the conjugate 
points N and N' is unity and positive. These points are then 
said to be the first and second nodal points of the lens respectively. 
In other words, any ray in the object space directed toward N 
emerges in the image space from N' parallel to its original direc¬ 
tion. The point O, where these rays cross the axis, is known 
as the optical center of the lens. 

It will be seen from Eq. (82) that, when n = n', the lateral 
magnification in the planes at iNT and N' is unity also. As this 
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was the property by which the principal points were defined, 
it follows that the nodal points coincide with the principal points 
when the initial and final media have the same refractive index. 
This case is so common that the properties of the two pairs of 
points are frequently confused. 

The nodal points can be located by means of Eqs. (51) and 
(52), since the lateral magnification in the planes at N and N' 
is known from Eq. (82) to be 


Now from Eq. (51), 




m 



(83) 


where x is now the distance of the first nodal point from the first 
focal point. Similarly Eq. (52) gives 




where x' is the distance of the second nodal point from the second 
focal point. By substituting in the above equations the values off 
and/' respectively from Eq. (64), the distances of the nodal points 
from the corresponding focal points are found to be 

-- f (84) 

and 

x' = -f. (85) 

Thus the nodal points are related to the system in a manner that 
is just the invoi'so of the way the principal points are related; 
that is, whereas the distance of the first principal point from the 
first focal point is equal to the Jirst focal length, the distance of 
the first nodal point from the first focal point is equal to the 
second focal length. The second nodal point is related to the 
second focal point in a corresponding manner. As a result, 
the formulae for conjugate distances and lateral magnification 
referred to nodal points as points of reference follow at once 
from Eqs. (56) and (57) by interchanging / and /'. Thus if 5 
represents the distance of an object from the first nodal point 
and s' represents the distance of its image from the second 
nodal point. 



1 


( 86 ) 
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and 


m 


r ^ s' -f 
s - r f ' 


( 87 ) 


A simple expression for the lateral magnification in terms of 
s and s' can be found. Since the angular magnification is unity 
for the nodal points, 

yl — —2/ 

s' s 


Therefore 



( 88 ) 


It will be remembered that the corresponding expression given 
by Eq. (59) for the lateral magnification in terms of distances 
referred to the principal points was 

ns' 

m --7- • 

ns 

As before, the formulae become identical when the initial and 
final media are the same. If this were not generally the case, the 
nodal points would probably be used more often than the prin¬ 
cipal points because of the greater simplicity of Eq. (88). 

The properties of the nodal points can be used as an aid in 
studying the properties of the optical center, since this is the 
point where a ray directed toward the first nodal point intersects 
the axis. Manifestly, if the optical system contains several 
refracting surfaces, this ray may cross the axis at more than one 
point so that the system possesses more than one optical center. 
It is tiustomary, therefore, to consider the optical center only 
in connection with a simple lens, where it is unique and also 
possesses some useful properties. In this case, it will be evident 
from Fig. 27 that, since QN and N'Q' are parallel, the tangent 
planes at the points of incidence and emergence must be parallel 
also, and so triangles OIiCi and OI 2 C 2 are similar. Hence, for 
the paraxial region, 

ViO _ OV2 

jRi — R2 

Calling the thickness of the lens t, this equation can be trans¬ 
formed into 

Rit 

Ri — R2 


ViO = 


(89) 
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and 


OFs = p—(00) 

It will be noted that the optical center of a simple lens possesses 
a property not shared by the other cardinal points. The posi¬ 
tions of the latter depend upon the refractive index of the material 
of the lens, and hence they shift in position with a change in the 
color of the light. The position of the optical center, on the 
other hand, depends only on the radii of curvature, and conse¬ 
quently this point possesses the property that every ray through 
it, regardless of its color, is parallel to itself in the object and 
image spaces. 

If the position of either of the nodal points of the lens is known, 
the optical center can be located by another method. It will 
be seen from Fig. 27 that O is the image of N formed by refraction 
at the first surface, and N' is the image of O by refraction at the 
second surface. Hence the optical center can be located imme¬ 
diately by applying Eq. (29). 

38. Other Cardinal Points.—The principal points, focal 
points, and nodal points are the only cardinal points that are 
ordinarily of value in the solution of thick-lens problems. In 
rare instances, however, the treatment of the subject is simplified 
by using certain others, and for this reason they are encountered 
occasionally in the literature. Because of their comparative 
unimportance their properties will not be studied, although this 
could be done by the methods used hitherto in this chapter. 

The anti-principal poiniSj or negative principal points, are 
conjugate points for which the lateral magnification is unity and 
negative. They lie as far from the focal points as the correspond¬ 
ing principal points but on opposite sides. 

The anti-nodal points, or negative nodal points, are conjugate 
points for which the angular magnification is unity and negative. 
'They lie as far from the focal points as the corresponding nodal 
points but on opposite sides. 

Thf! lirnvais points are hardly to be considered cardinal 
points l.)ut they may be mentioned here. They are the self- 
conjugate p(jints of a system. Some systems have no such 
points, others have one, and still others have two. When two 
Hravais points exist, each is conjugate to itself, of course, and 
not to the other. 
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39, Transverse Axis.—Consider the thick lens shown in Fig. 28, 
the nodal points of which are N and N'. This lens may be of 
any form and need not be situated in air, although this is gen¬ 
erally the case. Suppose that the lens is rotated through a small 
angle r about an axis T perpendicular to the plane of the paper. 
After rotation, the point object P will lie at a distance from the 
axis y = r{PT'), provided r is small. The distance of P' from the 
axis is now obtained by multiplying y by the magnification 
between the conjugate planes at P and P'. Hence 

y' — my = mr(PT) = —— • r • {PT) , (91) 

where s and s' are measured from N and N' respectively. 
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The transverse axis is, by definition, the axis of rotation for 
which there is no displacement of P' when the lens is rotated. 
This condition is satisfied for the point T when 

t(TP') - -y', (92) 

By combining Eqs. (91) and (92), 

TP' _ s( 

PT s * 

But from Fig. 28, PT = s + a, and TP' = s' b. Hence 


a 

b 



(93) 


It will be seen that, when s is very large, b becomes zero and 
the transverse axis coincides with the second nodal point. This 
is the basis of the so-called nodal slide, by means of which the 
position of the second nodal point can be found experimentally. 
The method consists in mounting the lens so that it can be rotated 
about an axis that is adjustable longitudinally. A position of the 
axis is found for which a small rotation of the lens produces no 
lateral movement of the image of an object at infinity. By 
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turning the lens end for end, the first nodal point can be located 
in the same manner. 

40. Longitudinal Magnification.—It is sometimes useful to 
know the amount of displacement of an image along the axis for a 
small longitudinal displacement of the object. Let the longi¬ 
tudinal magnification T be defined by 


r = 


dx' 
dx ' 


(94) 


where dx' is the longitudinal displacement of the image corre¬ 
sponding to a small longitudinal displacement dx of the object. 
By differentiating Eq. (53), it can be shown that 


r = 


dx' 

dx 


ff _. 

x^ x 


(95) 


Since x and x' always have the same algebraic sign, it follows 
that r is always negative. But, since x and x' are measured in 
opposite directions under the convention of signs, this result 
indicates that the displacement of the image is always in the same 
direction as that of the object. It is interesting to note that 
the longitudinal magnification is the negative ratio of the dis¬ 
tances of image and object from the corresponding focal points, 
whereas the lateral magnification is the negative ratio of the 
distances from the nodal points. By combining Eqs. (59) and 
(82), it can be shown that the angular magnification is the nega¬ 
tive inverse i*:ilio of the distances from the principal points. 

By combining Kq. (95) with Eqs. (51), (52), and (64), it is 
found that 

r = -- . (96) 

n 

Then by combining this equation with Eq. (82), the following 
expression, r<'ila.ting the anguhir, the longitudinal, and the lateral 
magnificat ion, result s: 

^ - 1. (97) 

m 

It. must again be; emphasized that this method of treating 
thick lens(‘s, which was first, used by Gauss, applies only to rays 
in the paraxial region. 'The method is extremely convenient 
when a large*; number of prol)lems that relate to a given system 
are to be solvcal. h'or the solution of a single problem, the 
straightforward m<dhod of t'hap. 11 is generally simpler. 
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THE LIMITATION OF RAYS BY APERTURES 

In the most general sense, an optical system forms a three- 
dimensional image of a three-dimensional object. In other 
words, for every object plane there exists a corresponding or 
conjugate image plane. In practice, however, only a single plane 
of the object space can be in focus at any one time because the 
image is always received on a screen of some sort. This is the 
case even in visual instruments, wherein the retina of the eye 
acts as the screen upon which the final image is formed. The 
pencils that would form images of points in other planes are 
intercepted either before or after they have come to a focus, and 
thus they produce spots of finite area. Whether these spots are 
large enough to have a deleterious effect on the image depends 
upon the angular dimensions of the pencils producing them. 
These dimensions, in turn, depend upon the aperture of the system, 
which is determined by the diameters of the lenses and the stops 
that it contains. The theory of stops was first developed by 
Abbe, and it constitutes one of the most useful concepts in the 
theory of optical instruments. 

41. Aperture Stop.—Although the theory of stops is applicable 
to any optical system regardless of its complexity, it can be illus¬ 
trated best by a concrete example. Figure 29 represents an 
optical system, such as a photographic objective, in which the 
elements I and III are lenses, assumed here to be thin, while 
element II is the stop or diaphragm that such a system normally 
contains. The point P is imaged by the objective at P'. In 
the object space, the image-forming pencil has a half-angle 6] 
in the image space, it has a half-angle 

It is clear from the figure that the value of 6 is determined 
by the diameter of the diaphragm II, which is therefore called 
the aperture stop in the terminology developed by Abbe. The 
method of determining the value of 6 consists in finding first the 
image of the aperture stop in the object space. In Fig. 29, 
the image of the aperture stop II formed by lens I is at E- It 
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is obviotls from the theory of optical imagery, of course, that 
any ray from P that would pass through E! if it were not refracted 
will pass through II after being refracted. In other words, the 
size of the pencil at P in the object space is limited effectively by 
Ej just as it is limited actually by II. In fact, an observer 
at P could not see the aperture stop II itself but only its magnified 
image at E. In a similar manner, the size of the emergent pencil 
at P' is limited by P", the image of II formed by lens III. 

Figure 29 illustrates a case in which the diaphragm is the 
aperture stop. It is obvious that the rim of either lens I or 
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lens III (or both) might bocomo the aperture stop if the diameters 
of those lenses were decreased sufficiently. In the general case, 
it is not known which element of the system is the aperture stop, 
and the effectiveness of each element must then be investigated 
in turn to determine which one leads to the smallest value for 
6. As the precision required is not great, the first-order formulae 
are sufficiently exact for such computations. For lens I in 
the present, example, the maximum value of 0 is simply the angle 
sui)t.en(led at P by the radius of tlu’: lens itself; for stop II, the 
value of 6 is the angle subt.ended at P by the radius of the stop 
image E, as has alnaidy been seen; for lens III, the maximum 
value of 0 is the angle suht.esiided at P by t he image of lens III 
formed by lens 1 (not shown in t.hc figure). Stop II in t.his case 
leads to a smalk^r value of 9 than the others, which means that 
it is the apeut lire stop of the system wit h respect to the point P. 
In rare cases, two stops may be equally effective, and cither may 
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then be considered as the aperture stop. It is clear that the 
procedure just described might be conducted as well with respect 
to the image space because, of course, the aperture stop is the 
one that leads to the smallest value of d' also. 

The fact that stop II is the aperture stop with respect to the 
point P does not imply that it is necessarily the aperture stop 
for any other point on the axis. For example, it is clear from Fig. 
29 that, if the point P had been chosen at a great distance from 
the objective, lens I rather than stop II would have been the 
aperture stop of the system. This is better illustrated by Fig. 
30, in which the elements of Fig. 29 are represented by their 
images in the object space. Lens I is actually in the object 
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space, of course. The image of II in the object space is already 
known to be at B. The image of lens III in the object space is 
formed by lens I at III'. For an axial point in the vicinity of 
P, E is obviously the image of the aperture stop. At a certain 
point at the left of P, lens I and stop II are equally effective in 
limiting the aperture; and for a point still farther to the left, 
lens I is the aperture stop. It should be mentioned that this 
behavior of the aperture stop is not typical of actual photo¬ 
graphic objectives. On the contrary, in any well-designed 
optical system, the diaphragm that is introduced to limit the 
aperture performs its function over the entire range of object 
distances for which the instrument is intended to be used. 

42. Entrance and Exit Pupils.—In the nomenclature developed 
by Abbe, the image of the aperture stop in the object space is 
called the entrance pupil of the system. Thus in Fig. 29, dia- 
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phragm II is the aperture stop with respect to the point P, 
and E is the corresponding entrance pupil. Similarly, the image 
of the aperture stop in the image space is called the exit pupil. In 
Fig. 29, jEf' is the image of the aperture stop by lens III and hence 
is the exit pupil. Any ray through P that would pass through E 
if it were not refracted traverses the entire system and takes 
part in the formation of the image at P', and it will appear in the 
image space to have passed through E'. 

The aperture stop and entrance and exit pupils have here 
been discussed with reference to a relatively simple optical 
system. It should be obvious, however, that the method 
described is applicable to any system regardless of its complexity. 
The computation may be more tedious, of course, because many 
lenses may be involved, but the procedure of finding the aperture 
stop is exactly the same. No matter how complicated a system 
may be, it usually contains but a single aperture stop. The 
entrance pupil is then the image of this stop formed by all the 
lenses preceding it; and the exit pupil is the image formed by 
all the lenses following it. Since the entrance pupil is conjugate 
to the aperture stop with respect to the part of the system 
at the left of the latter and since the exit pupil is conjugate 
to the aperture stop with respect to the part of the system at the 
right, it follows thiit the entrance and exit pupils are conjugate 
to each other with respect to the entire system. 
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43. Conjugate Distances Referred to the Entrance and Exit 
Pupils.- -Tin- position and size of the image formed by an optical 
system can bet (U'terminfHl wh<m the only data available are the 
posit ions an<l si/(‘s of tlie <'nt.r{ince and exit pupils and the focal 
liMigtli of tiu^ syst<‘m. In Fig. 31, F and F' represent the focal 
points of !in oj)ti(‘a.l system, and E and E' the entrance and exit 
pupils for some point P on the axis. Let the radius of the 
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entrance pupil be p and that of the exit pupil, p*. Let the distance 
from the first focal point to the entrance pupil be po and the 
distance of the second focal point from the exit pupil be po'. 
Let the object distance referred to the entrance pupil be p and 
the image distance referred to the exit pupil be p'. It can then 
be seen from the figure that 

p = X + pQ 

* 

and 

p' ~ x' Pq . 


When these quantities are substituted in Eqs. (65), (66), and 
(67) of Chap. IV, the latter become 


(p — Po)(p' — Po') = Pt 

(98) 

f 

m -- - - y 

P — Po 

(99) 

and 


II 

1 

o 

• 

(100) 

The magnification between the conjugate planes E and E' is 

thee' — — 

P 

(101) 

_ Ji 

Po' 

(102) 

_ Vo 

f ' 

(103) 

Solving Eqs. (101), (102), and (103) for po and po' 

and substltut- 

ing the results in Eqs. (98), (99), and (100), the following formulae 
for the conjugate distances and the lateral magnification result: 

+ 

II 

(104) 

1 p' 

m = -• — y 

rriEE' p 

(105) 

and 


pp' 

m = —• 
pp 

(106) 


The convention of signs adopted in the derivation of these 
formulae is consistent with that already used—namely, p is 
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positive when P lies at the left of E, and p' is positive when P' 
lies at the right of E', 

It should be noted that Eqs. (104), (105), and (106) do not 
depend in any way upon the properties of the entrance and exit 
pupils but are applicable to any pair of conjugate planes in 
which the lateral magnification is p'/p- The equations are still 
valid, therefore, for object points for which E and E' may not 
be the entrance and exit pupils. 

In general the two pupils lie in different planes and are of 
different sizes. In special cases, however, they may lie in the 
same plane or may be of the same size. The second case is very 
common and is exemplified by the so-called symmetrical photo¬ 
graphic objective. This objective consists of two similar lenses 
with a stop midway between, the second lens being reversed in 
position with respect to the first. Inasmuch as the entrance pupil 
is identical in size with the exit pupil because of the symmetry 
of the system, the two pupils lie in the principal planes. A 
little reflection will show that in this case the entrance pupil lies in 
the first principal plane. 

44. Relative Aperture.-—It can be seen from Fig. 29 that the 
angle subtended at P by the entrance pupil determines the 
amount of light traversing the system and hence the illumination 
of the image, other conditions being constant. This angle is 
represented by a quantity known as the relative aperturej which 
is expressed in various ways that have been found to be most 
suitable for the different types of instruments. Thus, the 
numerical aperture of a microscop(^ objective is defined by 

N.A. = n sin 0, (107) 

where n is the index of the object space and 6 is the half-angle 
of the extreme ray from the object (Fig. 29). For telescdpe 
and photographic objectives, the object is usually at infinity 
and it is more convenient to define the relative aperture as the 
ratio of the focal length of the objective to the diameter of the 
entrance pupil. In photographic practice, this ratio is called 
the //-‘number. Thus the “speed” of a lens is said to be 
//4.5 when the focal length is 4.5 times the diameter of the 
entrance pupil. 

46. Chief Ray. The ray in the object space that passes 
through the center of the ent rance pupil is known as t he principal 
ray or chief ray of the pencil. This ray also passers through both 
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the center of the aperture stop and the center of the exit pupil 
because of the conjugate relationship between them, but only in 
rare cases does it pass through the center of any of the lenses. 
Evidently the chief ray defines the direction of a pencil in its 
passage through the optical system; and the place where it 
intersects the various surfaces is of great importance in correct¬ 
ing the aberrations of a lens, as will be shown in the following 
chapter. 

46. Telecentric Systems.—When the aperture stop is at the 
second focal point of the system, the entrance pupil is at infinity 
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and all chief rays in the object space are parallel to the axis. 
Such a system is said to be telecentric on the side of the object. 
It is often used to advantage in making measurements where 
parallax must be avoided. Thus in Fig. 32a, the lens L is used 
as a simple magnifier to facilitate the reading of the height 
of the meniscus against the scale engraved on the outside of the 
burette. With the telecentric stop at the second focal point of 
tlfe lens, the chief rays in the object space are parallel to the 
axis and the error due to parallax is eliminated, the meniscus M 
and the point 1 on the scale appearing to be in line even though 
they are not on the axis of the lens. On the other hand, if the 
stop were at some other position, such as C, the chief ray from 
J\f (shown by the broken line) would intersect the scale at the 
point 2, and a false reading would result. 

The system of Fig. 325 is telocentric on the side of the imagej 
since the aperture stop S is at the first focal point, and the exit 
pupil is therefore at infinity. This type of system lends itself to 
the determination of the size of an object by measuring the size of 
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its image. In microscopy, for example, it is customary to deter¬ 
mine the size of an object on the stage from the size of its image 
formed by the objective. In the figure, the object points A 
and B are imaged by the lens L sA and B\ Suppose that the 
scale K is not exactly in the plane of the image A'B\ With the 
telecentric stop ^ in position, the chief rays in the image space 
are all parallel to the axis and a true reading of the distance 
A'B* is obtained notwithstanding. On the other hand, if the 
stop were placed at any other position, such as C, the chief rays 
(shown by the broken lines) would intersect the scale as shown, 
thus producing a false reading. 

In telecentric systems, one of the pupils is at infinity and is 
therefore infinitely large. Nevertheless, the angle it subtends 



from points in tiie vicinity of the optical system is finite. Thus, 
in Fig. 33, the telecenti'ic stop S is at F', and its image is therefore 
at intinity in the object spa.ce. Now, by the properties of the 
nodal ijoints N and N', the entrance pupil subtends the same 
angl<‘ tv. a t. N t ha t t he: stop does at N'. Since the entrance pupil 
is at infinity, it. subtends t.h<‘, same angle from any other point, 
such as Pj unless this point is also at infinity. 

47. Entrance and Exit Windows.—ddie method used in Sec. 
41 for d<‘(<‘rmining th(> efi'cHitive rays in an optical system can be 
(‘xt<‘n<led to include the: case of extra-axial ])oints. In Fig. 34 
th<^ systiMU of stop ima.g(>s is id(‘nt.ica.l with that of Fig. 30, but 
W(^ sliall now consi<l(‘r an ex( ra-axia.l point, such as Q, in the plane 
of I*. Fh(‘ siz<' of t h<‘ pc'iKal through Q will be limited by the 
entrance: i)upil F as Ix'fore, but. i(. may be further restricted by 
one or inor<‘ of (he oth(‘r stop imagt^s. As the figure has been 
drawn, t he ehi(‘f ray through gra.zes t.lie e<lge of the stop image 
III'. It will be: recalh'd that III' is the imag(’! of the rim of lens 
III by h‘ns I. Lens III is then said to be the Jleld atop, and its 
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image III' in the object space is known as the entrance window. 
In more general terms, the entrance window is the stop image 
in the object space that subtends the smallest angle at the center 
of the entrance pupil. The field stop is the real diaphragm of 
which the entrance window is an image. A diagram similar to 
that of Fig. 34 can of course be constructed for the image space. 
The exit window is then the stop image subtending the smallest 
angle at the exit pupil. Since it is the image of the field stop 
in the image space, the entrance and exit windows are seen to be 
conjugate to each other with respect to the entire system. 

It is evident from Fig. 34 that, when the chief ray from a point 
such as Q grazes the edge of the entrance window, approximately 



one-half of the pencil that would otherwise enter the entrance 
pupil is obscured by the entrance window. If Q were at a greater 
distance from the axis, even more of the pencil would be obscured 
until finally no ray through Q could pass through both the 
entrance pupil and the entrance window. It is seen, therefore, 
that there is a definite limit to the size of the field that can be 
imaged by any optical system. As this limit is set effectively 
by the size of the entrance window but really by the size of the 
field stop, the reason for the choice of the latter term is obvious. 

In practice, it is usually undesirable to have the illumination 
at the edge of the field fall sensibly below that at the center. 
The useful field is, therefore, arbitrarily said to be limited by the 
ray that passes through the edge of the entrance window and 
the center of the entrance pupil. This ray passes through the 
point Q in Fig. 34, and hence PQ is the radius of the useful field. 
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It should be pointed out, however, that the useful field of a 
photographic objective, taken here as an example, is usually 
smaller than the illuminated area because the aberrations in 
the outer portions of the field become excessive. Hence the 
plate itself is made the field stop of the system. The plate is 
the exit window as well, and its image in the object space—the 
entrance window—is at the object. In visual instruments, 
the field is usually given a definite boundary by introducing a 
diaphragm where it will appear sharply focused to the observer. 
Here again, the entrance window coincides with the object, and 
the exit window with the image. 

The field of view in the object space is said to be limited in 
angular measure by the angle oc that the radius of the entrance 
window subtends at the center of the entrance pupil. The 
angular field of view in the image space is likewise limited by 
<x', the angle subtended by the radius of the exit window at the 
center of the exit pupil. The values of a. and a' are usually 
different, except in the special case of a single lens in air. The 
total angular field covered by an optical instrument is, of course, 
2a! in the object space and 2cx.' in the image space. 

48. Hepth of Field.—In Fig. 35, let p and p' represent the radii 
of the entrance and exit pupils respectively of an optical system 
for which the point P' is conjugate to the point P. To make the 
example concrete, suppose that the optical system is a photo¬ 
graphic objective forming an image of the point P on a photo¬ 
graphic plate at P'. lOvidently the point Pi will bo imaged in 
front of the plate at P/, thus forming a circle of confusion of 
radius z' on the plate. Whether the circle of confusion is injuri¬ 
ous to the quality of the image depends upon its size compared 
with the structure of the emulsion on the plate. Now let us 
find an expression for <l\, the distance of P\ from P, that will 
pnxluee a circle of confusion of radius z' in the plane of P'. 
From t he geometry of the figure. 

Pi — ^ _ 7>i 
z p 

Then, by definition, 

7>i — V 

and hence 

d\ ^ dx -h p 
z p 
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or 



zp 

p — z 


( 108 ) 


A similar argument with respect to an axial point P 2 between 
P and E would show that 


da = 


zp 


P z 


(109) 


where da is the distance of Pa from P. Equations (108) and (109) 
together give for the total depth of field 


di + da 


zp zp 

p — z p z 


( 110 ) 


E e' 



Usually the values of di and da can be determined more easily 
from the magnification in the conjugate planes at P and P', since 
this quantity is usually known or may be considered constant 
when comparing two optical systems designed to perform the 
same function. Now 

z' 

m = — 
z 


for the conjugate planes at P and P', and it follows therefore that 


d\ ~|— da 


z'p 




z'p 


mp — z' mp H- z' 


( 111 ) 


Since both z' and m always have like signs, it can be readily seen 
that di is always either equal to or greater than da- 
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The maximum value of z' that cau be tolerated in any practical 
case depends upon factors other than those involved in the 
geometrical theory of image formation. In photography, for 
example, a rather common value for z' for precise 'work 'with good 
objectives is 0.05 mm. If the lens is poor, even the points that 
are in focus are blurred, and a larger value for z' must be assumed. 
Thus a poor lens has apparently a greater depth of field than a 
good one of the same relative aperture. 

49. Depth of Focus.—In the preceding section, consideration 
has been given to the depth of field in the object space for a 
given amount of blurring of the image. It is occasionally of 
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interest to know the amount by which the plane on which the 
inijigo is received can be moved without causing a similar effect. 
In Fig. 36, p' represents the radius of the exit pupil, and P* an 
axial point image of an object point P. If a photographic plate 
or a suitable screen wore inserted in the plane at P', the image of 
P Wf)ul<l bo a point. This plate or screen could be moved a 
distance d' along the axis in cither direction until the circle of 
confiision beeaiiie large enough to bo observable. Let z' repre¬ 
sent the radius of this circle as before. It follows at once that 


or 



(132) 


'riu'! l!itt <u* expression is useful in <letermimng, for example, how 
much the lilin in a camera may buckle without causing an 
appreciablts blurring of the image. 




CHAPTER VI 


LENS ABERRATIONS 

The laws developed in the preceding chapters to interpret 
the behavior of paraxial rays in systems of centered spherical 
surfaces were first deduced by Gauss in his famous ^'Dioptrische 
Untersuchungen.” The fact that equations of the same general 
form apply to all kinds of image-forming systems may have led 
the reader to surmise that the process of image formation is more 
fundamental than the specific means by which it is accomplished. 
This thought occurred to Clerk Maxwell, who derived the equa¬ 
tions pertaining to the first-order theory from a set of three 
assumptions that make no reference whatever to the physical 
form of the system. He defined a perfect optical instrument 
as one that fulfills the three following requirements: 

I. Every ray of the pencil, proceeding from a single point of the 
object, must, after passing through the instrument, converge to, or 
diverge from, a single point of the image. . . . 

II. If the object is a plane surface, perpendicular to the axis of the 
instrument, the image of any point of it must also lie in a plane per¬ 
pendicular to the axis. . . . 

III. The image of an object on this plane must be similar to the object, 
whether its linear dimensions be altered or not. , . . 

While these assumptions do not mention specifically the form 
that the optical instrument must take, the second implies an axis 
and the third that it must be an axis of symmetry. 

A more general theory of the formation of optical images was 
developed by Abbe in 1872 from postulates which assume only 
that a transformation of a certain kind does take place between 
the object space and the image space. In the assumed trans¬ 
formation, points, lines, and planes of the object space have 
corresponding to them points, lines, and planes in the image space. 
In geometry, this type of transformation is called homographic 
or collinear. An analytical statement of this transformation is 
expressed by three equations relating the three Cartesian 
coordinates of any point in the image space to those of the conju- 
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gate point in the object space. Abbe showed that all the funda¬ 
mental laws pertaining to the first-order theory follow at once 
when these equations are reduced to their simplest form.^ It 
is also of interest to note that Silberstein^ has demonstrated that 
this principle of optical collineation is independent of metrics 
In other words, optical collineation may be considered a purely 
projective transformation from the object space to the image 
space. It is therefore ^‘independent of the usual measuring proc¬ 
esses and of the particular metrical nature of the contemplated 
space—Euclidean, Riemannian (elliptic), or Lobatchevskyan 
(hyperbolic).” 

Unfortunately, perfect images in the ordinary sense cannot be 
formed by this type of transformation, unless the lateral magni¬ 
fication is unity. Consider the problem of forming an image of 
a small cube. If the image is to be cubical in form, the lateral 
and longitudinal magnifications must be equal. Now Eq. (96) 
shows that, when the initial and final media are the same, the 
longitudinal magnification is equal to the square of the lateral 
magnification, and hence the two magnifications can be equal 
only when both are equal to unity. In general, it is impossible 
to satisfy this condition for more than a single plane of the object 
space, so that, unless the dimensions of the cube are vanishingly 
small, the longitudinal and lateral dimensions of the image will 
be disproportionate. Moreover, optical instruments are usually 
designed to produce magnified images, which can never be 
faithful representations of three-dimensional objects. The plane 
mirror is a notable exception because the lateral magnification 
is always unity regardless of the object distance. It is the only 
optical instrument of any importance that yields perfect images 
in the ordinary sense. 

60. Third-order Theory.—The theory of optical imagery that 
has been developed up to this point applies only to those rays in 
meridian planes which lie so close to the axis that terms above 
the first order in the expansion of the sine of the slope angles 
can be neglected. In practical optical systems, the apertures are 
always so large that these paraxial rays constitute but a small 
fraction of the image-forming rays. As we have already seen 

^ See, for example, von Rohr’s “Geometrical Investigation of the For¬ 
mation of Images in Optical Instruments,” Chap. Ill. An English trans¬ 
lation is available from His Majesty’s Stationery Office, Ijondon. 

* Jour. Optical Soc. Amer. and Rev. Sd. Instruments^ 8, 675 (1924). 
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that the representation is collinear for rays in the paraxial region, 
the problem now is to discover the conditions that must be 
fulfilled if this is to be true of the extra-axial rays also. In 
1855, Ludwig von Seidel extended the Gauss theory by including 
the third-order term in the sine expansion and by considering the 
skew rays also. He developed the third-order theory as a series 
of five correction terms to be applied to the Gauss theory when 
considering the behavior of the more oblique rays. When these 
rays perform in the same manner as those in the paraxial region, 
the value of the five terms is zero. On the other hand, when one 
or more of these terms differ from zero, it is an indication that 
the rays outside the paraxial region do not behave according to 
the first-order theory, and the lens is then said to possess aber¬ 
rations. The same five aberrations have been obtained by 
Rayleigh from Hamilton’s characteristic function, thereby avoid¬ 
ing the laborious trigonometrical analysis used by von Seidel. ’ 

In theory, the problem of producing an aberrationless optical 
system consists merely in choosing the radii of curvature for 
the various refracting surfaces in such a manner that each of 
the five Seidel equations shall equal zero. In practice, these 
equations are of little assistance because no optical system ever 
contains a sufficient number of refracting surfaces to permit all 
five equations to equal zero simultaneously. Also, the form of 
these equations is such that each is meaningless unless those 
preceding it have been satisfied. In other words, the equation 
for the fifth Seidel aberration has no significance unless each 
of the four others is zero. Moreover, these equations cannot 
solved explicitly for the quantities of greatest interest to t he lens 
designer—namely, the required radii of curvature. Altliough 
a notable attempt to reduce the equations to a more usable form 
was made by H. Dennis Taylor,^ the algebraic method is still 
unduly involved.® Lens designers find it easier to trace a few 
selected rays through the system trigonometrically and to 
estimate the aberrations from the performance of these rays. 
Notwithstanding the slight practical value of the algebraic 

^ Probably the simplest direct deduction of the aberration cq\ijitions is 
found in Whittaker’s “Theory of Optical Instruments.” Hoe also Dim¬ 
mer’s “Contributions to Photographic Optics.” 

“See “A System of Applied Optics.” 

® The application of the algebraic method is excellently treated in Bur. 
Standards Sci. Paper 550. This is also a useful introduction to practical 
lens design. 
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method, von Seidel’s equations do supply a logical basis for 
^lassifying the five third-order aberrations. 

It should be kept in mind that these five aberrations refer 
to light of a single wave length- Inasmuch as von Seidel’s 
equations contain terms involving the indices of the refracting 
media, it follows that the aberrations depend to some extent 
upon the wave length of the light. This is taken into account 
in designing systems for critical work by minimizing the aberra¬ 
tions for two or more wave lengths well separated in the spectrum. 
These variations of the Seidel aberrations with wave length are 
unimportant, however, compared with the relatively large 
variation in focal length with wave length. This is the cause of 
two additional aberrations that are not included in von Seidel’s 
treatment. For the present these will be ignored and the discus¬ 
sion will be confined to those aberrations with which a system is 
afflicted when light of a single wave length is used. 

61. Spherical Aberration.—When von Seidel’s first condition 
is not satisfied, the system is said to be afflicted with spherical 
aberration. Physically, it means that the rays from a point 
object on the axis do not recombine to form a point image 
in the manner required by the first-order theory. This was 
illustrated in Sec. 20 by the trigonometrical computation for 
the lens shown in Fig. 17. The amount of spherical aberration 
that is present in a given lens is usually expressed by the distance 
measured along the axis between the intercept of a ray through 
the zone in question and the intercept of the paraxial rays. 
In the lens of Sec. 20, the spherical aberration for the ray at a 
height of 10 mm was 1.5 mm, which is 1.5 per cent of the focal 
length. Spherical aberration varies approximately as the square 
of the incident height of the ray and depends also upon the dis¬ 
tance of the object. For purposes of comparison, it is always 
computed for a lens with a focal length of 100 mm and an object 
at infinity. It is generally considered positive when, as in this 
(example, the extra-axial ray intersects the axis at the loft of the 
intercept of the paraxial rays. 

As might be expected, spherical aberration can be eliminated 
by giving the reflecting or refracting surfaccus the proper form. 
For example, in the case of a mirror, an ellipsoidal surface is 
free from spherical aberration for its foci. When one of the foci 
is at infinity, the ellipsoid becomes a paraboloid, and such a 
surface is free from spherical aberration for a point at the focus 
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and its conjugate at infinity. Refracting systems are less eas 
to correct because the required surfaces are rarely of a simp] 
geometrical form, and the only practical method yet devise 
for grinding lenses in quantity requires that their surfaces b 
either plane or spherical.^ Aspherical surfaces are used to 
limited extent for telescope objectives where the improvemer 
in definition justifies the large amount of hand work that mug 
be done to bring each zone to the proper curvature. Paraboli 
surfaces are ground commercially from a template, but, whe 
produced in this way, their figure is not sufficiently exact to fori 
sharply defined images. Nevertheless, this method is sometime 
used for high-aperture condensers, since these are required onl 
to concentrate light within a small area, and the poor qualit 
of the image is of little importance compared with the eliminatio 
of spherical aberration in the outer zones of the lens. As mog 
optical systems require surfaces of better quality than are produce 
by this method, and, furthermore, do not justify the additions 
expense that hand figuring would entail, it is common practic 
to adhere to plane and spherical surfaces and to reduce spherics 
aberration by a judicious choice of the radii of curvature. 

The effect of the choice of radii on the spherical aberratio 
of a simple lens is illustrated in Fig. 37a. Each of the curv< 
in this figure represents the aberration in a lens of the fori 
shown directly below it in Fig. 37c. The ordinates of these curv< 
represent the incident height of the ray; the abscissae, the spher 
cal aberration measured along the axis. These curves wei 
plotted through points computed by tracing rays through tl 
lenses trigonometrically. Lens 6 is the one used as an examp 
in Sec. 20. The numerical values for the aberration of the lens< 
will be found in Table IV. 

The differences in the shapes of the lenses shown in Fig. 3' 
are produced by what the lens designer calls bending the lens, 
will be seen that lens 8 has the form that results in the leai 
spherical aberration for an object at infinity on the left. A 
might be expected, the condition for minimum spherical aberri 
tion obtains when the deviation of a given ray is divided equal] 


^ For a more extensive theoretical discussion of the application of asphe 
ical surfaces to lens design, the reader should consult a paper by Silberstei 
Jour. Optical Soc. Amer. and Rev. Sci. Instruments^ 11, 479 (1925). Tl 
aberrations of certain aspheric lenses used in practice are discussed 1: 
Rayton, idem, 7, 197 (1923). 



Table IV.—Effect op the Shape op a Simple Lens on the Spherical Aberration and Coma 

Each lens has an index of 1.51767, a thickness of 20.00 mm, and a focal length of 100.00 mm. Although all values are expressed 

in millimeters, any other consistent set of units may be substituted. 
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between the two refracting surfaces. Hence, for an object at 
one of the anti-principal points, a lens of the equiconvex form 
(6) has a minimum of spherical aberration. 

When the thickness of the lens is negligible, a simple algebraic 
formula^ can be derived for computing the spherical aberration. 



Di^ance of In+ercep+ of Rot^ on +he Axis from In+erceptof o Paraxial Ray (mm) 



Depar^ur^: 
b. -From s/ne 


con* 

& 



'cffffQ/7 







K 




ja/«; '/Ox I 

I .ggg/glgX^ /gfflff. 


1816141210 86420 10 8642 010 8642086420642 04-ZOZ020202 04 20 

Difference be+ween Foca! Leng+h and Focal Leng+h of a Paraxial Ray(mm> 
1 2 3 4 5 

e. —" 

Shapes of Lenses and Posi+ions of Principal Poin+s 



Fig. 37.—Effect of bending a lens upon the spherical aberration and the sine 
condition. All the lenses have an axial thickness of 20, an axial focal length of 
100, and an index of 1.51767, differing only in their radii of curvature. The 
curves at a represent the spherical aberration; the curves at 5, the departure from 
the sine condition. These curves are plotted from the data in Table IV. 


This has the simplest form when the aberration is 
terms of the error in 1/s' rather than s' itself. 

The formula is 

expressed in 

H- Buv -h Cv^ -h D) 

(113) 

pS, 

(114) 

where the shape factor 


f?2 Rt 

^ - Rl' 

(115) 

the position factor 


s' - s 2/ , -.2/ 

s' + s s s' 

(116) 


^ A detailed description, of the method, with charts and tables to facilitate 
the computations, will be found in Bur, Standards Set. Paper 461. 
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and the constants 


and 


A = 
B = 
C = 


8n('n — 1)2^ 
n + 1 

2n(n — 1) ^ 

(3w “H 2) 

8n ' 


i) = 


8(n - 1)2* 


(117) 

(118) 

(119) 

( 120 ) 


The value of the longitudinal spherical aberration As' is evidently 


As' = 



( 121 ) 


The accuracy with which the formula represents the spherical 
aberration of a lens of moderate thickness may be inferred from 
Fig. 38, wherein the aberration of the lenses shown in Fig, 37c 
is plotted against the shape factor u for an incident height of 
15 mm. The full curve represents values determined by tracing 
rays through the lenses trigonometrically; the circles represent 
points determined by substitution in the formula (113). It will 
be seen that the formula is a satisfactory approximation in the 
region where the spherical aberration is small, notwithstanding 
that the thickness of these lenses is one-fifth of their focal 
length. 

Another use of the formula is to find the shape of a lens that 
will have a minimum of spherical aberration under any assumed 
set of conditions. Setting lOq. (113) equal to zero and solving 
for u leads to imaginary roots for values of fi greater than 0.25. 
This means that spherical aberration cannot be eliminated 
from a single lens for any combination of radii. It can be 
minimized, however, as may be seen by differentiating the formula 
with respect to u and setting the derivative equal to zero, the 
result being that 


u = 


2A‘ 


( 122 ) 


If this condition is satisfied, the lens will have a minimum of 
spherical aberration. Lens 8 satisfies this condition for an 
object at infinity and, as shown in Fig. 38, it has the least spheri¬ 
cal aberration of all the lenses in the series. 
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Althougli sph.erical aberration cannot be eliminated from a 
single thin lens, it can be eliminated from a system of two or 
more lenses by shaping them so that the amount of spherical 
aberration introduced by the negative elements is equal and 
opposite to that introduced by the positive ones. This is possible 
because spherical aberration varies as the cube of the focal length, 
as shown by Eq. (113), and hence changes sign with the latter. 
The method of elimination will be apparent from considering 
the problem of correcting a doublet consisting of a positive and a 



Fio. 38.—Variation of spherical aberration, coma, and departure from the 
sine condition with shape factor for a lens having an axial thickness of 20, an 
axial focal length of 100, and an index of 1.51767. The values represented are 
for a ray at an incident height of 15. The data are taken from Table IV. The 
numbered circles represent the values for spherical aberration computed by means 
of Eq. (113). 


negative element. Suppose that the focal length of the combina¬ 
tion is to be positive. Then the positive element will normally 
be the stronger of the two, and, other conditions being equal, 
it will have more spherical aberration. But by choosing its 
shape to minimize its aberration and choosing the shape of the 
negative element to increase its aberration, the total aberration 
of the combination can be made zero. 

This process is particularly simple when the system consists 
of two thin lenses in contact like a telescope objective. The focal 
length of the combination is shown by Eq. (77) to be 


1^1 
/ fi 



7 


(123) 
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in which / is the focal length of the combination, and fi and 
are the focal lengths of the elements. Now the spherical aberra¬ 
tion of the combination vanishes when 

From Eq. (114) this may be written as 

~3 4- ^ >82 = 0 ; (126) 


and, since hx 


h 2 for thin lenses in contact, this becomes simply 


fi^ 


+ 


S2 


= 0. 


(126) 


This is not the only condition to be satisfied because the posi¬ 
tion factors of the two elements are always related to each other 
by an independent equation. The position of the object and the 
focal length of the first element determine the position factor vi 
for this element. The image distance si' for this element is the 
object distance Sa for the second element since the elements are 
in contact, and consequently the position factor for the second 
element is determined in terms of /a. By writing Eq. (116) 
for each element in turn and combining the two expressions, it is 
found that 

— 1 = (v2 + 1) - (127) 


Now the behavior of a thin doublet to monochromatic light 
is completely determined by the indices of the two elements and 
the radii of the four surfaces, six quantities in all. If the com¬ 
bination is to have a predetermined focal length, I]q. (123) must 
be satisfied; and if it is to bo free from spherical aberration in 
addition, lOqs. (126) and (127) must be satisfied also. Fre¬ 
quently such a combination is cemented, a condition requiring 
that the radius of the first, surface of the second element shall 
equal the radius of the secon<l surftice of the first, or 


(7^,)ii = (128) 

This leaves two independent variables, which arc available for 
eliminating other aberrations. 

For the ideally thin lenses that have just been discussed, it 
has been possible to assume that the incident height of a ray 
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is the same at each surface. An actual lens, of course, must have 
a finite thickness; and consequently, except in special cases, the 
condition for freedom from spherical .aberration is a function of 
the height of the ray. This means that spherical aberration 
cannot be reduced to zero for more than a single zone. In 
practice, a system is said to be corrected'' if the aberration is 
zero for one zone and negligible for the others. The diameter 
of the zone for which the aberration is made zero is usually about 
two-thirds of the aperture of the lens. Clearly, such a lens falls 
far short of the ideal expressed by von Seidel's condition; but it 

should be recalled that in his 
equation all terms of the sine 
expansion above the third order 
are neglected and consequently 
his condition does not apply 
strictly to lenses of high aperture, 
where the fifth-order term is im¬ 
portant. An extension of the 
algebraic method to include the 
fifth-order terms would be well- 
nigh impossible; and, as the third- 
order theory is only approximate 
in systems of high aperture, lens 
designers prefer to use the trigo- 

Fia. 39.—The variation of spherical j. • i j_-i_ j -i • i • . 

aberration and the departure from UOmctrical method, whlch IS exacti 

the sine condition for a typical for the rays that are selected for 
photographic obioctive. Computations. 

An idea of the degree to which spherical aberration is corrected 
in practice may be gained from Fig. 39. The full curve in this 
figure represents the spherical aberration of a common type of 
photographic objective. It will be seen that, as the incident 
height increases, the negative aberration increases faster than 
the positive, so the total aberration reaches a maximum and then 
diminishes. The useful aperture of a lens is determined by 
the rate at which the negative aberration in the outer zones 
increases. Frequently the plane of best focus is not the focal 
plane for the paraxial rays. Thus in Fig. 39, the vertical dotted 
line represents the position of best focus, which in this case lies 
slightly ahead of the focal point for the paraxial rays. 

The total spherical aberration of this lens amounts to 0.35 per 
cent of the focal length, which is satisfactory for a photographic 
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objective because other aberrations are present due to the high 
aperture of the lens and the wide field that it is expected to cover. 
In telescope objectives, on the other hand, the relative aperture 
and the field are both small, and a much higher degree of correc¬ 
tion is not only possible but necessary. 

62. Coma.—The second of von Seidel’s equations refers 
to a third-order aberration known as coma. Of the five mono¬ 
chromatic aberrations, this is probably the most difl&cult to 
visualize, partly because it can be represented in such a variety 
of ways. The cause of it was disclosed in Sec. 31, where it was 
shown that, although the absence of spherical aberration implies 
a common intercept for all rays from a single point on the axis. 



the focal length along the various rays may be different. Since 
the lateral magnification depends upon the focal length, it follows 
that the magnification will be different for the different zones 
of the lens. This is of no consequence for an object point on the 
axis, but it becomes important when the point lies even a short 
distance off the axis. In the latter case, the image is formed 
principally by the skew rays, which behave in a most unexpected 
manner and form a pattern such as is shown at A in Fig. 40. 

To illustrate the behavior of skew rays in a two-dimensional 
diagram is difficult, so it will facilitate the discussion to consider 
first the behavior of the meridional rays. Figure 40 shows the 
path of the meridional rays traversing a lens from an infinitely 
distant point slightly off the axis. This lens is assumed to be 
free from all aberrations except coma. The rays through the 
central zone unite to form a point image Qx, as would be expected 
from the first-order theory. The rays through the outer zones 
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unite at points that lie farther from the axis, such as Q 2 ', a result 
that would be expected if the magnification is greater for the 
outer zones of the lens than for the central zone. If the magni¬ 
fication for the, outer zones were less than for the central zone, 
Qz would lie closer to the axis than Qx. In the first case, which 
is represented in the figure, the coma is said to be positive; in 
the second case it is said to be negative. 

If the image were formed entirely by the meridional rays, 
it would consist of a line of light Q/Qa' in the focal plane. For 
a point off the axis, however, the skew rays are of far greater 
importance than the meridional rays. Their behavior can be 



Fig. 41. 


1 

Comatic Circle 


represented by means of Fig. 41, which shows on the left a section 
of a lens through its own plane. By tracing rays through a 
circular zone, it is found that the image is a circle, called by 
Dennis Taylor a comatic circle. The ray through the point 
-f-1 unites with the ray through the point — 1 at the point 1 on the 
comatic circle. Similarly the other points on the comatic circle 
are formed by the union of rays passing through opposite points 
of the zone. The diameter of the comatic circle and its distance 
from the focus for the central rays both increase as the square 
of the diameter of the zone. Consequently the image formed 
by the entire lens is made up of a series of these overlapping 
comatic circles, as illustrated at A in Fig. 40. It is evident that 
most of the light is concentrated in the region where the circles 
are the smallest, and hence the figure is brightest at its small 
end and shades off at its large end. The resemblance of the 
comatic pattern to a comet is most striking and is responsible 
for the name of the aberration. Only in rare instances does a 
lens exhibit pure coma because other aberrations are almost 
invariably great enough to mask the typical comatic pattern. 
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The condition for the absence of coma can be stated in various 
ways but the simplest is due to Abbe. In Fig. 42, let a small 
element y be imaged at y', and let the refractive indices of the 
object space and image space be n and n'. It can be shown that 
the slope angle d' of any ray in the image space is given by 

ny sin 9 — n'y' sin 6',* (129) 

where 6 is the slope angle in the object space. The condition 
for freedom from coma requires that the lateral magnification 



Flo. 42 . 


be constant for all zones of the lens. In other words, a system 
is free from coma when the ratio 


sin 6 


sin 9 


7 = a constant 


(130) 


for all values of 6. This is known as Abbe’s sine condition. 

It may be worth while to note in passing that Eq. (129) has 
been derived from the first law of thermodynamics by Clausius 
and others, and hence it ranks as one of the most important 
principles in optical theory. Being so fundamental in nature, 
it frequently conflicts with approximations based on the first- 
order theory; and in such cases one should remember that it 
takes precedence over whatever principles it contravenes. 

In the absence of other aberrations, the sine condition is 
a true measure of coma. It is usually represented quantitatively 
by plotting the ratio sin ^/sin 6' against the incident height of 
the rays. Usually the object is assumed to be at infinity and 
consequently sin $ is proportional to the height of the incident 
ray. In this case, the condition for the absence of coma is that 

= a constant. (131'^ 

sin 9' V . 


* This is a more general form of Lagrange’s lavr and becomes equivalent 
to it for small values of 6. 
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By comparison with Eq. (63) in Chap. IV, it will be seen that this 
ratio gives the focal length for the ray at a height h. The sine 
condition can therefore be plotted on the same diagram with the 
spherical aberration, and it is so represented by the broken curve 
in Fig. 39. The ordinates of this curve represent the height of the 
incident ray; and the abscissae, the focal length measured along 
the ray. Figure 376 shows the departure from the sine condition 
for the lenses of Fig. 37c, the curves being plotted from the data 
in Table IV. 

In the presence of spherical aberration, the sine condition 
ceases to be a true criterion for the absence of coma because 
the variation in focal length along the various rays does not 
indicate the amount of coma unless these rays intersect at a 
common point. In this case, coma is usually represented by 
subtracting the spherical aberration from the focal lengths along 
the various rays. This procedure will be clear from Fig. 38. 
The broken curve shows the departure from the sine condition 
for the ray at an incident height of 15 mm. When this curve is 
corrected by subtracting the ordinates of the spherical-aberra¬ 
tion curve, the pure coma curve, shown by the dotted line, results. 
Evidently this curve approximates a straight line. Since it 
crosses the axis'for real values of the shape factor, it follows that, 
unlike spherical aberration, coma can be eliminated from a 
simple lens. In the present case, the thickness is such that 
the lens with the least spherical aberration is also practically 
coma-free. 

Lest it be inferred that both coma and spherical aberration 
are manifestations of the same fault, it is well to note that, 
whereas spherical aberration is concerned with the position of 
the focal point, coma is concerned with the position of the princi¬ 
pal point. This will be clear from Fig. 43, which shows the path 
of a ray from infinity incident on the lens at a height h. If 
the lens is corrected for spherical aberration, this ray will inter¬ 
sect the axis at F', the focal point for the paraxial rays. If it 
is also free from coma, the distance C^F' must be equal to the axial 
focal length H'F'. The second principal plane of the first-order 
theory must therefore be in reality a spherical surface, called 
the principal surface, which has its center at F'. The point C', 
where the ray intersects this surface, is sometimes called the chief 
point. The second principal point for this ray is located at Hh, 
the foot of the perpendicular from C'. Evidently a curve of 
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/i/sin B' against incident height (such as the broken curve in 
i'"‘ig. 39) represents the departure of the principal surface from a 
spherical form when spherical aberration is absent. 

A fairly simple analytical expression can be derived for the 
ii-mount of coma in a thin lens. For this purpose, coma may be 
represented best in terms of the angle subtended at the center 
of the lens by the length of the comatic figure. In Fig. 40, this 
is the angle subtended by Qi Qz at O. This angle can be shown 
■fco be 


where 


r = 


tan a 



(Pv + Qu) , 


_ 3(2n + 1) 
4n 


(132) 

(133) 



Fia. 43. 


tind 


n — 3(n -b 1) 

^ “ 4n(:n - 1) ■ 


(134) 


'^riic quantities u and v are the shape and position factors 
re.spcct.ively described by JOqs. (115) and (116) in the preceding 
sccl.ion. The angle a is the angle between the chief ray of the 
j>encil and the axis. It will be seen that, for a given lens, coma 
iiicreas(^s directly as the tangent of the angle of obliquity and as 
t,he square of the relative aperture. 

Unlike lOq. (113) for spherical aberration, Kq. (132) is linear 
in u and passes through zero for a value that can be satisfied 
physically. This value is evidently 



u 


(135) 
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a result that can also be deduced from the sine condition. The 
coma of a simple lens can therefore be eliminated by satisfying 
this equation. Lens 9 in Figs. 37 and 38 was designed to satisfy 
this equation, and, although the thickness of the lens is such that 
lens 8 instead of 9 has zero coma, it is evident from the dotted 
curve of Fig. 38 that Eq. (136) is a close approximation for even 
such a thick lens. 

The elimination of coma from a doublet is effected in a manner 
very similar to that used in the correction of spherical aberration. 
For two thin lenses in contact, the condition is obviously that 

^^{PxVi H“ QiWi) j^(P2^2 H“ = 0, (136) 

since the incident height is the same for both. Just as in the case 
of spherical aberration, the combination is then free from coma 
for all zones. In practice, lenses have a finite thickness, and the 
consequent separation of the surfaces makes it impossible to 
assume that the height of a ray is constant as it traverses the 
system. A lens is said to be “corrected” for coma when it is 
made coma-free for a single zone and the coma in the other zones 
is reduced to a negligible amount. 

An optical system that is free from both spherical aberration 
and coma for one object point was called by Abbe aplanatic. 
Frequently, a system is said to be aplanatic with respect to a 
certain pair of conjugate points when it is merely corrected for 
those points as described above; but a better course is to restrict 
the term to the type of system conceived by Abbe—namely, one 
that is free from the aberrations for every zone. There are 
several such systems but most of them are of merely academic 
interest. Two, however, are of importance in microscopy. 
The first is a cardioid refracting surface combined with a spherical 
reflecting surface, the combination being aplanatic for an object 
at infinity.^ The second is a spherical refracting surface, which is 
aplanatic for a single pair of conjugate points lying on a line 
passing through the center of the sphere. As an illustration 
of the behavior of aplanatic systems,^ the proof of the aplanatism 
of this system will be given. 

In Fig. 44, a point P is imaged at P' by the second refracting 
surface of a sphere whose center is C and whose index is n. 

1A sketch of this combination is shown at J5 in Fig. 246 (Chap. XXIV). 

* For a description of other aplanatic systems, Gleichen’s “The Thesory of 
Modem Optical Instruments,” Chap. XVI, may be consulted. 
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It will now be proved that the sphere is aplanatic for P and P' 
when 


PC = 





The most direct method is to trace a ray through the surface 
in the manner outlined in Chap. II. Consider a ray from P 
incident on the surface at any point I; after being refracted it 
will emerge as though coming from P'. Remembering that H 



is negative, it follows that the object distance measured from the 
vertex V is 


s = py = 


ji ±.i) ■ 
n 


Substituting this in TOq. (17), 

1 . . 
sin ^ --sm $. 

71 

Substituting this in turn in Kq. (18), 

sin r = —sin 6. 

Considering this in connection with Kq. (19), 

sin 6' = —sin i. 

Combining this with Rq. (137), it appears that 

sin 0 

_— = 

sin d 


(137) 

(138) 


( 139 ) 
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This shows that the sine condition is fulfilled for all zones of the 
sphere. Finally, substituting Eqs. (138) and (139) in Eq. (20), 
it appears that 

s' = VP' = R - R = « + nR. (140) 

sin d 

n 


The negative sign of R indicates that the image P' is at a distance 
nR at the left of the center of the sphere. Since all terms in d 
have disappeared, the position of P' is independent of 6, and 
spherical aberration is therefore entirely absent. The sphere is 
therefore aplanatic for P and P', which are known as its aplanatic 
points. 

The aplanatism of a sphere is of great practical importance 
in the construction of microscope objectives. If the front lens 
of an objective is spherical and the specimen is located at P, 
the image at P' is magnified times. The specimen cannot be 
physically embedded in the glass, of course, but, by grinding 
away part of the sphere and placing a drop of liquid of the same 
index between it and the specimen, the latter can be embedded 
optically. 

There remains to be discussed an important relationship 
between spherical aberration and coma that is not immediately 
evident. If an optical instrument is to be used for the examina¬ 
tion of objects at various distances, it might be thought that 
the performance of the instrument could be improved by correct¬ 
ing the spherical aberration for object points at various distances. 
Sir John Herschel put this idea into practice by designing a 
telescope objective in which spherical aberration was corrected 
for two object points. The theoretical treatment of this proce¬ 
dure is difficult unless the points are close together. It has 
been shown that, to eliminate spherical aberration for two such 
points, the condition that 


n sin 0/2 
n' sin 6' /2, 


= a constant 


(141) 


must be satisfied for all values of 9. This is commonly called the 
Herschel condition although it had not been formulated mathe¬ 
matically when Herschel constructed his objective. Evidently 
this condition and the sine condition cannot be satisfied simul¬ 
taneously. In other words, a system cannot be corrected for 
coma if it is to be corrected for spherical aberration for more than 
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a single object distance. Thus a system can be corrected so 
that it will form a faithful image of either a small element per¬ 
pendicular to the axis or a small element along the axis but not 
both. 

63. Astigmatism.—We have seen that, if von Seidel’s first 
condition is satisfied, all rays from a single object point on the 
axis unite at a common image point; and that, if his second 
condition is satisfied also, all rays from an object point at a short 
distance from the axis likewise unite at a common image point. 
If his third condition is satisfied in addition, rays from an object 
point at a considerable distance from the axis unite at a single 
image point. Such an image is said to be stigmatiCf from the 
Greek word ‘‘stigma,” meaning a point. A pencil that fails to 
unite at a single image point after refraction is said to be astig¬ 
matic, and the system is said to be afflicted with astigmatism. 
Although spherical aberration and coma are forms of astigmatism, 
the term is usually restricted to the aberration peculiar to the rays 
from point objects lying at a considerable distance from the axis. 

In Fig. 45, a pencil of rays from an extra-axial object point Q 
is incident on the lens A BCD. The rays in the meridional or 
primary plane, defined by Q, A, and C, intersect one another at 
the point Qi in the absence of coma. The rays in the sagittal or 
secondary plane, defined by Q, B, and D, intersect one another 
at the point Qd, Since these secondary rays are still converging 
as tluiy pass Qy , the image at this point, the primary image, is a 
line perpendicular to the chief ray. Similarly, the secondary 
image is a line at Q-/ perpendicular to both the primary imago 
and the chief ray. If rays in the oblique planes were traced, it 
would bo found that these also pass through the two line images 
at Qy and Qyi . 

'The appearance of an astigmatic image can be understood best 
by considering the problem of photographing the point Q. 
If the plate is inserted at Qi', the image is a line perpendicular 
to the iiuM-idional plane; at Q 2 ', the image is a line in the meri¬ 
dional plane; at an intermediate position, the image is an ellipse. 
At a point approximately midway between Q/ and Qz, the major 
and minor axes of the ellipse are equal and the image is circular. 
This is known as the circle of least confusion and represents 
the optimum position for the plate. 

It is interesting to consider the appearance of the image of 
such an object as a spoked wheel coaxial with the lens. At the 
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point of intersection of one of the spokes with the rim, it is clear 
that the rim is perpendicular to the spoke. Since the spoke lies 
in a .meridional plane, it will be imaged sharply at the secondary 
focus, whereas the rim will be imaged sharply at the primary 
focus. As this holds for any point on the rim, it follows that the 



Fig. 45.—An illustration of the character of astigmatic images. 


entire rim is in focus in the primary image plane while all the 
spokes are in focus in the secondary image plane. For this 
reason, the primary image plane is sometimes called the tangential 
image plane; and the meridional rays, the tangential rays. Simi¬ 
larly, the term “radial” might be applied to the secondary image 
plane and the secondary rays, but the term “sagittal” is far more 
common. 
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The method of representing the amount of astigmatism in a 
lens is illustrated in Fig. 46, which is a cross section through the 
axis of the lens. When astigmatism is present, the primary and 
secondary images of the plane object normal to the axis are 
ellipsoidal surfaces- The amount of astigmatism for any point 
on the object plane is generally represented by the astigmatic 
difference, which is the distance between these surfaces measured 
along the chief ray. This astigmatic difference is zero on the 
axis, where the image surfaces coincide, and, in an uncorrected 



Fitj. 4C.—AstiKinutic inuiKOB of a piano object. 


system, it increases approximately as the square of the tangent 
of the angle of obliquity. It also depends somewhat upon the 
object distance. It is said to be positive when, as in the figure, 
the primary surface lies between the secondary surface and the 
lens. ^ 

The method of eliminating astigmatism consists in so choosing 
the elements of a lens that the primary and secondary image 
surfaces are brought into coincidence. When this is done, 
von Seidel’s third condition is satisfied, but even then a serious 

‘ It, i.s import ant to note hero that th<^ aHtiKion-tiwm of a ay8t<nn of Hphorical 
HurfaccH iH q\iito (litT(‘ront from tho (h‘f<‘f,t of tho <yo known by the sanio 
na.ni(*. Ia.tt.(ir Ih cau.Mo<l by a lac^k of sphciricity of one or nioro of tho 

rofrac-ting sarfacoH of the. o.V(S nKiially tho oornoa.. That is, on(^ of tho 
Hurfa(!OK has a shapi^ rosoinhlitiK a <':omV)ination of a Hph<^r(^ and a cylindor. 
Hin<a> a <ylindric.al siirfacto forms a Hn<‘ imago of a point, it ia*ohvious that a 
ptirson afIlio.t(Kl with astigmatism will hoo points drawn o\it into lin(‘s oven 
if the points are on the axis of the eye. If tho object consists of two sots of 
parallel linos in m\iUialIy i)orp(mdi<’.nlar dirciotions, liko tin': win^s of a window 
soreon, only orni sot can ho in foems at a giv<ui timo. This is tho analogue 
of tho spoked whool immtionod above in c.onneotion with tho astigmatism of 
a system of spherical siirfac:(^s. 
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defect remains because the resulting image surface is usually 
curved. This curvature of the image surface is so intimately 
related to astigmatism that the elimination of both aberrations 
will be considered together in the next section. 

64. Curvature of Field.—A system satisfying von Seidel’s 
first three conditions meets Maxwell’s first requirement only: it 
forms point images of point objects lying in a plane normal to the 
axis, but these images do not lie in a plane unless the system 
satisfies von Seidel’s fourth condition also. Now, if the astig¬ 
matic surfaces are brought into coincidence to eliminate astig¬ 
matism, the resulting stigmatic image surface will in general 
be curved, and therefore a photographic plate or projection screen 
would have to be curved if the entire image is to be sharply 
defined on it. This effect is known as curvature of field. It 
must be corrected because, for practical reasons, photographic 
plates and projection screens are made flat. Like astigmatism, 
curvature increases rapidly with the angle of obliquity, being 
important chiefly, therefore, in systems designed to cover a 
wide field. In uncorrected systems, it increases as the square of 
the tangent of this angle but is independent of the object distance. 

The precise determination of the amount of astigmatism and 
curvature in a system requires the tracing of skew rays. As this 
is a time-consuming process, lens designers prefer to use a method 
which, although less exact, is good enough for practical purposes. 
This method consists in tracing a number of chief rays (Iii-ough 
the system and locating the position of the primary and secondary 
images upon them. This is done by means of approximate 
formulae, derived for an elementary pencil surrounding the chief 
ray in much the same manner that Eq. (29) in Chap. II was 
derived for the paraxial rays. 

It can be shown^ that for a single refracting surface the dis¬ 
tances of the object and the primary image from the refracting 
surface are related by the expression 


n cos^ t 


+ 


n' cos^ r 


n cos r — n cos % 


R 


(142) 


where s and s' are measured from the point of incidence along the 
chief ray, and i and r are the angles of incidence and refraction. 

^ CzAPSKi, *'Theorie der Optischen Instmmente nach Abbe,” Chap. 
Ill B. 
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The corresponding expression for the position of the secondary 
image is 


n . n' 

1 + 7 


n' cos r — n cos i 
R 


(143) 


The difference between the values of s' computed from these two 
equations is, of course, the astigmatic difference. If the astig¬ 
matic difference is small enough to give significance to the position 
of best focus, the curvature of the field can be found by comparing 
the position of best focus for several angles of obliquity with the 
position of the focus of the paraxial rays. Curvature is con¬ 
sidered positive when the field is concave toward the lens. 

Coddington^ has shown that, for a simple thin lens with 
the stop at the lens, the distances of the primary and secondary 
images from the lens are determined from the following relations 
respectively: 


and 



_1 
cos Ot 


cos a 


/ cos a.' 

f n - 

y cos a 


/ cos a 

{ n -- 

y cos oe. 



(144) 

(145) 


In both eq\iations, « and s' are measured along the chief ray. 
The angle a is the angle of obliquity of the chief ray before 
refraction, and a' is the slope angle of this ray while within the 
lens. Thus sin a = n sin ex'. These equations correspond to 
JOq. (39) just as lOqs. (142) and (143) correspond to Eq. (29). 

It can be shown from hjqs. (144) and (145) that the astig¬ 
matism and curvature of field of a thin lens are nearly propor¬ 
tional to the focal length and are almost independent of the 
shape of the lens. Bending the lens, therefore, is of no avail 
in eliminnf ing these aberrations, nor is constructing the lens of a 
positive and a n(':gative element in contact, since both elements 
would hav(!! iiie same focal length and thus would neutralize 
each other. The indices of the elements might be chosen so as 
to reduce: the abc'rrat.ions, but the effect is slight because of the 
small range of index available. 

' “ ItolU'xion and Refraction,” p. 120; also Taylor, “A System of Applied 
Optics,” p. 127. 
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On the other hand, astigmatism and curvature can be elimi¬ 
nated if the elements are separated. The extreme example is a 
combination consisting of two elements made of the same glass 
and having the same focal length, one lens being positive and the 
other negative. Their combined field can be shown to be flat and 
stigmatic whatever their separation, whereas their combined 
focal length is finite and positive if they are separated by a dis¬ 
tance less than their individual focal lengths. Conversely, a 
combination of two separated positive elements has more pro¬ 
nounced astigmatism and curvature than a single lens. Such 
is the case for certain oculars. But this reasoning must not be 
carried too far because other aberrations modify the conclusions. 
For instance, if astigmatism and curvature are to be eliminated, 
both elements must be corrected for spherical aberration and 
coma for the position of the stop, and this cannot be done if 
they are to be corrected for the position of the object also. 

From, the many references to the position of the stop in this 
section, it might be surmised that this is a factor of prime impor¬ 
tance in affecting the astigmatism and curvature of* field of a 
system. That such must be the case will be apparent at once 
on recollecting that the chief ray is, by definition, the ray through 
the center of the entrance pupil, and that the position of the 
latter depends upon the position of the stop. Equations (144) 
and (145) hold only when the stop is coincident with the lens. 
By locating the stop properly, either the astigmatism can be 
reduced or the field can be flattened, but the two results cannot 
be achieved simultaneously unless the Petzval condition is satisfied 
in addition. This condition is that 

nji -b 7 ^ 2/2 = 0, (146) 

which holds for two thin lenses whether they are in contact or 
separated. It is of importance chiefly in connection with 
photographic objectives because of the wide field they must cover. 
Although the elements of such lenses are not thin, the Petzval 
condition is a useful approximation. 

The importance of the position of the stop is illustrated 
by the success of the cheap lenses found in simple box cameras. 
These lenses are usually of the meniscus type and are provided 
with a front stop as shown in Fig. 47. If the stop is properly 
placed, the rays can be made to pass through the lens in such a 
manner that the two image surfaces are curved in opposite 
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directions. As the circles of least confusion lie approximately 
midway between the two image surfaces, this results in artijicially 



Kiel. 47.—Artificial fiatteiiing of the field by a front atop. 


flaUeriing the field. Under these conditions, the astigmatic 
difference is increased and consequently the definition suffers, 
especially at the margins of the picture, but this is less objection- 



4 S.- - AHt.iKniatiHiii of n typical photographic objective. 


able than would he the elimination of the astigmatic difference 
at the expenses of a curved field- 
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Artificial fiattening is not used for lenses of which critical 
definition is required, partly because the astigmatic difference 
is increased, as was just mentioned, and partly because the 
method depends for its effectiveness upon the presence of coma. 
It was in common use until about 1886, however, because, with 
the glasses produced before that time, the Petzval condition 
could rarely be satisfied when the chromatic aberrations were 
ehminated. This matter will be discussed in Sec. 56, but it 
may be stated here that this limitation was removed by the 
development of new types of optical glass. Nowadays all the 
better quality photographic objectives, except those designed 
for portraiture, are freed from both astigmatism and curvature 
without the sacrifice of the necessary color corrections. Such 
lenses in which the field is astigmatically flattened are called 
anastigmats. The type of correction possible in a modern high- 
quality anastigmat is shown in Fig. 48. 

66. Distortion.—With the first four Seidel conditions satisfied, 
the image of a transverse plane in the object space is a transverse 
plane in the image space, every point on the first plane being 

imaged sharply on the second. 
The points on the second plane 
may not be in the same spatial 
relation to one another as those 
on the first, however, which is 
to say that Maxwell’s third 
requirement may not be met. This can be illustrated with 
the aid of Fig. 49. A square object, as shown at A, is imaged 
as shown at JS or O. The deformation of the image, which is 
known by the descriptive term “distortion,” is caused by a 
variation in the magnification with the distance from the axis. 
If the magnification increases with distance, as shown at B, the 
distortion is considered positive; if it decreases, as shown at Cj 
negative. From the shape of the image of a square object, the 
two types are sometimes called 'pincushion and barrel distortion 
respectively. 

Distortion, like the other aberrations of rays at large angles 
of obliquity, depends upon the position of the stop. A common 
practical illustration is furnished by the simple camera lens 
discussed above in connection with artificial flattening of the 
field. It is shown in Fig. 47, but to prevent confusion it has 
been redrawn in Fig. 50. As shown here, it is forming an image 





] 
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A 
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at P' of a plane normal to the axis at P, Von SeideFs first four 
conditions are assumed to be satisfied for the points P and P', 
and so the image at P' is also a plane normal to the axis. The 
entrance pupil E is coincident with the aperture stop 8^ which 
is in front of the lens. This stop has been shown outside the 
first focal point to simplify the figure by bringing the exit pupils 
Pi', Pa', etc., to the right of the lens, but in practice its distance 
from the lens is only approximately 

Under the conditions shown, the chief rays differ from one 
another in two respects: (1) their chief points Ci, Cz, etc., are 
not in the same plane; and (2) their corresponding exit pupils 


s L 



Pi', Pa', etc., are not coincident. Unless both conditions are 
fulfilled, the expression 


PQ 


m 


will not be a constant for every extra-axial object point Q. 
Denoting the angles that the chief rays make with the axis by 
CL and a' in the object and image spaces respectively, the condi¬ 
tions for distortionless imagery are: 


1. The ratio tnu ot'/Uin « must ho a constant for all values of a. 

2. Th(‘. By,st(‘!n must, bo corro<itod for spherical aberration with respect 
to the entrjuK'c aiul exit pupils. 

An examination of the figure will show that the lens under 
discussion is afflicted with negative distortion, and this would 
still be true if the stop were within the focal point. On the 
contrary, if the stop were behind the lens, the distortion would be 
positive. The behavior of a negative lens is exactly the opposite. 
Now, if the type of distortion depends upon whether the stop is in 
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front of the lens or behind it, one might expect that a lens con¬ 
sisting of two similar elements placed in opposition to each 
other with a stop midway between would be free from distortion. 
This type of lens, which is the photographer’s familiar symmetri¬ 
cal objective, is indeed quite distortionless at unit magnification. 
Under any other conditions, it must be corrected for spherical 
aberration with respect to the entrance and exit pupils. That is, 
it must satisfy the second condition set forth above, but only this 
one. The impossibility of doing this in general is evident on 
recollecting that the lens must be corrected for spherical aberra¬ 
tion for the object and image planes in addition. 



The formulae for distortion are so complicated and of such 
little value in practice that they will not be given. They involve 
the position of the aperture stop, but if von Seidel’s five condi¬ 
tions were fulfilled, the system would be free from distortion 
regardless of the position of the stop. Such a consummation 
appears to be unattainable, but lenses that are almost distortion¬ 
less for a single position of the stop are on the market. These 
lenses are designed for such critical work as photo-engraving and 
aerial mapping. Ordinary photographic objectives, even high- 
quality anastigmats, suffer to some extent from distortion; Fig. 
51 shows the curve for such a lens having a focal length of lOO 
units. The ordinates of this curve represent the displacement of 
the actual image from the position indicated by the first-order 
theory. The distortion of this particular lens is entirely nega¬ 
tive, but that of some lenses is entirely positive, while an occa¬ 
sional lens will exhibit one kind of distortion at small angles of 
obliquity and the other at large angles. Symmetrical objectives 
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exhibit so little distortion, even for magnifications other than 
unity, that they are called orthoscopic or rectilinearj if they are 
not anastigmatic. 

66. Chromatism.—Up to this point, no account has been 
taken of any change in the wave length of the light; the light has 
been assumed to be monochromatic, and the indices of the media, 
therefore, have been considered to be constant. Now the index 



Fia. 62.—Variation of refractive index with wave length for typical optical 
glasses and other common optical materials listed in Table V- The positions of 
the sodium and liydrogen linos are indicated at the bottom of the chart. 

of all optical materials increases with the frequency of the light 
(increases with decreasing wave length, as shown in Fig. 52). 
Therefore, even if the Seidel conditions could be satisfied, it 
would be for light of but a single wave length, and perfect images 
for all colors would be formed only if these conditions could be 
satisfied simultaneously for all wave lengths. But such a result 
would be of little practical value, even if it could be realized, 
because the images would probably be formed at different 
positions along the axis and, moreover, would probably be of 
different sizes. The displacement of an image along the axis 
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due to a change in wave length is called axial chromatism or 
longitudinal chromatism; the variation in the size of the image is 
called lateral chromatismj oblique chromatismj or sometimes 
chromatic difference of magnification. These two chromatic 
aberrations transcend in importance the relatively inconse¬ 
quential variations of the Seidel aberrations. Only in systems 
requiring corrections of the highest order are the variations in 
the Seidel aberrations considered, whereas the chromatic aber¬ 
rations must be corrected in all but the very crudest of systems. 
As a matter of convenience, the two chromatic aberrations will 
be considered together although they are essentially separate 
aberrations. 



Fig. 63. 


In Fig. 63, let a point object on the axis at infinity be imaged 
by the lens with heterochromatic light. Suppose, for conven¬ 
ience, that the light comes from a hydrogen discharge tube, which 
emits practically monochromatic radiations well separated in the 
spectrum. The brightest of these are red, blue, and violet, 
the so-called C-, F-, and G^'-rays respectively. In this case, the 
“image” consists of a series of monochromatic images on the 
axis, and, of course, only one at a time can be in focus on a receiv¬ 
ing surface, such as a photographic plate. This effect is duo 
to axial chromatism. It is clear that the seriousness of the effect 
depends upon the relative aperture of the lens, which accounts 
for the long telescopes in vogue before the discovery of achro¬ 
matism. If, in a manner to be described later, the lens in the 
figure is achromatized by making the three focal points coincide, 
the three focal lengths will not be equal unless the principal 
points coincide also. Since the magnification depends upon the 
focal length, the images of an extended object, although lying in 
the same plane, will in general differ in size. This effect is due to 
lateral chromatism. 
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In studying these aberrations, it will be convenient to consider 
first the method of achromatizing the focal length. This will be 
illustrated by a doublet consisting of thin elements separated by 
an interval a. The focal length of the combination, /, is related 
to the focal lengths of the two elements, /i and /a respectively, 
according to Eq. (77), which is 

1 ^ ^ 1_a_ 

/ A A AA 


The focal length of a thin lens is related to its index and radii 
according to Eq. (40), which is 




f 

Representing the quantity ( w ^ substituting for 

A and fz in Eq. (77), the latter becomes 


i = (^M ~ l)Kx + (na - l)Kz - aim - l)(na - l)KiKz. (147) 

In the language of the calculus, the condition for constancy of the 
focal length is that 



which, applied to l^q. (147), becomes 

[Ki - a(.m - ^ + [iCj - a(n, - ^ 


- 0. (148) 


The quantity dn/d\ depends upon the type of glass and is 
also a function of the wave length; it will be called the dispersio7i 
of the glass. Now if the elements of the doublet under con¬ 
sideration are made of the same kind of glass, their refractive 
indices and dispersions are the same at every wave length. 
Utilizing this fact and substituting for (ui — l)Ki and (m — 1)-K’2 
the values 1/A and 1/A in Eq. (148), it becomes simply 


A H- A 

I " • 

2 


(149) 


Hence, by separating the elements in accordance with this 
equation, the rate of change of f is zero at the wave length for 
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which /i and are computed- For visual instruments, this 
•wave length is preferably chosen near the middle of the •visible 
spectrum. Many oculars for telescopes and microscopes are 
achromatized in this manner, and curve B in Fig. 54 shows the 
variation in focal length with •wave length for a typical ocular. 
The elements of this ocular are made of light silicate crown 
(0-57), for which data are given in Table Y. Like the other 



Fig. 54.—Curve A. shows the variatioa in focal length with wave length of a 
single lens of light silicate crown glass (0—67) having a focal length of 100 mm 
at 550 Curve B shows the variation in focal length of a doublet made of 

the same glass achromatized at 550 myu by separating the elements according to 
Eq. (149). The focal lengths of the elements at this wave length are respectively 
200.00 mm and 66.67 mm, and the separation is 133.3 mm. 


glasses in the table, this is one manufactured by Schott of Jena. 
The focal lengths of the elements were chosen so that the com¬ 
bination would have a focal length of 100 mm at 550 m/x and 
would be achromatic at this wave length also. It is clear that 
glass ha’ving a low dispersion is best suited for this method of 
achromatizing. The remarkable effectiveness of the method 
can be appreciated by comparing curve B with curve A , which 
is for a single lens of the same focal length and the same kind of 
glass. 
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For two thin lenses in contact, the condition for achromatisna 
expressed by Eq. (148) becomes simply 

-h = 0, (150) 

where cri and o-a represent the dispersions dni/d\ and dnz/dX 
respectively. If this equation is satisfied for some particular 
wave length, the rate of change of the focal length of the combina¬ 
tion with wave length is zero at that point in the spectrum. This 
is illustrated by curve A in Fig. 55, which shows the variation 
in focal length with wave length for a typical combination of a 



Fig. 66.—Curve A shows the variation in focal length with wnv'o length for 
doublet consisting of a positive element of light silicate crown (0—57) in <*oiitn<^t 
with a negative element of ordinary silicate flint (0—103). The focnil longtlis of 
the elements at 550 mg, for which the doublet is achromatized, are reHi)e<*tivt*ly 
-1-40,97 mm and —69.40 mm. The horizontal broken line indicates the eITe<*tive 
focal length for visual use with white light. Curve B is a similar (nirve for n pair 
of glasses especially recommended for eliminating the secondary sijoctrnm. 
These are dense barium phosphate crown (S—30) and borate flint (S-8). The 
focal lengths at 550 mg are respectively 22.14 mm and —28.44 mni. 


positive crown element in contact with a negative flint eloment.. 
The particular glasses are the light silicate crown (0—57) and t.ho 
ordinary flint (0—103) for which data are given in Table V. 
This lens was achromatized at 550 m^ by means of JOq. (150). 
Because of the shape of the visibility curve, the effective focal 
length will be somewhat greater than the minimum value when 
white light is used as a source and will be more nearly as re¬ 
sented by the horizontal broken line. It will be seen that the 
focal lengths for the red and violet regions are longer than the 
effective focal length, while the focal length for the yellow is 
shorter. This residual chromatism gives rise to a fringe of color 
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surrounding the image of an extended object, which is known 
as the secondary spectrum. 

The condition that must be satisfied if a pair of thin lenses in 
contact is to be completely achromatic—that is, if the focal 
length is to be the same at all wave lengths—will now be investi¬ 
gated. To do this, we must first consider the type of optical 
materials that are available for the purpose. A few curves giving 
the variation of n with X were shown in Fig. 52. These curves 
can be represented very accurately by an empirical formula due 
to Hartmann, which is 


where no, c, and Xo are constants for a given material. Through¬ 
out the relatively short wave-length interval comprised by the 
visible spectrum, this equation represents the variation in index 
of all optical materials within a few units in the fifth decimal 
place. ^ The dispersion can be found by differentiating this 
expression, whence 


dn _ c 

d\^ (X-Xo)"*’ 


(152) 


If Eq- (150) is to be satisfied for all wave lengths, the ratio 

Cl JC2 

C2 Ki 

must be a constant. In other words, 

® ■ 

Substituting the values of ci and c^ from Eq. (152) and differen¬ 
tiating with respect to X, this condition becomes 

(Xo)l = (Xo)2* (153) 

The fact that this equation contains no quantities dependent 
on X means that, if both it and Eq. (150) are satisfied simul¬ 
taneously, the doublet will be achromatic for aU wave lengths. 

The form of this formula expressed by Eq. (214) in Chap. XV contains 
four constants and is therefore more exact. The three-constant form is, 
however, much easier to handle and is sufficiently exact for the present 

purpose. 
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The superiority of the achromatisin. that results when the 
two elements have approximately the same value of Xo will be 
apparent from curve B in Fig. 55. The elements of this doublet 
were made of glasses especially designed to eliminate the second¬ 
ary spectrum. They are respectively the dense barium phos¬ 
phate crown (S-30) and the borate flint (S-8) in Table V. The 
values of Xo for this pair differ by only about 1 per cent whereas 
the values for the pair represented by curve A differ by approxi¬ 
mately 25 per cent. These special glasses almost completely 
abolish the secondary spectrum, but they were found to be 
unstable and were replaced by others which, although less effec¬ 
tive in abolishing the secondary spectrum, have fewer disadvan¬ 
tages as a whole. 

The achromatism produced by such special glasses is sometimes 
slightly different from that shown by curve B in Fig. 55. For 
such a small aberration, the departures from Hartmann’s formula 
may be sufficient to produce two points at which the focal length 
is stationary instead of the single minimum allowable if the 
formula held exactly; that is, whereas ordinarily a given focal 
length is common to two wave lengths, for such materials a 
given focal length is common to three. Lenses made of these 
materials and corrected for spherical aberration for two wave 
lengths were invented by Abbe and called by him a-pochromatic. 
The custom now is to avoid the special glasses because of their 
instability and to obtain the apochromatic correction by using 
three or more glasses of orthodox characteristics. This proce¬ 
dure also allows the other aberrations to be more fully corrected. 
The finest microscope objectives are apochromatic. Objectives 
that are nearly as good but are much simpler and cheaper are 
made by combining fluorite with a glass that has a similar Xo- 
value. Such objectives are called semi^apochromatic. They are 
made only for microscopy, because fluorite of optical quality is 
not readily obtainable in large pieces. 

The problem of achromatizing a thin doublet was undertaken 
by Newton, who concluded that it was impossible of solution 
because, for all the materials he examined, <r was approximately 
proportional to (n — 1). For such materials, Eqs. (77) and (150) 
can be satisfied simultaneously only for a focal length of infinity. 
In other words, if the ratio of cr to (n — 1) is the same for both, 
glasses, an achromatic combination is impossible when the lenses 
are in contact. Any pair of glasses having different ratios can 
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be used, but, unless the ratios differ widely, the focal lengths of 
the elements must be short, and hence the curves must be 
undesirably steep. Thus the suitability of a glass for achroma¬ 
tism in this sense is measured by the ratio of <r to (n 1). Tor 
practical purposes, it is sufficiently accurate to use as a criterion 
the quantity 


1 _ np — no ^ 

V rtji — 1 


(154) 


which is known as the dispersitte power of the glass. In these 
terms, the condition for achromatizing the focal length of a thin 
doublet in contact (corresponding to Eq. [160]) is that 

v\f\ -}- vzfn — 0. (165) 

Satisfying this equation has the effect of making the focal 
length stationary near the D-line and of making the focal length 
for the C- and T-lines approximately equal. Tor this reason, 
it is sometimes stated that this procedure achromatizes for the 
C- and T-lines. It obviously achromatizes for an infinite number 
of pairs of wave lengths also, but, because of the shape of the 
visibility curve, the effective focal length lies in the vicinity of 
the C- and T-lines. 

A feature of Eq. (166) that is not immediately evident is its 
relation to the Potzval condition, Eq. (146): 

nifi -h 712/2 = 0 . 

By combining the two equations, it will be found that, if a com¬ 
bination of two ideally thin elements in contact is to be achro¬ 
matized for focal length and is to have a flat, stigmatic field at 
the same time, the glasses must satisfy the relation 



Even when the combination has a finite thickness, this relation 
holds closely enough to be a good working rule. Now the glasses 
known before 1886 did not even approximately satisfy this 
relation because the more refractive glasses were the more 
dispersive and hence v diminished as n increased. For example, 
the silicate crown and flint of Table V, 0—57 and 0—103, have 
n/v ratios of 0.0244 and 0.0447 respectively. The various new 
glasses developed by Abbe and Schott will be described in Ohap. 
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XV, but by way of anticipation it may be stated that certain 
pairs have ratios as similar as 0.0262 and 0.0264. These glasses 
are anomalous in the sense that the one having the lower index 
has the greater dispersion; and combinations made of them are 
known as new or anomalous achromats in contradistinction to the 
old or normal achromats. 

The constant v is used in practice for convenience because 
the hydrogen tube and the sodium flame are generally employed 
in the determination of refractive indices. The quantity 
{np — nc) appearing in Eq. (154) is known as the mean dispersion. 
It can be computed directly from the refractometric determina¬ 
tions, as can also the partial dispersions, (n^ — 
and (riQ/ — Up); and therefore the amount of secondary spectrum 
is usually estimated by lens designers from the similarity of the 

corresponding partial dispersion ratios, ^ etc., 

nw — nc np — nc 

of the glasses of the pair. 

It must be remembered that this entire treatment holds only 
when the lenses are ideally thin; and it is found that, unlike the 
conditions for correcting spherical aberration and coma, the 
conditions for achromatism are greatly influenced by the thick¬ 
nesses and separations of the elements. Partly for this reason 
but more because the choice of glass affects the monochromatic 
aberrations, no simple algebraic method is adequate for the 
design of even so simple a lens as a doublet. 

Up to this point, the achromatism of focal length alone has 
been considered. If the lens is achromatic in this sense, the 
image of an extended object at a great distance will be of 
the same size regardless of the wave length. In other words, the 
lateral chromatism will be eliminated. For near objects, some 
lateral chromatism may be present, but usually it is so small 
as to be negligible. I^et us now investigate the condition for 
the elimination of axial chromatism also. Stable achrorytatisni 
is the term sometimes used to indicate the simultaneous elimina¬ 
tion of both chromatic aberrations. 

In an ideally thin lens, stable achromatism is achieved if the 
lateral chromatism is eliminated, because the principal points are 
always at the lens and do not vary in position with wave length. 
In a thick element or a separated system, the principal points for 
the different wave lengths are differently situated, even when 
lateral chromatism is eliminated, and hence the variously colored 
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images lie at different positions along the axis. It will now be 
shown that stable achromatism is impossible in a separated 
system unless each element is individually achromatized. This 
will be demonstrated for a separated doublet, but the result is 
more general. 

The lateral magnification produced by a doublet is given by 
the expression 

m = - > 

S1S2 

where the object and image distances are measured from the 
lenses to which the subscripts pertain. The object distance 
for the first lens, Si, is obviously the same for all colors; and, if the 
system is to be free from axial chromatism, S 2 ' must also be the 
same for all colors. Hence the ratio 

— = a constant. 

S2 

But the separation 

u = Si' + ^2 == a constant. 

These two simultaneous equations uniquely determine Si and S 2 , 
and therefore these quantities must be constant for all wave 
lengths. This proves that each element must be achromatized 
individually.^ 

67. The Balancing of Aberrations.—We have seen that a 
lens is afflicted with seven major aberrations—five mono¬ 
chromatic aberrations of the third order and two chromatic 
aberrations. In addition, there are monochromatic aberrations 
of higher order, and hybrid aberrations arising from the varia¬ 
tions of the monochromatic aberrations with wave length. 
Rarely is it possible to eliminate a single aberration completely, 
and no optical system contains a sufficient number of elements to 
enable all the aberrations to be eliminated even for a single 
position of the object. In view of this, one might wonder that 
a lens could be designed to function satisfactorily at all! Indeed, 
the balancing of aberrations to produce a useful lens out of a 
reasonable number of elements is an intricate process—one that 
calls for the highest degree of skill and experience in addition 
to almost unlimited patience. 

^ An oxitline of the methods by whieh achromatism is achieved in practice 
and the other corrections made simultaneoTisly will l;>e found in Hovestadt’s 
“Jena Glass/' translated by J. D. and A. Everett. 
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Witt OUT present methods of attack, no direct method of 
balancing aberrations can be formulated that will apply in any 
but the simplest cases. The lens designer must select the aber¬ 
rations most detrimental to the purpose for which the lens is 
destined and reduce them to negligible amounts—despite von 
Seidel’s requirement that each of his sums must be reduced to 
zero before the next can become mathematically significant. But 
the proof of the pudding is in the eating. In fairness to the 
designer, it must be stated that, despite the clumsiness of the 
methods he is forced to employ and the human fallibility of those 
who execute his designs, he usually produces a better lens than 
the skill of its user warrants. Indeed, if the demands upon the 
lens as to size of aperture and field are not excessive, the 
aberrations can be reduced to such an extent that the limit of 
perfection of the image is set by the finite length of a wave 
of light. This ultimate limitation is the next matter to bo 
investigated. 



CHAPTER VII 


THE RESOLVING POWER OF OPTICAL INSTRUMENTS 

The subject of image formation has been, approached in the 
preceding chapters from the standpoint of geometrical optics, 
and the results apply if light behaves in accordance with the 
four postulates assumed in Sec. 17. Unfortunately these 
postulates represent the behavior of light only in an ideal case 
that is never realized in practice. The present chapter returns 
to the physical method of regarding image formation and dis¬ 
cusses a limitation to the perfection of optical images that is 
brought about by the finite length of a wave of light. 

68. Diffraction.—The first of the four postulates of geometrical 
optics is that ‘Tight travels in straight lines in a homogeneous 
medium.” Although this postulate is a satisfactory foundation 
for such sciences as navigation and surveying, it is inadequate 
to explain in detail the formation of optical images. In fact, 
the reader may have detected a certain artificiality in the treat¬ 
ment of imago formation by Huygenses method in Chap. I. 
It was stated there that the new wave front could be found by 
treating each point of the old wave front as a new source from 
which a secondary wavelet emanates. This implies that every 
point of the old wave front is the center of a new disturbance 
radiating light in all directions, whereas the principle of rectilinear 
propagation would seem to necessitate that each point radiate 
in but a single direction, namely, the direction perpendicular 
to the wave front. Before considering the behavior of light in 
optical systems, therefore, Huygens’s principle must bo correlated 
with the principle of rectilinear propagation. 

In Fig. 56, the surface A BCD is part of an infinite plane wave 
front moving in the direction of the normal to the surface OP’. 
Since this wave front is the result of a disturbance originating 
at a single point source P at infinity, all portions of it may be 
considered to bo vibrating with the same frequency, amplitude, 
and phase. Consider now some elementary area such as 

ds — rdrd<f), 
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which, according to Huygenses principle, may be considered as a 
new source radiating light in all directions. This elementary 
area will produce at P' a disturbance whose amplitude is directly 
proportional to ds and inversely proportional^ to the distance of 
the elementary area from P'. The effect at P' due to the entire 
wave front is obtained by adding together the disturbances due 
to all the elementary areas. This was not a part of Huygens's 
original concept, but Fresnel showed that it is a necessary 
modification. The integral calculus is especially suited to this 
operation, but the actual process of integration is complicated 
by the circumstance that the disturbances do not arrive at P' 
in the same phase because the elementary areas are at different 



distances. The formal mathematical operations^ will be avoided 
because they contribute very little to the present argument. 
It will be sufficient to assume that the resultant amplitude 
of the disturbance at P' due to the entire wave front has been 
found. Let us now consider some other point Q' lying in a plane 
through P' perpendicular to OP'. If the wave front A.BCD is 
unlimited in extent, the frequency, amplitude, and phase of the 
disturbance at Q' are the same as at P'. This is true also for 

^ This follows from the inverse-square law, since in any wave motion the 
rate of propagation of energy is proportional to the square of the amplitii(l<’!. 
Hence, if the energy decreases as the square of the distance, the amplitutit-! 
must decrease as the first power. 

* To be found in all standard textbooks on physical optics. The subject, 
of diffraction is well discussed in Rayleigh’s article Wave Theory of Light, 
Encyclopaedia Britannica, 9th ed. It is reprinted in “Scientific Papers of 
Lord Rayleigh,” Vol. Ill, p. 47. 
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every point in the transverse plane through P'. It is therefore 
evident that a plane wave front of infinite extent through O 
gives rise to a new plane wave front through P'. A similar 
treatment of a spherical wave front would show that the new 
wave front in this case is spherical. In other words, the principle 
of rectilinear propagation can be derived from Huygenses principle 
provided the wave front is unrestricted in extent.^ 

The same sort of reasoning can be applied when the wave front 
is restricted by a diaphragm placed between O and P' as shown 
in Fig. 67. If it is assumed, as before, that a plane wave of 
infinite extent is incident on the diaphragm, which is also infinite 
in extent but contains an aperture of finite area, it is clear that 
the amplitude of the disturbance at any point such as P' can be 


front 


Diaphragm 


0 


P' 


Fiu. 57. 

obtained by finding the resultant disturbance due to all the 
elementary areas of the wave front within the area of the aper¬ 
ture. The actual integration is difficult, but a satisfactory idea 
of the behavior of the light in this case can be obtained by con¬ 
sidering the extreme cases of very large and very small apertures. 

If the aperture is very large compared with the wave length 
of light, the behavior of the wave front approximates that of a 
wave front of infinite extent. A plane wave will therefore be 
confined within the region indicated by the dotted lines. On 
the other hand, if the diameter of the aperture is less than half 
a wave length of light, it may be treated as an elementary area 
because all portions of it will produce at any distant point a 
disturbance of substantially the same amplitude and phase. 
An aperture of these dimensions will therefore cause a dis- 

1 A complete treatment of this subject explains satisfactorily the absence 
of a back wave in the reverse dipoction. 





124 


THE PRINCIPLES OF OPTICS 


turbance to emanate in all directions. For an aperture of 
intermediate dimensions, the distribution of light in a transverse 
plane through P' depends upon the size and shape of the aperture. 
If the aperture is many wave lengths in diameter, this plane 
will contain an illuminated patch of approximately the dimen¬ 
sions of the aperture. There will be, however, some spreading 
of the light into the geometrical shadow which lies outside the 
dotted lines. This apparent bending of light around an obstacle 
is known as diffraction. The diffracted light is not distributed 
uniformly but appears as fringes or bands which are separated 
by intervals of darkness. The energy diffracted outside the 
geometrical shadow is provided at the expense of the energy 
within the geometrical shadow, where similar dark fringes appear. 
These fringe systems are known collectively as a diffraction 
'pattern. 

During the nineteenth century, when evidence for the wave 
theory of light was so earnestly sought, the diffraction patterns 
produced by apertures of various shapes became highly impor¬ 
tant. The experimental verification of the mathematical com¬ 
putations did indeed form one of the strongest arguments in 
favor of the wave theory. At the very least, it indicated that 
Huygens’s principle, as modified by Fresnel, provides a satis¬ 
factory interpretation of diffraction phenomena. 

Diffraction is usually a difficult phenomenon to understand, 
not because it is inherently abstruse but because of the manner 
in which it is ordinarily approached. The common procedure 
is to accept the rectilinear propagation of light as axiomatic and 
to treat diffraction as a sort of aberration that appears when the 
wave front is restricted by a small aperture. In other words, 
diffraction is regarded as a bending of light around obstacles in 
defiance of the geometrical theory. That this is a misleading 
concept is evident from what has preceded: diffraction is a 
fundamental property of light, and rectilinear propagation is 
merely a special case occurring when the wave front is unre¬ 
stricted. The effect of a diaphragm is not to produce a bending 
of the light in the usual sense but rather to eliminate those wave¬ 
lets which, if present, would produce a resultant effect in accord¬ 
ance with the geometrical theory. 

59- Diffraction at a Circular Aperture.—Of all the apertures 
whose diffraction patterns have been investigated, the circular 
aperture is the most important. This is used, for example, in 
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the pinhole camera, which, under proper conditions, is capable of 
producing pictures equal if not superior to those produced with a 
lens. This subject was investigated by Petzval in 1859, and the 
substance of his argument will be followed here. 

In Fig. 58, suppose that a circular pinhole of radius p' is situated 
at a distance p' in front of a photographic plate. ^ According to 
the geometrical theory, the ^‘image'’ on the plate of a distant 
point would be a circular spot with a radius 

«' = p'. 

On the other hand, if the pinhole is small, the size of the image 
will be determined by the diffraction pattern it produces. An 
approximate idea of the distribution of light on the plate with a 



Fig. 58. 


small pinhole can be obtained by considering the effect at some 
point Q' whose distance from the top of the pinhole is just one 
wave length less than from the bottom. The resultant dis¬ 
turbance at Q' produced by the portion of the wave front incident 
on the upper half of the pinhole is then almost exactly neutralized 
by that produced by the portion of the wave front incident on the 
lower half. Consequently, the intensity at Q' is zero, and the 
bulk of the energy entering the pinhole falls within the circle 
whose radius P'Q' = z'. If the pinhole is small, the above 
condition will obtain when 



Adding together the two values of z', as Petzval did, the radius 
of the image of an infinitely distant point object is found to be 

Z' = / + |^|- (157) 

^ The symbols p' and p' are used in conformity with the terminology 
adopted in Chap. V, although the concept of entrance and exit pupils is 
scarcely applicable here. 
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Although Lord Hayleigh has shown that it is not permissible to 
add the values of z' representing the extreme cases of very large 
and very small apertures, the results based on this equation 
are sufficiently accurate for most practical purposes. For 
further details, the reader should consult Lord Rayleigh^s original 
paper on pinhole photography. 

Let us now find the value of p' that will give the best definition 
under a given set of conditions. That is, with light of a definite 
wave length and the plate at a fixed distance from the pinhole, let 
us see what value of p' produces the smallest value of z'. Dif¬ 
ferentiating Eq. (157) with respect to p' and equating the result 
to zero, we find that the optimum value is 


p' = . (158) 

Under these conditions 

z' = 2p', (159) 


as is easily shown by eliminating p' between Eqs. (157) and 
(158). 

The quantity z' here represents the radius of the smallest 
image that can be formed of a distant point by a camera of 
length p'. This quantity alone is not a true measure of the 
ability of the pinhole to reproduce fine detail, since the size of 
the picture is proportional to p\ The real criterion is therefore 
the ratio z'/p'. By combining Eqs. (157) and (158), this ratio is 
found to be 


V' V p' p' 


(160) 


To record fine detail in the picture, z'/p' should be small, which 
means that p' and p' must be large. But this involves a new 
difl&culty in the form of an increase in the time of exposure. It 
will be shown subsequently that, for extended objects at a great 
distance from the camera, the time of exposure is directly 
proportional to the square of the //-number. From the defini¬ 
tion of this quantity given in Sec. 44, it will be seen that, in the 
present instance. 


//-number = 


2p' 



(161) 


^Phil, Mag., 31, 87 ( 1891 ). 
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A quantitative notion of the length of the camera and the 
time of exposure can be gathered from Table VI, which is com¬ 
puted for X = 0.00045 mm, the wave length for which ordinary- 
photographic plates are most sensitive. The values of p' are the 
optimum for the given values of p' or, conversely, the values of 
p' are the optimum for the given values of p'. 


Table VI 


p' 

1 

P' 

2 ' 

zWp' 

//-number 

0.01 mm 

0.44 mm 

0.02 mm 

H 2 

//22 

0.10 mm 

4.44 cm 

0.20 mm 

H 22 

f/222 

1.00 mm 

4.44 m 

2.00 mm 

1-^222 

f/2222 


60. Ilifiraction at a Lens.—The function of a lens has. hitherto 
been regarded from the standpoint of its action on rays of light, 
a procedure that furnishes no information about the diffraction 
pattern that it must produce according to the physical method of 
interpreting its behavior. Let us return to Tig. 67, therefore, 
and consider the effect of filling the aperture with a converging 
lens. From the physical standpoint, the effect of the lens is 
merely to retard the elementary wavelets differentially because 
the lens is thicker at the center than at the edges. 3y choosing a 
lens of the proper shape, the disturbances from all parts of the 
incident wave front can be made to arrive at P' simultaneously; 
that is, all the elementary wavelets can be made to arrive at 
P' in the same phase, which is but another way of stating that P' 
is the image of the original infinitely distant source. 

Now let us consider the effect at any other point in a plane 
through P' normal to OP'. Kvery such point experiences the 
effect of disturbances originating at each point of the incident 
wave front, but in general these disturbances arrive in different 
phases. As before, the resultant amplitude must be computed 
by integration, but a sufficient understanding can be gained by 
considering extreme cases. If the lens is infinitely large, the 
disturbances at every point except P' neutralize one another and 
the illumination is zero except at P' itself; on the other hand, if 
the lens has a diameter smaller than X/2, the entire receiving 
plane is illuminated. For some intermediate value of the lens 
diameter, the result is a diffraction pattern appearing somewhat 
as shown in Fig. 59. 
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The nature of this diffraction pattern was investigated mathe¬ 
matically^ by Airy in 1834. He demonstrated that the illumina¬ 
tion B at any point Q' in the pattern depends upon the wave 
length X of the light, the radius p' of the exit pupil of the system, 
and the angular distance a.* of the point from the axis. Airy’s 
result expressed in mathematical terms is that 




where is a constant and 

m 



sin o '. 


(162) 

(163) 


By substituting various values for the quantity a', it is found that 
the illumination is a maximum in the center of the diffraction 


Lens 



pattern. As a.' increases, the illumination diminishes gradually 
to zero and then passes through a series of secondary maxima 
separated by points of zero illumination. The following table 
gives the values of m corresponding to the first few maxima and 
minima, together with the relative illumination E at those points: 


m 

E 


0 

1 

First maximum 

0.61 TT 

0 

First minimum 

0.81 TT 

0.174 

Second maximum 

1.116 IT 

0 

Second minimum 

1.333 TT 

0.0041 

Third maximum 

1.619 TT 

0 

Third minimum 


This diffraction pattern appears to consist of a central disk of 
light surrounded by a series of rings of decreasing intensity. The 
central disk receives approximately 84 per cent of the energy 
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transmitted by the lens, and the rings receive only 7, 3, 1.5, 1, 
etc., per cent, respectively. For practical purposes, the diffrac¬ 
tion pattern may be assumed to consist merely of the central 
disk. The size of this disk can be determined in terms of the 
angle 6' by substituting in Eq. (163) the value of m corresponding 
to the first minimum and noting that 

sin of = tan <x! = —i 

V 


(ol' being small), and that 

tan B' 


The result is 



0.61 X 
n' tan B* * 


(164) 


where n' is the refractive index of the image space. This quantity 
is introduced to make the equation of general application since 
\/n' is the actual wave length of the light in the image space when 
the index is other than unity. It should be noticed that, for 
light of a given wave length, the size of the diffraction pattern 
depends only on the angle subtended at the image by the exit 
pupil of the system. That this equation is qualitatively correct 
will be seen by noting that it holds for the extreme cases of vanish¬ 
ingly small and infinitely large apertures. In the former case, 
0' == 0 and hence z' = oo, which means that the entire receiving 
plane is illuminated; in the latter case, 6' — 7 r /2 and hence z' = 0, 
which means that the image is a true point, as it should be on the 
basis of the geometrical theory. 

This description of the image has been based on the tacit 
assumption that the light is monochromatic. If the light is 
iieterochromatic—white, for example—the image consists of the 
superposed diffraction patterns produced by light of every wave 
length. Since z' depends on X, these patterns are of different sizes 
and the resultant image is characterized by variously colored 
rings. To determine the order of the colors theoretically would 
require a complicated analysis, because the intensity of the light 
in a single monochromatic pattern passes through its various 
maxima and minima gradually. Certain salient features can 
be readily deduced, however. Within the area covered by the 
violet disk, which is the smallest, light of all wave lengths com¬ 
bines to produce an approximate white. Just outside the violet 



130 


THE PRINCIPLES OF OPTICS 


disk, the violet alone is absent and the resultant is yellow. From 
this point outwards a colored ring pattern of complex design 
appears. At the outer portion of this pattern, the rings due to 
light of so many different wave lengths overlap that the field 
becomes practically white although, of course, very faint. 

61. Resolving Power.—It is clear from the foregoing that 
the image of a point object is always a diffraction disk whose 
size depends principally on the angle subtended at its center 
by the exit pupil of the instrument. If the object consists of 
two points, the image consists of two diffraction disks; and, if the 
points are close together, the disks may overlap to such an extent 



Fig. 60 . —Enlargements from photographs of typical diffraction patterns 
produced by a lens: A., for a single distant point object; B, for two distant point 
objects whose diffraction patterns are separated by a distance equal to half the 
radius of the central disks; C, the same when the separation is equal to the 
radius of the disks; D, the same when the separation is equal to twice the radius 
of the disks. (Photographs hy A. G. Hcdl.) 


that they cannot be distinguished separately. In Fig. 60, A 
is an enlargement of an actual photograph of the image formed 
by a high-quality objective of a distant point object; B is a 
similar photograph of the image of two points whose separation 
is such that the distance between the centers of their diffraction 
patterns is equal to half the radius of the central disks; in C, the 
distance between the centers is equal to the radius of the disks; 
and in Z), to twice the radius. It is evident that, unless the 
separation of the diffraction patterns is at least equal to the 
radius of the central disk, the two points might appear as one. 
In other words, they could not be resolved. Increasing the 
magniffcation by any means whatever would not improve the 
power of the lens to resolve the two points because the size of 
the diffraction disks would increase at the same rate as their 
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separation. On the other hand, increasing the diameter of the 
lens would decrease the size of the diffraction disks without 
altering their separation. In other words, the resolving power 
of an optical system is a function of its aperture alone. Even 
before the theory of diffraction was understood, astronomers 
had discovered that the ability of a telescope to resolve double 
stars depends only on the diameter of the objective, and that 
increasing the magnification beyond a certain point does not 
improve the resolution. 

It is fairly easy to derive an expression for the separation of 
a pair of points in the object space that can just be resolved 



Fio. 61 . 


according to the criterion that the distance between the centers 
of the diffraction patterns must be equal to the radius of the 
first dark ring. In Fig. 61, let Si and Sz be two point objects 
at a distance p from the entrance pupil of an optical system. 
The images of /Si and Sa will then be formed at a distance p' 
from the exit pupil. Let the radii of the entrance and exit pupils 
of the system be p and p' respectively. Then the separation 
of aSi' and S^' which, according to the criterion, will just permit 
resolution is, from Eq. (164), 

’cTTct f _ _ 0.61 X _ 0.61 X cos 0' 

1 2 ^ """ 7 1 i • * 

n tan 6 n sin B 

From the sine law, 

SxS% n sin 0 — SiSz n' sin 0' 

= 0.61 X cos fl', 
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or 


s^s^ 


0.61 X 
n sin B 


cos 0'. 


In most optical systems, the image distance is so great compared 
with the diameter of the exit pupil that cos B' can be set equal 
to unity without introducing an appreciable error, especially 
in view of the arbitrariness of the criterion of resolution. Usu¬ 


ally, therefore, 



0.61 X 
n sin B 


(165) 


This equation gives the smallest separation of two points 
in the object space that can be resolved in light of wave length X 
with an optical system whose numerical aperture 

N.A. = n sin B, 

as defined in Chap. V. Obviously the numerical aperture 
cannot exceed unity when the object is situated in air, but by 
filling the space between the object and the first lens of the 
objective with a suitable liquid, as is done in microscope practice, 
the numerical aperture can be increased considerably. Micro¬ 
scope objectives to be used dry are made with numerical apertures 
up to 0.95, while those designed to be used with an oil having 
the same index as the first lens may have a numerical aperture 
as high as 1.40. For such an objective, the distance between 
two points that can just be resolved is approximately one-half 
a wave length of light. The advantage of using light of short 
wave length is plainly evident. 

The resolving power of a system designed for viewing objects 
at a considerable distance is expressed more conveniently in 
terms of the angular separation of two points that can just be 
resolved, rather than the linear separation. By calling this 
minimum angle ol and assuming it to be small, it can be expressed 
as 


^ 0.61 X 

p pn sin B 


(166) 


Since p is large compared with p, 

sin B = B = tan 0 = —- 

V 

Hence Eq. (166) becomes simply 

0.61 X 

<x — - 

np 


( 167 ) 
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Setting n = 1, as is almost invariably the case for distant objects, 
and introducing the diameter of the entrance pupil Z) = 2p as 
a matter of convenience, the resolving power can be written as 


a 


1.22X 

D 


(168) 


The smaller the value of a;, the higher the resolving power is 
said to be. Thus the resolving power of a telescope is directly 
proportional to the diameter of its objective when the latter 
is the entrance pupil of the system. 

The resolving power of a telescope when computed by means 
of the above equation agrees fairly well with values that are 
obtained by experience. The astronomer Dawes, who made 
an extensive investigation of observations on double stars, arrived 
at the conclusion that the resolving power of a telescope of 
moderate dimensions is approximately 4.6 seconds of arc divided 
by the diameter of the objective in inches. Equation (168) 
indicates that for green light (X = 555 mp) the value should be 
5.5", a remarkable agreement in view of the arbitrariness of the 
criterion of resolution on which the equation depends. It is 
clear that this criterion holds only for two point objects of equal 
brightness. It does not hold if the points are of unequal bright¬ 
ness nor does it hold for detail in an extended object, the resolu¬ 
tion of which depends in large measure upon the contrast in 
the object. Hence, except in the special case of double stars, 
these formulae supply merely a useful working rule for deter¬ 
mining the capability of an optical instrument in a rough sort 
of way. 

In practice, the term "resolving power" is used in a rather 
broad sense to describe the limit upon the ability of a system 
to record fine detail in the object, whether this limit is imposed 
by diffraction, by aberrations in the system, or by poor work¬ 
manship in preparing and centering the elements of which it is 
composed. Optical systems vary enormously in the closeness 
with which their resolving power in this sense approaches the 
ultimate limit set by diffraction. The resolving power of photO' 
graphic objectives, for example, falls far short of it. Telescope 
and microscope objectives, on the other hand, which are required 
to cover only a small field, are commonly corrected, so well that 
their resolving power very closely approaches the limit set by 
diffraction. Lord Rayleigh has investigated the degree to which 
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smal departures from perfection in tie construction of an optical 
system injure its performance.^ He concluded that the imagery 
is practicaly perfect if the length of the optical path along every 
ray is the same to irithin one-quarter of a wave length. This 
does not mean that an inferior system will not produce images 
that are entirely satisfactory for the purpose for which the system 
was designed, but it indicates a limit for the most exacting work 
that is worth striving for but is hardly worth exceeding. 

m Mas, 8, 403 (1879). Reprinted in “Scientific Papera of M 
Rayleigh,” Vol I, p. 428. 


CHAPTER VIII 


RADIATION 

The six preceding chapters have been devoted principally 
to the subject of image formation. Now there are, of course, 
three essential elements in any optical system: the source of 
light, the image-forming system itself, and the light-sensitive 
receiving surface. The subject of image formation can be studied 
independently because the behavior of an optical system does not 
depend upon the amount of light present; that is, the quality of 
the image, whether limited by diffraction or by aberrations, is 
the same in a weak light as in a strong one. In the (Succeeding 
seven chapters, the characteristics of light sources and of receivers 
of radiant energy are presented. The present chapter will be 
devoted to the general subject of radiation. 

62. The Electromagnetic Spectrum.—The entire electromag¬ 
netic spectrum is customarily divided, in the order of increas¬ 
ing frequency, into Hertzian waves, heat rays, light, ultraviolet 
rays, X-rays, gamma rays, and cosmic rays. The divisions 
between these regions are shown in Fig. 62. Until recent years, 
these regions were separated by gaps, but now that these gaps 
have been closed, it appears that the essential properties of all 
electromagnetic radiations are the same. Any classification of 
radiation with respect to frequency is therefore significant only 
when considering the interactions between radiation and matter 
that occur during the process of emission or absorption. In 
Fig. 62, the wave length and frequency are both plotted on a 
logarithmic scale so that an octave may be represented by an 
equal interval everywhere in the spectrum. It will be observed 
that the visible region corresponds to slightly less than a single 
octave while the figure represents more than seventy octaves. 
There are, of course, no limits to the electromagnetic spectrum; 
frequencies as close to zero as desired can readily be generated, 
and it is also conceivable that frequencies higher than those 
of the cosmic rays will some day be discovered. An investiga¬ 
tion of the phenomena associated with the electromagnetic 
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spectrum would naturally involve nearly every branch of physics, 
and we shall therefore confine this discussion to the phenomena 
most closely associated with the visible region. 


Frequency 
(Cycles per Second) 


1025- 
1022 - 
1021 . 
1020- 
1019 - 
1018- 
1017- 
1010- 
1015- 
I0»4^ 
1013- 
1012- 
1011 - 
1010- 
109 - 
108 - 

107 _ 

108 - 
108 _ 
10-* - 
105 - 
102 _ 
10 - 


•Cosmic Rays 


Wave Length 
{Millimicrons) 
hi 0-5 


• Gamma Rays 


-X-Rays 


1.. '■ - 




Ultraviolet Rays 
Infrared Rays 


id* 


■Hertzian Waves- 


Waves used for 
Radio Communication” 


Long Electrical 
Oscillations 


I 


- 10 -S 

-10-4 1 X-unit(XU) 

- 10-3 

- 10-2 

-10-1 1 Angstrom unit (AU) 
h 1 1 Millimicron (m^) 

-10 
-102 

-105 1 Micron (ju.) 

-104 

-105 

-106 1 Millimeter (mm) 

-107 1 Centimeter (cm) 

-108 

-108 1 Meter (m) 

- 10*0 

- 10 »i 

-1012 1 Kilometer (km) 
- 10'5 
- 10*4 
-I 0‘5 
-1016 


Pig. 62.—Chart showing the gamut of electromagnetic, waves. 


Because of the enormous frequency range of the electro¬ 
magnetic spectrum, it is to be expected that the mechanisms by 
which the various radiations are produced must be widely dif¬ 
ferent. Electromagnetic waves which are identical with light 
waves, except that their frequency is very much lower, are 
radiated into free space from the ordinary transmission line 
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carrying a 60-cycle alternating current. The wave length in 
free space corresponding to this frequency is 5 X 10® meters. 
To increase the frequency, the generator might be rotated more 
rapidly, but mechanical difficulties impose a limit upon this 
procedure. Radiation of higher frequency can be produced 
by the oscillations of an electrical circuit, thus avoiding the move¬ 
ments of mechanical parts. In this case, the frequency of the 
oscillation is 

/-^ 7 =' 

27r-v/EC 

where L is the inductance and C the capacitance of the oscillating 
circuit. The radiations employed in radio communication are 
generated in this manner. The required energy can be supplied 
either by means of a spark gap, which periodically shocks the 
circuit into oscillation, or by means of a vacuum-tube oscillator, 
which supplies the energy continuously. The shortest waves 
that have been produced by means of a vacuum-tube oscillator 
have a wave length of 56 mm, the'limit being set by the inherent 
inductance and capacitance of the tube. Radiations of still 
shorter wave length have been produced by spark-excited 
oscillations, the electrodes being made very small to reduce the 
inductance and capacitance of the circuit to a minimum. By 
using electrodes only 0.2 mm long and 0.2 mm wide, Nichols and 
Tear produced waves as short as 1.8 mm. More recently, 
Glagolewa-Arkadiewa, with a somewhat modified form of 
apparatus, has produced electromagnetic waves as short as 
0.1 mm. This represents the present limit (1929) of waves 
produced by electrical oscillations of the kind discovered by 
Hertz. 

Radiations of higher frequency than can be generated by 
oscillating electrical circuits are produced by the oscillations 
of the molecules themselves. Waves as long as 0.4 mm have been 
detected in the radiation from such a common source of light as 
the mercury-vapor lamp. This radiation is identical in every 
respect with that of the same frequency produced by electrical 
oscillations. Radiations of higher frequency than can be 
produced by the oscillations of molecules result from the vibra¬ 
tions within the molecules—that is, the vibrations of the atoms 
of which they are composed. These radiations extend into 
the visible region, the boundary between the visible region and 
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the infrared being determined solely by the spectral sensitivity 
of the human eye. These radiations, when analyzed, appear as 
band spectra. They are usually observed as absorption spec¬ 
tra, but emission and absorption are produced by the same 
mechanism. 

All the radiations of higher frequency than can be produced 
by the vibrations of either atoms or molecules as a whole are 
attributed to changes that take place within the atom. To 
understand the process, it is necessary to assume some sort 
of atomic model, and the one that most nearly fulfills the require¬ 
ments of the spectroscopist is that devised by Rutherford. 
According to this model, atoms consist of charges of positive and 

negative electricity, the positive 
charges being known as protons 
and the negative charges as elec¬ 
trons. Hydrogen is the first ele¬ 
ment in the periodic table, and, 
as might be expected, its atom 
has the simplest form. It is 
assuihed to consist, as shown in 
Fig. 63, of a single proton about 
which a single electron revolves. 
Actually both elements revolve 
about their common center of mass, but, as the mass of the 
proton is known to be 1846 times that of the electron, the pro¬ 
ton is at rest in comparison. The electron can be removed from 
the atom in various ways; for example, by bombardment with 
another electron. The denuded atom is then said to be ionized. 

The position of an element in the periodic table determines 
the complexity of its atom. Thus helium, the second clement 
in the table, has a nucleus containing four protons and two elec¬ 
trons about which two more electrons revolve, much as the 
planets revolve about the sun. One or both of these planetary 
electrons can be removed from the atom, thus making the latter 
either singly or doubly ionized. The third element in the periodic 
table, hthium, has several isotopes, and the number of protons 
and electrons in the nucleus is different for each isotope. How¬ 
ever, each isotope has three more protons than electrons in the 
nucleus, so the latter is surrounded by three planetary electrons 
when the atom is in its normal or electrically neutral state. 
The ordinal number representing the place of an element in the 



\ Nucleus 



Fia. 63.—Model of the hydrogen, 
atom. 
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periodic table represents the excess of protons over electrons 
in the nucleus of the atom. It is known as Moseley’s atomic 
number and represents also the number of planetary electrons 
revolving about the nucleus when the atom is in its normal 
state. 

With the Rutherford atomic model as a basis, a very complete 
and satisfactory interpretation of spectroscopic data has been 
evolved during the last decade. A hint as to the type of change 
that takes place within an atom when it radiates energy will 
be given in the following section; so it is sufficient to state here 
that when the change involves the outermost group of electrons, 
the resulting radiation occurs principally in the visible and 
ultraviolet regions. If these changes produce vibrations of the 
atoms composing the molecule, band spectra in the same regions 
result. The present short-wave limit of the ultraviolet spectrum 
is at 13.7 m/x, which is the wave length of a line observed by 
Millikan in the optical spectrum of oxygen. Radiations of 
shorter wave length are called X-rays and are produced by bom¬ 
barding a metal with a stream of high-velocity electrons. This 
causes one or more of the inner planetary electrons to undergo 
changes similar to those undergone by the outer electrons when 
the latter radiate line spectra in the visible and ultraviolet 
regions. X-rays with wave lengths as great as 27 m/x have been 
observed, thus bridging the gap that once existed between the 
ultraviolet and X-ray regions. At the other end of the X-ray 
spectrum, the limit depends upon the potential difference that 
tubes can be mnde to ■wit.hstand. The gigantic tubes that have 
been dovelopetl in recent years are capable of withstanding a 
potential difference of a million volts, and the rays emitted have a 
wave lengtli in the neighborho<id of 0.001 m/x. 

One characteristic feature of X-rays is the facility with which 
they pcncitraie matter. Although very h)ng X-rays, like ultra¬ 
violet rays, are absorbed by the atmosphere, the penetrating 
power increaH(‘s as the wave length decreases so that the very 
short X-rays, which are produced by the use of high voltages, are 
capable of {)on(d.rat,ing sev<‘ral inches of steel. 

The mdiations t hat remain to be discussed—the gamma rays 
and the cosmic rays—are associated with changes within the 
nucloxis of the atom. Since the constitution of the nucleus is 
determined by the atomic number of the element, it follows that 
the changes in the nucleus are associated with the actual trans- 
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mutation of elements. The gamma rays accompany the break¬ 
down of the so-called radioactive materials, such as radium and 
uranium. Radiations produced in this way have wave lengths 
as long as 0.14 mju, which overlaps the X-ray region. As might 
be expected, the gamma rays are also very penetrating. The 
cosmic rays, which are the shortest radiations known at present, 
are still more penetrating and are capable of discharging an 
electroscope even when the latter is thoroughly shielded from all 
other radiations. Because of their great penetrating power, their 
wave length can not be measured directly but can be predicted 
from certain theoretical considerations. Thus the formation 
of helium from hydrogen should produce a radiation with a wave 
length of 0.000046 m^u; and the absorption coefficient at this wave 
length for a layer of water 1 meter thick should be 0.30. Simi¬ 
larly, the transmutation of hydrogen into oxygen or into silicon 
in a single act should produce radiations having absorption 
coefficients of 0.08 and 0.041 per meter of water respectively. 
These absorption coefficients correspond closely with those 
observed for the cosmic rays; and since helium, oxygen, and 
silicon appear in great abundance in the heavenly bodies, it is 
surmised that these rays are due to a process of formation of 
atoms that may be taking place in other parts of the universe. 

63. The Origin of Spectra.—The striking feature about 
atomic and molecular spectra is that they consist of sharp lines, 
representing vibrations of definite frequencies. This would not 
be expected from the simple model of the atom presented above; 
the electron in a hydrogen atom, for example, would be 
expected to revolve in any orbit whatever, determined solely 
by the amount of energy it happens to possess at the moment. 
If this were the case, it would pursue a spiral path toward the 
nucleus as it radiates energy, the period of revolution becoming 
constantly shorter. If it is assumed that the frequency of the 
emitted light is the same as the frequency of revolution of the 
electron, it is clear that the total radiation from a large number 
of radiating atoms should produce a continuous spectrum. 
This failure of classical mechanics to account for line spectra led 
to the development of the quantum theory of spectra by Bohr, 
Sommerfeld, and others. When treating the behavior of such 
small things as atoms and molecules, this theory must be sub¬ 
stituted for classical mechanics, although it reduces to the familiar 
classical mechanics for bodies of ordinary size. 
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The fundamental postulates of the quantum theory are that 
systems cannot take on any energy value whatever but only a 
certain discrete set of energies; and that the frequency of the 
radiation emitted by such a system is to be computed, not by 
setting it equal to mechanical frequencies, but by the equation 

hv = E ~ B', (169) 

where E and B' are two permissible values of the energy {energy 
levels, as they are called), v is the frequency of the radiation, 
and is a fundamental constant equal to 6.55 X 10“®^ erg- 
second. As applied to an atomic model, this means that the 
electrons revolve in orbits representing definite energy levels. 
When an atom absorbs energy, an electron is caused to jump to 
an outer orbit; when an electron jumps to an inner orbit, it emits 
energy in the form of radiation. Since the energy levels are 
definite, the frequencies are also definite, in agreement with 
experiment, and the spectrum consists of sharp lines. 

The frequencies of the spectral lines permit the values of the 
energy levels of the atoms to be deduced; and, in this way, far- 
reaching information about the structure of atoms can be 
obtained. The various possible electronic orbits are classified 
according to certain indices, called quantum numbers. Thus, 
one of these is called the principal quantum number n, which 
can take the value 1 for the smallest orbit, 2 for the next larger, 
etc. In hydrogen, the electron can be in any one of these orbits, 
but that for n = 1 has the lowest energy. This is the normal 
state of the atom to which it always falls, unless it is bombarded 
by electrons or is otherwise excited. More complicated atoms, 
containing many electrons, tend at ordinary temperatures to 
fall to as low a level as possible. They would all go to the level 
n = 1 except for a most important principle, called the exclusion 
priru'iple, which states that there can be no more than two 
electrons in an atom with n = 1, eight with n = 2, etc. It 
is this principle that results in the formation of the groups of 
elements of the periodic table. Thus helium, neon, etc., with 
2, 2 -h 8, etc., electrons, have closed shells and are inert gases; 
lithium, sodium, etc., with 2-1-1, 2 + 8 -h 1, etc., electrons, 
have one electron that is easily removed and thus they readily 
become ionized. These complicated atoms can be excited, 
as can hydrogen, some of their electrons going to higher levels 
and placing the atoms in a condition to permit the emission of 
radiation. To excite the outer electrons, only a comparatively 
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small amount of energy is needed (that supplied by a bombarding 
electron falling through a difference of potential of a few volts) 
and the resulting radiation is in the visible region. On the 
other hand, if the inner electrons are to be removed to outer 
orbits, a very large amount of energy is needed (corresponding to 
electrons of thousands of volts of energy) and the radiation is 
in the X-ray region. These are examples of the general rule 
expressed by Eq. (169), that the greater the energy of excitation, 
whether as a result of bombardment by more energetic particles 
or as a result of a higher temperature, the greater the frequency 
and the shorter the wave length of the resulting radiation. 

To understand how the quantuni theory goes over into ordi¬ 
nary mechanics for large systems or low frequencies, it must be 
noted that as v gets smaller, which of course it does for a heavy 
system, the energy levels get closer together. Thus for the 
rotation of a molecule, the energy levels are so close together 
that only a good spectroscope will resolve the lines, and the 
spectrum ordinarily appears to consist of continuous bands. 
It can be proved that in this case the emitted light approaches 
more and more closely the result predicted by ordinary mechan¬ 
ics. Thus, although the quantum theory is indispensable in the 
X-ray, ultraviolet, and visible regions, it is more accurate but 
not essential in the infrared region, and is quite unnecessary in 
the region of Hertzian waves. 

64. Thermal Radiation.—It is a fact of common experience 
that all liquids and solids emit light when their temperature is 
raised above approximately 500°C. This light is at first a dull 
red, and becomes successively orange, yellow, and then white 
as the temperature is increased, the total amount of energy 
radiated increasing simultaneously at a rapid rate. When this 
thermal radiation^ as it is called, is analyzed with a spectroscope, 
the spectrum is found to be continuous. To borrow an analogy 
from the field of acoustics, thermal radiation may be likened to 
the sound of a sand blast, whereas the type of radiation discussed 
in the preceding section corresponds to musical notes or chords. 
Thermal radiation is characteristic of the temperature of the 
radiating body rather than the material of which it is composed. 
It is due to the thermal agitation of the molecules which, in the 
closely packed condition existing within liquids and solids, are 
unable to radiate in their characteristic manner. Many of the 
laws pertaining to thermal radiation are derived, therefore, on 
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the basis of thermodynamical considerations involving the energy 
of the entire system, rather than on the basis of the behavior 
of its component parts. 

It must not be assumed that thermal radiation is associated 
solely with high temperatures. As a matter of fact, it is emitted 
at every temperature above the absolute zero. According to 
Provost's famous theory of exchanges, every body is constantly 
exchanging energy with its surroundings; and any body whose 
temperature is constant must radiate energy at a rate exactly 
equal to the rate at which it absorbs energy from its surroundings, 
assuming it to be insulated and in a vacuum. 

Before the laws of radiation can be discussed, it will be neces¬ 
sary to define certain properties of radiating surfaces. The 
emissive power of a surface at a 
given temperature will be defined 
as the amount of energy radiated 
per unit time per unit area. This 
quantity will be designated by E. 

Conversely, the amount of incident 
radiant energy falling per unit time 
on a unit area of a surface will be 
designated by I. Now, in general, 
the radiation falling on a body is 
partly reflected, partly transmitted, 
and partly absorbed. Let it be 
supposed that a fraction R of the incident radiation is reflected 
and a fraction A is absorbed. The quantities R and A. are 
known as the reflectivity and the ahsor'ptivity of the surface 
respectively. If the fraction transmitted can be neglected, 

/e H- A = 1. 

There is a fundamental relationship between the absorptivity 
of a body and its emissive power which we shall now investigate. 
In Fig. 64, assume that the two bodies, 1 and 2, are placed within 
an evacuated enclosure, the walls of this enclosure being main¬ 
tained at a constant temperature. In the course of time, both 
bodies will acquire the same temperatuie as the walls of the 
enclosure, whereupon they will radiate in a given time an amount 
of energy exactly equal to the amount they absorb. If B\ 
represents the superficial area of body 1, the total energy radiated 
per unit time by this body is EiBx. The amount of energy it 
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absorbs from its surroundings is lAiSi. When thermal equilib¬ 
rium has been reached, 

ESi = JAA. 

The corresponding expression for body 2 is 

EA = IA A, 


From these equations, it follows that 


El 

Ai 


E2 

T2 


(170) 


This argument is valid for any number of bodies, and hence we 
may state that, at any given temperature, the ratio of emissive 
power to absorptivity is the same for all bodies. This is known 
as Kirchhoff's law. 

Since the emissive power of a body is directly proportional 
to its absorptivity, a body for which the reflectivity is zero and 
the absorptivity is unity is the best possible radiator. Such 
a body absorbs all the incident radiation and is therefore called 

a black body. No substance is known 
that is truly black in this sense, even 
lampblack refliecting about one per cent. 
Hence the desired condition is approxi¬ 
mated, both in theory and in experiment, 
by a hollow enclosure containing a small 
hole through which the radiation may 
enter or leave, as shown in I'''ig. 65. If 
the size of the hole is small compared with 
the size of the enclosure and the reflec¬ 
tivity of the walls has a value less than unity, any radiation 
entering the enclosure will be reflected and re-reflected until, 
after an infinite number of reflections, it becomes completely 
absorbed. Conversely, the radiation from such an enclosure is 
identical with that from an ideal black body. 

It can be proved theoretically that any body within an enclo¬ 
sure radiates like a black body after thermal equilibrium with 
the walls of the enclosure has been reached. This fact was 
observed experimentally by Draper as long ago as 1847. Draper 
placed an assortment of metals, crockery, and other materials 
in a gun barrel which he heated in a furnace until it reached a 



Fia. 66. 
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dull red color. He then found it impossible, on looking into the 
gun barrel, to distinguish these substances from the wall of the 
barrel. Since the black body is the only perfect radiator and 
since, furthermore, all bodies within an enclosure radiate like a 
black body, it represents an ideal case for study. 

66. The Stefan-Boltzmann Law.—In 1879 Stefan suggested, 
on the basis of an experiment by Tyndall, that the total emissive 
power of a body is proportional to the fourth power of its absolute 
temperature. In other words, 

E ^ (171) 

where o- is a constant and T is the temperature on the absolute 
or Kelvin scale. ^ This fourth-power law was subsequently 
derived for a black body by Boltzmann from theoretical con¬ 
siderations of a thermodynamic nature.® The clue to the method 
was supplied by Maxwell’s proof that radiation exerts a pressure 
when it falls on a surface.’* Hence, if radiation is introduced 
within a cylinder, it will exert a pressure tending to force the 
piston outward. If the inside of the cylinder is made of a 
material whose reflectivity is unity, the radiation within the 
cylinder will persist forever and will exert a continuous pressure 
on the piston. In this respect, therefore, radiation behaves 
very much like a gas confined within a cylinder. Now Carnot 
had previously found the relationship between the mechanical 
energy and the thermal energy when a gas undergoes a cyclical 
process consisting of alternate isothermal and adiabatic expan¬ 
sions and compressions. By following the same sort of reasoning 
with radiation substituted for the gas, Boltzmann proved that 
the total emissive power of a black body is proportional to the 
fourth power of its absolute temperature. The quantity <r 
in Kq. (171) is called the Stefan-Boltzmann constant. Its accepted 
value is 5,709 X 10“’’ when E is in ergs per second per square 
centimeter and the temperature is measured on the Kelvin scale. 

* The Kelvin tcinpcraturo is obtained by adding 273.1 to the tornperature 
measured in centigrade degrees. 

2 Seo any textbook on heat, such ns Pre.ston’s “Theory of Heat.” 

3 This prossnre is exceedingly feeble, amounting to only 4.5 X 10“® 
dyne/em® for solar radiation at the earth's surface. A layer of water less 
than half a millimicron thick would produce this pressure! Nevertheless, 
the existence of this pressure was verified by Nichols and Hull in. a classical 
experiment performed in 1901, and an apparatus for measuring it was 
described by Tear, Jour. Optical Soc. Amer. and Rev. Sd. Instruments, 11, 
136 (1925). 
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The experiment that led Stefan to propose the fourth-power 
law consisted in measuring the amount of energy radiated by a 
platinum wire at two different temperatures. The results 
were in good agreement with Eq. (171), notwithstanding that 
the reflectivity of platinum is not zero and hence it is not a 
black body. However, it very closely approximates what is 
known as a gray body —namely, one that radiates at every wave 
length an amount of energy bearing a constant ratio to the 
amount radiated by a black body at the same temperature. In 
other words, the spectral distribution of the energy from a 
gray body is exactly the same as that from a black body, but 
the total energy radiated is smaller in amount. A gray body is 
sometimes said to be a non-selective radiator. Such materials 
as platinum, iron, tungsten, and carbon are very nearly non- 
selective; and the success of Stefan’s explanation was due to the 
fact that the fourth-power law holds for these non-selective 
radiators also, the only difference being in the value of the con¬ 
stant. The constant in this case is the product of the Stefan- 
Boltzmann constant and a quantity e, which is known us the 
emissivity of the gray body. The emissivity is, of course, the 
ratio of the emissive power of the gray body to that of a black 
body at the same temperature. 

A selective radiator is one whose spectral dist ribut ion of energy 
differs from that of a black body at the same ternperat.are. The 
Welsbach mantle is a good example of such a radiator, the white¬ 
ness of its light being due to the disproportionately larg(^ amount 
of energy in the blue end of the spectrum. Obviously, t he laws 
that have been developed for pure thermal radiation do not 
apply to such radiators. 

66. The Spectral Distribution of Black-body Radiation.— 
Although thermal radiation always gives a continuous sp<*ctnim 
when analyzed, the distribution of the power within th(' sped rum 
is found to vary with the temperature of the ratliatiiig Ixxly in a 
characteristic manner. Figure 66 shows the distribution of 
power in the spectrum of a black body at various txunperat iires 
computed by moans of a formula that will be discussed pnvsent ly. 
The abscissae represent wave length and the ordinates, power. 
The plots have been made on a logarithmic scale because of the 
great range of values that must be represented. It will be seen 
that, as the temperature increases, the maximum of the distri¬ 
bution curve shifts toward the short-wave end of the spectrum. 
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This accounts qualitatively for the fact that a heated body 
becomes first a dull red and then successively orange, yellow, and 
white. 



Wetve Length 

Fia. 66.—Black-body radiation curves for various absolute teniporatures 
plotted on a logarithmic scale. The power is expressed in eriacs per second per 
square centimeter per millimicron. The dotted linos define the visible repdon; 
the broken lino is the locus of the maximum of the radiation curves. These 
curves are similar in their dimensions and orientation and differ only in their 
positions along the locus of the maximum. The curve for 5600“K. is plotte<l 
on a natural scale in Fig. 07. 

The position of the maximum of the distribution curve for 
a black body can be found theoretically by continuing the sort 
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of reasoning that led Boltzmann to the fourth-power law. The 
details of the proof would be out of place here, but the method 
in brief consists in introducing some radiation into a cylinder 
and then compressing it by means of a piston, the wall of the 
cylinder being a perfect reflector so that no energy is lost. If 
the radiation corresponded originally to a black body at some 
temperature, it will correspond, after compression, to a black 
body at a higher temperature because work has been done in 
compressing it. But the motion of the piston produces an 
increase in the frequency of the radiation because of the Doppler 
effect; for, no matter how slowly the process is carried out, the 
result is a permanent change in the character of the radiation. 
From such a line of reasoning, it is possible to find a relation 
between the temperature and the wave length corresponding 
to the maximum of the distribution curve. This relation is 
known as Wien^s displacement laWy which states that 

\mT = A y (172) 

where is the wave length of the maximum in millimicrons, T 
is the Kelvin temperature,^ and A is a constant whose accepted 
value is 2.885 X 10®. 

A typical energy-distribution curve for a black body is shown 
in Fig. 67. The energy radiated per unit time between the 
wave lengths X and X + dX is represented by the shaded area. 
The amount of energy at a single wave length is zero because the 
shaded area vanishes when dX becomes zero. Nevertheless, 
the energy represented by the shaded area will be referred to as 
the energy at wave length X, and the emissive power at this wave 
length will be designated by F/x, where E^d'K is the amount of 
energy radiated per unit time between wave lengths X and X dX. 
Then the total emissive power E, discussed in the preceding 
section, is 

E = ("E^d\. 

Jo 

Let Em represent the emissive power corresponding to X„, in 

^ it is interesting to observe that a black body at 5200°K. radia1.es most 
copiously at 5.55 mix, the point in the spectrum where the human eye is most 
sensitive. Solar radiation after passing through the earth’s atnioaphero 
corresponds approximately to this temperature, indicating the degr^^e to 
which the eye has adapted itself to the source of radiation to which it is 
most frequently subjected. 
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Wien^s displacement law. By following an argument similar to 
the one previously outlined, Wien was able to show that 

^ = -B, (173) 

where B is a constant whose value is 1.300 X 10~^^ when T is 
the Kelvin temperature and Em is in ergs per second per square 
centimeter per millimicron. 



A XtoIX 

Wc?ive Length 

Fig. G7.—A typirul bludk-body nidintion curve. 


From the generalized form of Wien’s two laws, it follows that 
the distribution of energy in the radiation from a black body is 
representable by 

= C • /(X • T), (174) 

where C is a constant and /(X * T) is some function of X and T 
which thermodynamical reasoning alone is incapable of evaluat¬ 
ing. Wien then made the following assumptions: 

1- Each Juol(Hnilo s(ui(la out rays whoso wiivo loiigth doptuids only on tho 
velocity of tho inolec.uh’!, juid of wliioh tho intensity is a function of this 
velocity. Sinosc tho wave length is a fuiu'.tion of the velocity, tho velocity 
may bo regardi^d as a function of tho wave Unigth. 

2. Tlve onorgy of radiation bcdAvotni the wavo-lengtli limits X and X + d\ 
is proportional to tho numVx'r of in<>l(Mnilos aonciing out waves of this period 
and to a function of tho molocular velocity v. 

The number of molecules whose velocities lie between the limits 
V and V -{- dv is, known from the kinetic theory. Wien was there- 
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fore able to derive a law for the distribution of energy radiated 
by a black body, which is 

At short wave lengths and low temperatures, this law is in 
close agreement with the experimentally determined values, 
but at long wave lengths and high temperatures the deviations 
become excessively great. 

Rayleigh and Jeans then approached this subject from the 
standpoint of statistical mechanics, using the theorem of the 
equipartition of energy as a basis. The law to which this line 
of reasoning leads is 

= CiX-5(XT) . (176) 

Unlike Wien’s law, this law agrees well with the experimental 
facts at long wave lengths and high temperatures. It is, however, 
quite at variance with the experimental values in the region where 
Wien’s law applies. 

About the beginning of the present century, the German 
physicist Max Planck suggested^ a radiation formula that would 
take the form of Wien’s equation at one limit and that of the 
Rayleigh-Jeans equation at the other. This formula may be 
written in the form 

1 ’ (177) 

where Ci and C 2 are constants whose numerical values are 
3.703 X 10^3 and 1.433 X 10^, respectively, when is measured 
in ergs per second per square centimeter per millimicron, X is 
in millimicrons, and T is in absolute degrees. ^ This law has been 
found to fit the observed data within the experimental error 
throughout the entire spectrum. For comparison, curves 
representing the Wien, the Rayleigh-Jeans, and the Planck 
radiation formulae are plotted together in Fig. 68 for a black 
body at SOOO'^K. 

Of course, no physicist is ever satisfied with a situation like 
this, where both the Wien and the Rayleigh-Jeans expressions 
seem to contain a certain measure of correctness, although neither 

^ Verhandl. deutsch. physik. Geaells.y 2, 202 (1900). 

* Calculations involving Planck’s law are greatly facilitated by the use of 
the data in the “International Critical Tables,” Vol. V, pp. 237 et seq. 
The charts and tables published by the Bureau of Standards as their Mis- 
cellaneous Publication 56 are also valuable, especially in the visible region. 
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is adequate for a complete interpretation of the phenomenon. 
Planck attempted, therefore, to find some concept to reconcile 



100”^-^ i,000’^>* 10,000'”/* 100,000'”M 

Wave Lengih 

Fiu. 68. A comparison of the various radiation fomuilao for a black Ixaly at 

6000°K. 

the differences between the two results. T'he concept he intro¬ 
duced^ is too well known, both on its own account and because 

^ Ann. Phy.'tikf 4, 553 (1901). His lino of reasoning is s(^t forth in his 
Nobel Priaie address, ‘‘The Origin and Development of the Quanttim 
Theory’^ (1922). His derivation of the radiation law has been simplified 
by Einstein, Verhandl. deutsch. phyaik. GcNella., 18, 318 (191(5) and I*hynik. 
Zeita.f 18, 121 (1917). See Ruark and Urey’s “Atoms, Molecules, and 
«t^uanta,” Chap. III. 
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of the profound influence it has had on the development of 
modern physics, to require more than a brief mention here. 
It consisted essentially in assuming that interchanges of energy 
always take place by multiples of an elementary unit of energy. 
Planck found it necessary to assume that the size of this ele¬ 
mentary unit is inversely proportional to the wave length, or 
directly proportional to the frequency. In other words, this 
quantum, as it is called, is representable by hv^ where v is the 
frequency of the light and h is Planck’s universal constant of 
action. 

Planck’s law can be developed in terms of this constant and 
certain other constants of nature. The Stefan-Boltzmann law can 
then be derived by integrating Planck’s law over the entire spec¬ 
trum, and Wien’s displacement law can be derived by differen¬ 
tiating it to determine the wave length at which the energy is a 
maximum. Except for the historical interest of the chronological 
development of the subject, it would be preferable to begin the 
study of radiation with Planck’s law and to derive all the other 
laws from it. 

It is of interest to consider the manner in which the luminous 
efficiency of a black body varies with its temperature. This 
quantity was defined by Eq. (6) in Chap. I as 

621 

^ -- 7 ?=-’ 

Jo 

where Px is the relative visibility function. On account of the 
difficulty of finding a simple algebraic expression for this function, 
the numerator of the above expression is obtained most readily 
by multiplying the energy at each wave length by the relative 
visibility at that wave length. The denominator represents 
merely the total energy of the radiation and can therefore be 
found directly from the Stefan-Boltzmann law, lOq. (171). 
Figure 69 indicates the variation of the luminous efficiency of 
a black body with its absolute temperature. It will be obsorvetl 
that the luminous efficiency rises to a maximum at approximiitoly 
6500°K. and then decreases slowly. The temperature of the 
maximum is in the neighborhood of the color temperature of 
daylight—that is, of sunlight plus sky light. The inefficiency 
of artificial sources of light is due very largely to the fact that their 
temperatures are rarely much above 3000°K. 
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In the case of radiators that are not true black boditfs, a dint ine- 
tion must be made between true temperature, black-body tcun- 
perature, and color temperature- The true temperature is <ifdined 
as the temperature of the body as measured on t he Kc^lvin t h<»rrno- 
dynamic scale. A gas thermometer tising hydrogen in<licnt(*H 
temperatures on this scale very closely. '‘Fhe hlark-hody or 
brightness temperature of a body is the temperat ure of a l)Iack 
body whose brightness is the same as that of t he body in question 
for some fairly narrow spectral region. TTsually this region is 
taken in the neighborhood of 650 nm, chiefly because of t he ease 
with which this region can be isolated with filt-crs. Since thei 
radiation from a body which emits non-sehictively can never 
exceed that from an ideal black body at. any i)art of the sped rum, 


Fio. 



the black-body temperature of sucli a. body is always lowc^r than 
its true temperature. The color temperature of a body is the 
temperature of a black body that, omits light of lh(‘ same color 
as the body in question. The color t.emjx'rat ure of a gray bofly is 
of course the same as its ( rue tenqx'rat.un'. A s(‘U*e( iv(‘Va<iiaf or. 
on the other hand, may apf)ear either t.oo blu(‘ or too r<‘d, ami so 
its color temperature may be <>itiier high(‘r or lower than its trm* 
temperature. Frequent,ly the concejd. of color tctnp(*ral ure is 
applied in cases where t<unpera,t.ure is not th<^ caus(‘ <tf the nnlia- 
tion. Thus the color temperature of (h(‘ sky, whielj appears 
blue nierely because of rnolocular scat ((‘ring, is .said t-o be about 
25,000'’K., although any concei)t of ((anpeu-ature in this ecm- 
nection is quite meaningless. 

67. Lambert’s Law.—It is an experimental fjict (hat a hf‘utc‘d 
metal sphere appears to be <jf nearly uniform brightness over it« 
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entire surface. It follows, therefore, that the brightness of the 
surface must be independent of the angle at which it is observed. 
In Fig. 70, consider the small element of a radiating surface, 
which we shall assume appears equally bright from every angle of 
observation. Such a surface will be called a diffuse radiator. 
Now the brightness of any surface, according to the definition 
given in Sec. 11, Chap. I, is given by the quotient of its luminous 

intensity (candlepower) by its projected 
area. Since the projected area varies as 
the cosine of 0, it follows that the intensity 
■p must vary in the same manner if the 
brightness is to remain constant. In other 
words, the intensity in the direction OQ 
is equal to the intensity in the direction OP multiplied by cos B. 
This may be generalized into what is known as LamberVs cosine 
law. It states that the intensity of the light emanating in a 
given direction from any small surface element of a diffuse 
radiator is proportional to the cosine of the angle of omission 
measured between the normal to the surface and the emit.t.od ray. 
This law also applies to diffusely reflecting surfaces, but it does 




71.—Comparison hotween tho distribution of ra<iiuiion from a polisiiofl 
tungsten surface and from a perfc<rtly diffuse radiator. Tho largo <nr<^lo ropr<'- 
sents in polar coordinates tho distribution from ii diffiiso radiafor (obeying 
Lambert’s cosine law) ; tho points represent the observed values for tungsttMi. 


not follow that a surface which radiates diffusely is also a diffuse 
reflector. A polished metal surface may be a good diffuse 
radiator although it is far from being a diffuse reflector. 

The usual method of representing the distribution of flux 
from a source of light is by means of a diagram showing the 
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distribution of intensity in polar coordinates. A typical curve, 
plotted from Worthing's^ values for the radiation from a tungsten 
surface, is shown in Fig. 71. If this surface obeyed Lambert's 
law, the distribution of intensity would be represented by the 
circle. The points indicate that, for angles close to the normal, a 
tungsten surface behaves very like a diffuse radiator. Most 
common sources of light tend to obey Lambert's law, although 
this is not always evident from the distribution curves. In 
the case of an arc, for example, the negative carbon and 
the supporting mechanism may obscure the light in certain 
directions. 

68. Radiometry.—The science of measuring radiant energy is 
called radiometry. Radiometric methods may be divided into 
two classes, depending upon whether the detector of radiation 
employed is selective or non-selective with respect to wave length. 
Non-selective detectors usually depend upon the heating effect 
of the radiation, so they respond equally to a given amount of 
energy regardless of its wave length if precautions are taken to 
make the surface on which the radiation is absorbed non-selective. 
This type of radiation detector is represented by the radiometer, 
the radiomicrometer, the thermopile, and the bolometer. As a 
class, these instruments are less sensitive than the selective 
detectors of radiation such as the human retina, the photographic 
plate, and the photoelectric cell. The sensitivity of the latter 
class varies enormously with wave length, and hence, unless 
they are carefully calibrated, they can be used only for comparing 
radiations of the same spectral quality. Sometimes, however, 
the selective property of a detector is invaluable when a small 
amount of energy in one spectral region must be measured in 
the presence of a much larger amount of energy in some other 
region. Thus, it is difficult to measure the amount of ultraviolet 
energy in solar radiation with a non-selective detector because of 
the presence of such a large proportion of energy in other spectral 
regions. On the other hand, a selective detector, such as a 
photoelectric cell of the proper type, may be insensitive to the 
powerful visible and infrared radiations and, hence, may be used 
for measurements in the ultraviolet region quite as readily as 
though the other radiations were not present. As subsequent 
chapters are to be devoted to the subject of selective detectors 


^ Jour. Optical Soc. Amer. and Rev. Sci. InstrumentSf 13, 63.5 (1926). 
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Suspension 

Copper foop 


of radiation, we shall discuss only non-selective detectors in this 
chapter.^ 

One of the simplest and earliest instruments for measuring 
radiant energy was the radiometer, invented more than fifty 
years ago by Sir William Crookes. This instrument was later 
improved by Nichols, ^ and its behavior was treated theoretically 
by Maxwell. It consists essentially of two similar thin vanes, 
usually of mica or platinum, blackened on one side and attached 
to a horizontal member that is suspended by means of a fine 
quartz fiber. The radiation to be measured is allowed to fall 
on one of the vanes, thereby warming the surface slightly. 

The case containing the instrument 
is evacuated, but enough gas mole¬ 
cules are allowed to remain to 
rebound more vigorously from the 
heated side of the vane than from 
the cool side. This causes the 
vanes to rotate until the force- 
moment is balanced by the torsion 
in the quartz fiber. The amount 
of rotation, which is observed by 
means of a mirror carried by the 
horizontal member, is very nearly 
proportional to the total radiation 
received by the vane. 

The principle of the radiornicrom- 
eter, invented almost simultane¬ 
ously by d'Arsonval and by Jioys, 
is illustrated in Fig. 72. As designed 
by Boys, it consists of a thermal junction of bismuth and 
antimony soldered into a loop of copper wire that is sus¬ 
pended m a strong magnetic field. When radiation falls on the 
bismuth-antimony junction, the temperature of the latter is 
raised and the resulting thermo-electromotive force causes a 

rotatTV" — the™ to 

otate by an amount that depends upon the stiffness of the sus- 

i-trumeats will be found ia Bu.. 

Nichols radiometer is described by Tear Joij.r 
Optical Soc. Amer. and Rev. Sci. Instruments, 11, 81 a925'> ^ 

^Proc. Roy. Soc., 42, 189 (1S87). 
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pending fiber. Both this instrument and the radiometer are 
r-elatively insensitive to stray magnetic disturbances but are 
seriously affected by mechanical vibrations. 

A plurality of thermal junctions connected in series is called 
a- thermopile. ^ In the radiomicrometer just described, there is no 
3.civantage in increasing the number of junctions because the 
i*esistance of the circuit is nearly all in the junction itself and not 
in the loop. Therefore, although increasing the number of 
jianctions would increase the voltage applied to the circuit, the 
a:*esistance of the circuit would be increased proportionately 
Siiicl the current through the loop would be practically unaltered. 
'T'lie thermopile does not suffer from this defect when used with 
sa. separate galvanometer. It is easily shown that the condition 
for- maximum sensitivity is satisfied when the resistance of the 
galvanometer is the same as that of the thermopile. The chief 
advantage of the thermopile over the two instruments previously 
mentioned is its convenience. The thermopile itself, not being 
affected by mechanical vibrations, can be incorporated as part 
of the optical system. The galvanometer can then be mounted 
ah a convenient location in some suitable manner, preferably on a 
J 'ulius suspension. The thermopile should be evacuated to avoid 
spurious effects due to air currents. If it must be used in the 
open, it should be designed so that air currents affect both 
sets of junctions equally. The sensitivity of a thermopile 
varies as the square root of the area of the receiving surface— 
a condition that imposes a low practical limit upon the number 
of junctions. 

The bolometer is a minute Wheatstone bridge, one arm of 
which receives the radiation to be measured. This arm is 
usually made of platinum for mechanical reasons, although from 
theoretical standpoint it would be preferal)le to use a material 
having the highest possible temperature coefficient of resistance. 
Tt is generally made in the form of a ribbon and is blackened to 
absorb as much of the radiation as possible. The bolometer 
shares with the thermopile the advantage of being relatively 
immune to mechanical vibrations, but it is ratluM* sensitive to 
nragnetic disturbances because the arms of the bridge cannot be 
ooucentrated in a small space. The chamber containing the 
holometer should be evacuated because the current carried by 
■fchc wires raises their temperature slightly above that of their 
*- lixir. Standarda Sci. Papers 229, 201, and 413. Also Chapter VIII of 
Q-trong’s “Procedures in Experimental Physics” (Prentice-Hall, 1938). 
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surroundings, and the convection currents that would otherwise 
be produced would cause the zero point to drift. A drift of 
the zero point may also be caused by variations in the voltage 
applied to the bridge, but this can be largely eliminated by 
using a storage battery of generous capacity. 

The sensitivity of the various instruments appears to depend 
more upon the skill of the builder and observer than upon any 
inherent characteristics of the instruments themselves. The 
practical limit of sensitivity of the thermopile may be placed 
at 10“'^ or 10“^® watt/mm^, and that of the other instruments is 
of this order of magnitude.^ It must be realized that, however 
simple in principle the measurement of radiation may appear to 
be, the amount of energy available is ordinarily so minute that 
the technique can be acquired only by long experience. In 
fact, there is probably no other type of measurement that con¬ 
tains so many pitfalls for the novice; and even the simplest 
measurement should not be undertaken without a thorough 
acquaintance with the literature.^ 

69. Spectroradiometry.— SpectroradiometTy is the term used 
to designate the measurement of the spectral distribution 
of radiant energy, which is usually accomplished by determining 
successively the energy within narrow regions of the spectrum. 
Spectroradiometry is commonly associated with the infrared 
region, primarily because the radiation from incandescent 
solids has been studied more extensively than that from other 
sources and, at the temperatures that are realizable in the 
laboratory, most of the energy from such sources is in the infrared. 
For this reason, the infrared region is sometimes called the region 
of heat radiation, thereby encouraging a common misconception 
that there is more heat in an erg of energy in this region than 
elsewhere in the spectrum.* 

The separation of radiation into narrow spectral regions 
nr measurement is usually accomplished by means of either a 

^ Cartwright has discussed the sensitivity of radiometric instruments in 
^hysics, 1, 211 (1931). 

® See tlic scries of papers by Coblentz previously mentioned and l^’orsytho’s 
‘Measurement of Radiant Energy.” 

® It may be remarked in this connection that some stars have siu'h a high 
emperature that only a small fraction of their energy is in the infrared, 
f these stars are surrounded by planetary systems, the inhabitants might 
onceivably regard the ultraviolet region as the region of heat radiation! 
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prism or a calibrated filter. A prism is used in some form of 
spectroscopic apparatus; and the results obtained in this way 
must be corrected both for the selective absorption of radiation 
within the instrument and for the variation in the width of the 
spectral band resulting from the irrationality in the dispersion of 
the prism. Filters^ are simpler to use and are eminently satis¬ 
factory when their absorption curves are such that they isolate 
definite spectral regions. 

Spectroradiometric measurements^ are especially difficult 
because the amount of energy to be measured decreases as the 
purity of the spectral band under examination is increased. 
Some idea of the difficulties can be obtained from the recent 
papers by Abbot/ who has measured the energy distribution of 
stars as faint as magnitude 3.8. The vanes of his radiometer were 
constructed from flys' wings coated with lampblack. This 
procedure resulted in a system of extraordinary lightness since 
eight of these wings, having an area of approximately 70 mm^, 
weighed but slightly more than three milligrams. The quartz- 
fiber suspension was so fine that, in spite of the small mass it 
had to support, 44 complete revolutions of the torsion head were 
required before the suspended system began to rotate in response. 
This was before the chamber was evacuated and filled with 
hydrogen at a low pressure, the air at atmospheric pressure 
acting on the vanes “as if viscous, like tar.’^ When this radiom¬ 
eter was used with the 100-in. reflector at Mount Wilson, the 
maximum deflections were of the order of one millimeter although 
the scale was 6 meters away. Nevertheless, the energy distribu¬ 
tion curves were well delineated, indicating the extent to which 
spurious effects had been avoided. 

^ The characteristics of a iumil)cr of filters that are useful for this purpose 
will 1)0 found in Chap. XVIII. 

2 A survey of the subject will bo found in Jour. Optical Soc. Amer. ana 
Rev. Sci. Instruinentit, 7, 439 (1923). 

3 Astrophys. Jour., 69, 293 (1929). 



CHAPTER IX 


LIGHT SOURCES 

The production and distribution of large amounts of light is 
to-day recognized as a branch of engineering. Practically all 
modern sources of light operate on electrical energy and, hence, 
illuminating engineering has developed as a specialized field for 
the electrical engineer. This is quite logical because the optical 
problems involved in the distribution of light in bulk are rela¬ 
tively simple compared with the electrical and economic prob¬ 
lems. In the field of pure optics, however, there are many 
problems for which the solution is not the economic one generally 
sought by the illuminating engineer. In fact, the properties of 
image-forming systems are such that the efficiency of the source 
is less important than such characteristics as its shape, size, 
and intrinsic brightness. These characteristics will therefore 
be given more consideration in this chapter than the adapta¬ 
bility of the sources for general illumination; and, as the human 
eye has apparently adapted itself to utilize daylight most effec¬ 
tively, a discussion of solar radiation will be given first. 

70 . The Sun.—To the unaided eye, the sun appears as a 
circular disk of practically uniform brightness subtending a 
mean angle of 32' 04". This angle varies, of course, with the 
time of year from about 31' 32" at aphelion, early in July, to 
32' 36" at perihelion, early in January. If the earth had no 
atmosphere, the illumination falling on its surface would be due 
entirely to direct radiation from the sun. The intensity of the 
illumination would then vary as the cosine of the angle of inci¬ 
dence of the sun’s rays. 

The curves in Fig. 73 show the variation in illumination on a 
horizontal surface with the time of day on a typical clear day 
in midsummer at a latitude of 42® north. The maximum illu¬ 
mination due to both sunlight and sky light is approximately 
10,000 foot-candles. A day is considered dreary if the level of 
illumination outdoors is as low as 1000 foot-candles, and it is a 
dark day indeed when the level drops to 100 foot-candles. This 

160 
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is in marked contrast to the levels of illumination that are 
ordinarily produced indoors, where the illumination is commonly 
in the neighborhood of 20 foot-candles by natural light and less 
than 10 foot-candles by artificial light. 



Fig. 73.—Illumination on, a horizontal surfaco on a typical clear day in mid¬ 
summer at Cleveland. Curve A ropreseuts the total illumination; curve R, 
the component due to direct sunlight; curve C, the component duo to diffuse 
sky light. If these curves had been plotted for the illumination on a surface 
normal to the incident radiation, the variation in illumination with time of day 
would have been less marked. {Frbm Luokieah^s “Artificial SunLighi,“ by 
courtesy of D. Van Nostrand Company.) 

It is possible to compute the apparent brightness of the sun 
from the illumination that it produces on the surface of the earth 
and the angle that it subtends. Assuming the illumination on a 



74. Bpoc.tral cliHt.ributioii of int^iLn noon siuiliKlit. ut Wawhinffton in 

the vi8il>lc and noar ultnivioltd, roKioiis ((drcdoa) comiiarod wiili tho radiation 
curve of u black body at 5400° K. 


horizontal plane in C'ainbridgo at the summer solstice to be 
8000 foot-can<Ucs and the angle subtended by the sun to be 31' 
30", the apparent brightness of the sun, computed by means 
of Eq. (223) in (‘hap. XIX, is 140,000 candles/cm.*'^ If allow- 
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ance is made for atmospheric absorption, the true brightness 
is in the neighborhood of 225,000 candles/cm®. 

The solar spectrum is continuous with the exception of the 
so-called Fraunhofer lines, which are produced by absorption 
either in the upper layers of the sun’s atmosphere or in the 
earth’s atmosphere. The most important Fraunhofer lines and 
the elements producing them are listed in Table VII. These 
lines have only a slight effect on the energy distribution of sun¬ 
light, which has been studied extensively by numerous investi¬ 
gators. The values obtained in 1917 by Abbot for mean noon 
sunlight at Washington are given in Table VIII and are repre¬ 
sented graphically in Fig. 74. The smooth curve represents the 
energy distribution in the radiation from a black body at 5400°K., 
which is approximately the color temperature of mean noon 
sunlight. 

Table VII.— The Chief Fraunhofer Lines in the Visible Solar 

Spectrum 

Certain Fraunhofer lines really consist of groups of lines, which inaj' be 
due either to a single element or to several elements. The wave lengths of 
such lines, indicated by asterisks (*), are given to the number of figures that 
are the same for a.ll the lines. 


Line 

1 

Elcsment 


Line 

Element 

xCmjLt) 

A* 

Atm. O 

763. 

F 

H 

486.13 

B* 

Atm. O 

687. 

d 

Fc 

438.35 

C 

H 

656.28 

G' 

H 

434.05 

Di 

Na 

589.59 

G* 

Ca, Fc 

430.8 

I>2 

Na 

589.00 

g 

Ca 

422.67 


He 

587.56 

h 

H 

410.17 

E* 

Fe, Ca 

527. 

H \ 

Ca 

396.85 

bi 

Mg 

518.36 

K 

Ca 

303.37 


Mg 

517.27 





If it were not for the presence of the earth’s atmosphere, the 
spectrum of the sun would extend well into the infrared and 
ultraviolet regions. Actually, the long wave-length limit of the 
radiation reaching the earth is about 20,000 m/i, the exact limit 
varying enormously with the amount of water vapor in the 
earth’s atmosphere and the altitude of the sun. The short 
wave-length limit is about 290 m/x, the exact limit varying also 
with atmospheric conditions and the altitude of the sun. The 
spectral region between 290 m^i and 310 van has assumed con- 
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TABiiH VIII.—SpbctraIj Distribution of Mean Noon Stjnxjoht at 

Washington According to Abbot* 



Relative 

power 

X(m/n) 

Relative 

power 


Relative 

power 

370 

20.2 

490 

98.8 

610 

93.6 

380 

24.6 

500 

100.0 

620 

91.6 

390 

29.6 

510 

99.4 

630 

90.6 


44.5 

520 

99.4 

640 

89.4 

410 

56.3 

530 

99.3 

650 

88.1 

420 

64.6 

540 

98.1 

660 

86.9 

430 

68.0 

650 

99.9 

670 

84.8 

440 

76.4 

560 

98.2 

680 

83.2 

450 

85.3 

570 

96.6 

690 

81.2 

460 

90.6 

680 

95.5 

700 

79.0 

470 

95.2 

590 

93.9 

710 

76.7 

480 

97.3 

600 

93.5 

720 

74.8 


^ Bur . Standards Misc . Pub . 114, p. 16. 


siderable importance within the last few years because of the 
discovery of its antirachitic action. This is the so-called vital- 
ray region. Energy measurements by Fabry and Buisson and 
by Abbot have been compiled by Forsythe and Christison to 
indicate the hourly and daily variations of solar radiation in this 
region. These data are represented by Figs. 75 and 76. 

The total amount of energy radiated by the sun varies some¬ 
what from day to day and seems to be related in some manner 
to the sunspot activity. The mean value of the solar constant 
is 1.94, which is the number of calorics received per minute on a 
square centimeter of surface normal to the radiation outside the 
earth’s atmosphere at the earth’s mean solar distance. ^ The 
variation in this “constant” is from 1.92 cal. when no spots are 
present to a maximum of approximately 1.97. It is thought 
by some that the sunspot activity has a profound effect on the 
weather and that the variations of the solar constant can be used 
as a basis of long-range forecasts. This subject is one that must 
be studied statistically over extended periods, and it may be some 
time before enough data will have been accumulated to make the 
method practical. 

‘ Abbot et al.y Smithsonian Misc, Pub., 77, No. 3, p. 31 (1925). This is 
equivalent to 8.1 X 10’ ergs per minute per square centimeter or 0.136 
watt/cm®. 
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The luminous efiftciency of solar radiation can be determined 
from a comparison of the illumination that it produces with the 
solar constant. It can be computed that, if the earth had no 
atmosphere, the illumination on a surface normal to the radiation 
would be 13,600 foot-candles or 14.5 lumens/cm^. Since the 
mean value of the solar constant is 0.135 watt/cm®, the luminous 
efficiency of solar radiation is evidently slightly more than 100 
lumens/watt. It will be recalled that the maximum luminous 
efficiency of a black body is about 84 lumens/watt, which occurs 
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Fla. 75.—l^adiatit power in the ultraviolet below 310 m>u in solar radiation at 
42® north latitude. The ordinates represent power in niierowatts per square 
centimeter on a horizontal surface. Curve A, at summer solstice; curve i?, at 
spriiiK and fall e<iuinoxes; curve C, at winter solstice. (jOan. Elcc. Rcxu, 32, 
660—607, by permission.) 

Flo. 76.—Radiant power below 310 m/* in solar radiation at noon at 42° north 
latitude. The ordinates represent power in microwatts per square centimeter 
on a horizontal surface. The abscissa above each month denotes its beginning. 
(,Oen. Elec. Rev., 32, 66G—667, by permission.) 


at a temperature of approximately 6500°K. (see Fig. 69). 
Although solar radiation outside the earth^s atmosphere closely 
corresponds in color to the radiation from a black body at this 
temperature, its higher luminous efficiency is due to its relative 
deficiency in the violet and ultraviolet regions. This is shown 
by Fig. 77, where curve A represents the spectral distribution of 
solar radiation outside the atmosphere according to Abbot. It 
must be noted, however, that the deficiency in the violet and 
ultraviolet regions may be only apparent, since it is probably 
caused by the absorption of an extremely thin layer of ozone in 
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the upper regions of the earth's atmosphere. The usual method 
of correcting for atmospheric absorption by making measure¬ 
ments when the sun is at various altitudes does not correct for 
the absorption of this layer. 

71. Sky Light.—It is shown in Fig. 73 that approximately one- 
fifth of the total illumination on a clear day is due to light from 
the sky. This light results from the scattering of sunlight in its 
passage through the atmosphere. If the earth had no atmos¬ 
phere, the sky would be perfectly black. At first thought, it 
would seem that the spectral composition of this scattered light 
should be the same as that of sunlight. This is very nearly 



Fig. 77. —Curve A rcprcseiita the spof.t.raI <listril>et.ion of solar radiation outside 
tho earth’s atmosphere according to Abbot (11)17). Curve Ji roprosonts the 
theoretical spectral distribution of sky light, obtained by dividing each or<li- 
nato of curve A by tho fourth power of tho wave length. Tho spofdral distribu- 
tioti of the radiation from a black body at 0500°Iv. and at 26,000°K. are presented 
for eomparison. All tho curves are adjusted to ctjual lOO at 6(50 m/x. 

true on a completely overcast day, when the scattering particles 
are droplets of water of comparatively large size. However, 
when the particles are small, the short waves arc scattered more 
than the long ones. This accounts for the blue color of the sky 
and the redness of sunsets, as will be clear from Fig. 78. To an 
observer at A, the sun appears to be just rising. Since th(^ blue 
end of the solar spectrum is scattered more tliaii the red, t.hc^ liglit. 
reaching the observer will predominate in red. On the otheu’ 
hand, the atmospheric layer above tho oV>sorver at /^, for whom 
the sun is on the meridian, is so thin tliat the amount of seat t (‘ring 
is small and the color of the sun is but little affected. When 
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this observer looks at any other part of the sky, he sees only 
scattered light, which predominates in blue. In very clear 
atmospheres, where smoke and dust particles are absent, this 
color is such an indescribably deep blue that one faintly grasps 
the medieval concept of the empyrean. 

The phenomenon of scattering can be illustrated very easily 
by means of a dilute solution of sodium thiosulphate (hypo), the 
chemical that is used in a photographer’s fixing bath. The 
addition of a few drops of dilute sulphuric acid causes sulphur 
to be precipitated in a finely divided state. The color of the 
light scattered by this solution is remarkably like the blue of the 
sky, while the light transmitted through the solution takes on 



the orange or reddish cast frequently seen at sunrise or sunset. 
When the process has gone on for some time, the size of the 
sulphur particles becomes so great that the scattering is no 
longer selective and the solution appears white from every 
direction of observation. 

The scattering of light by small particles was investigated 
experimentally by TyndalP and, for this reason, it is freciuently 
called the Tyndall effect. The subject has since been sludi(^d 
both theoretically and experimentally by many investigators. 
Lord Itayleigh^ was the first to deduce on theoretical grounds 

^ Proc. Roy. Soc., 17, 223 (1868—1869) and Phil. Mag., 37, 384 (1869). 

^ Phil. Mag.^ 41, 107 and 274 (1871). Reprinted in “8cientifi<^ Papers," 
Vol. I, p. 87. The scattered light is also polarized, as described in See. 
214, Chap. XXIX. 
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that the phenomenon is a true scattering and not a variety of 
reflection or refraction. He showed that the intensity of the 
scattered light should vary inversely as the fourth power of the 
wave length when the size of the particles is of the order of 
magnitude of the length of a light wave. On the basis of this 
law, the spectral distribution of sky light on a perfectly clear 
day is represented by curve B in Fig. 77. This curve was 
obtained by dividing Abbot^s values for the spectral distribution 
of solar radiation outside the earth^s atmosphere (curve A) by 
the fourth power of the wave length. The color temperature of 
the sky when clear is ordinarily found to be between 20,000®K. 
and 25,000®K. This temperature is somewhat lower than would 
be predicted from the fourth-power law, indicating that a con¬ 
siderable proportion of the scattering is non-selective even when “ 
the sky is perfectly clear. 

The brightness of the sky on a clear day is about 0.8 candle/cm^. 
On a day that is partly cloudy, white clouds on which the sun 
is shining directly may be considerably brighter than the blue 
sky. On a dark overcast day, the brightness of the sky may fall 
to as low a value as 0.004 candle/cm^. By way of comparison, 
the brightness of a candle flame is in the neighborhood of 1 
candle/cm^, approximating that of a white cloud on a partly 
cloudy day; and the brightness of the moon is in the neighborhood 
of 0.25 candle/cm-, 

72. The Incandescent Lamp.—It was found at the beginning 
of the last century that electrical energy could be converted into 
light by sending a current through a wire of high resistance, 
thereby heating it to incandescence. The incandescent lamp 
did not attain a practical form, however, until nearly eighty 
years later. In the meantime, the electric arc had been discov¬ 
ered and was used to a limited extent after the development of a 
suitable dynamo for supplying the current. The arc lamp was 
not entirely satisfactory as a light source and was efficient only 
in the large sizes. Inventors did not cease their attempts, 
therefore, to devise a practical incandescent lamp, but the 
difficulties of obtaining a high vacuum and of making a suitable 
filament were not solved until 1879. In December of that year, 
Edison demonstrated a lamp that incorporated all the essential 
features of the modern incandescent lamp. The distinguishing 
features of this lamp, as disclosed by the patent, were a com¬ 
pletely sealed glass bulb with platinum leads, and a filament of 
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such a high resistance that the lamp could be operated in t 
parallel circuit. This filament was obtained by bending a thii 
strip of bamboo into the form of a hairpin and then carbonizing it. 

In comparison with our modern tungsten filament lamp, thit 
carbon filament lamp had to be operated at a relatively lov 
temperature to make its life satisfactorily long. This was ar 
extremely serious drawback because, as was shown in the pn^viout 
chapter, the luminous efficiency of thermal radiators iiicreasot 
rapidly with the temperature throughout the temperaturi 
range with which we are concerned. Hence, the subse<|U(‘n1 
improvements in incandescent lamps have always been in lh( 
direction of a higher operating temperature. Various proc(^sH<*^ 
for coating the carbon filament with graphite were tried with 
some success. Then followed the metal filament lamps of wire¬ 
drawn tantalum, which were quickly superseded by lamps having* 
filaments of pressed tungsten. It was subsequently discovere(i 
that tungsten, when suitably purified, can be drawn into wire^ 
as fine as 0.0005 in. in diameter. At first these filaments were 
operated in a vacuum, but it was later found that their tend<‘ncy 
to evaporate is very much reduced by filling the bulb with hoiik* 
inert gas, such as nitrogen or argon, under moderate presHiir<‘. 
Some gas-filled tungsten lamps are operated to-day at tempera¬ 
tures as high as 3290°K., at which temperature the himinous 
efficiency is 27.3 lumens/watt. There seems to be little hoi)e of 
making any marked increase in the efficiency of incandes<M*nf. 
lamps because tungsten melts at 3655°K. and no other suitahh' 
material having a higher melting point has been discoverexl. It. 
seems likely, therefore, that the light source of the future will lx* 
some sort of selective radiator that emits a larger proportion of its 
energy in the visible region. 

Because of the unique importance of tungsten, its proper! i(‘a 
have been studied very extensively. One of the most exhaustive 
papers on the subject is that by Forsythe and Worthing,‘ and 
it is from this paper that Table IX, showing the chief optical 
properties of tungsten surfaces, was compiled. This table i« 
for a perfectly smooth surface of tungsten situated in free space 
where the only energy loss is by radiation. In the pract ice of 
lamp design, consideration must be given to the various losses 
due to conduction by the leads, convection by the gas within 
the bulb, and absorption and reflection by the bulb. T'he 

^ AstroTphys. Jour.^ 61, 146 (1925). 
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TABiiB IX. —Specific Characteristics op Tungsten 


True 

temp. 

(T), «K. 

Color 
temp, 
cn). °K. 

Power 

radiated 

(TT), 

watts/om® 

1 Flux radi¬ 
ated (F), 
lumene/cm® 

1 

1 

Luminous 
ejfioienoy 
(F/ W), 
lumens/watt 

Brightness 
: (.B), 

candles/om^ 

i 

HSmiasivity 
(6), 
black 
body 1 

500 


0.019 

1 


1 

0.053 

1000 

1006 

0.654 

0.0004 

0.0006 

0.00012 

0.114 

1100 

1108 

1.072 

0.0033 

0.0031 

0.0010 

0.128 

1200 

1210 

1.691 

0.020 

0.012 

0.006 

0.143 


1312 

2.576 

0,095 

0.037 

0.029 

0,158 

1400 

1414 

3.82 

0.34 

0.09 

0.11 

0.176 

1500 

1517 

5.55 

1.11 

0.20 

0.33 

0.192 

1600 

1619 

7.77 

3.10 

0.40 

0.92 

0.207 

1700 

1722 

10.59 

7.62 

0.71 

2.26 

0.222 

1800 

1825 

14.22 

16.48 

1.16 

5.05 

0.236 

1900 

1929 

18.55 

34.8 

1.88 

10,40 

0.249 

2000 

2033 

23.72 

65.9 

2.78 

20,0 

0.260 

2100 

2137 

29.82 

117.9 

3.95 

35.6 

0.270 

2200 

2242 

37.18 

204. 

5.47 

61.3 

0.279 

2300 

2347 

45.9 

332. 

7.25 

100.5 

0.288 

2400 

2452 

55.8 

523. 

9.37 

157.0 

0.296 

2500 

2557 

67.6 

788. 

11.67 

237.5 

0.303 

2600 

2663 

80.8 

1,150. 

14.28 

347.0 

0.311 

2700 

2770 

96.2 

1,660. 

17.26 

498.0 

0.318 

2800 

2878 

112.9 

2,300. 

20.43 

694.0 

0.323 

2900 

2986 

132. 1 

3,140. 

23.80 

049. 

0.329 

3000 

3094 

153.9 

4,170. 

27.10 

1257. 

0.334 

3100 

3202 

177. 5 

5,500. 

31.0 

1647. 

0.337 

3200 

3311 

203. 

7,030. 

34.6 

2110. 

0.341 

3300 

3422 

232. 

8,940. 

38.5 

2685. 

0.344 

3400 

3533 

264. 

11,270. 

42.6 

3370. 

0.348 

3500 

3646 

300. 

13,800. 

45,0 

4220. 

0.351 

3655 

3817 

360. 

19,150. 

53.1 

5740. 

0.354 


characteristics of some typical commercial lamps are shown in 
Table X. The luminous efficiency F/W is expressed in terms of 
flux emerging from the bulb per unit of power supplied to the 
filament. The color temperature of the filament varies along its 
length because of the cooling by the leads, and the values given 
represent the average. The last four columns give the fractions 
of the radiant energy emitted within the indicated spectral 
regions. These values were not corrected for absorption by 
the bulb. As will be seen later, ordinary glass absorbs strongly 
below approximately 360 m/i, so bulbs of quartz or special glass 
are required to transmit the radiations of shorter wave length. 

It may be remarked in passing that this table provides a 
simple means for determining the amount of energy in the various 
spectral regions from measurements of the luminous flux. For 
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1 Jour. Optical Soc. Amer. and Ret. Sci. Instruments, 17, 329 (1928). 
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example, dividing the illumination on a surface by the lumi¬ 
nous efficiency of the lamp gives the corresponding radiant power 
in watts per unit area, assuming that all the energy supplied to 
the lamp is radiated. The amount of radiant power within 
a given spectral region can be found by multiplying the total 
power by the appropriate value in one of the last four columns. 
Such a calculation is only approximate because of the losses 
within the lamp. In a gas-filled lamp, the losses by convection 
may amount to 20 per cent or more of the power input. 

Two little-known lamps that are useful to the optical experi¬ 
menter are sketched in Fig. 79. At A is shown a ribbon-filament 
lamp that requires 18 amp. 
at a potential of 6 volts. 

The filament is about 2 mm 
wide and 20 mm long, but 
it is bent as shown at B so 
that its useful length is only 
7 mm. This lamp is admir¬ 
ably suited to photomicrog¬ 
raphy, and it is regularly 
supplied for this purpose by 
at least one leading manu¬ 
facturer. The lamp shown 
at C has a straight wire 
filament about 20 mm long, 
kept taut by a spring in 
one of the leads. This lamp 
was designed principally for 
use in oscillographs, but its 
long straight filament makes 
it useful for many other purposes. It operates on a 4-volt 
supply and is made in 2- and 8-watt sizes, the difference being 
only in the diameter of the filament. 

73. Artificial Daylight.—^Long before the incandescent lamp 
was invented, daylight had become the traditional standard of 
illumination for matching colors. Sunlight itself is much too 
intense for this purpose and therefore color technologists have 
generally used the light from the north sky. On a clear day, the 
color of this light is approximately that of a black body at a 
temperature of 25,000°K., whereas on an overcast day its color 
is that of a black body at approximately 6500®K. As can be 




2 mm 



'Smtn 



i 55 mm 


X’jo. 79.—Two \iseful laboratory lamps. 
A, a 6-volt 108-watt ribbon-filament 
lamp, front view. Ji, top view of same 
showing the shape of the filament. C, a 
4-volt straight wire-filament lamp. A 
spring in one support holds the filament 
taut. 
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seen from Fig. 77, this variation is extremely great, and therefore 
a need has long been felt for a better standard of daylight. From 
a strictly scientific standpoint, it is preferable to define daylight 
as the radiation falling on the earth from the entire sky, including 
the sun if present. The absorption in the atmosphere is so 
nearly non-selective that daylight as thus defined has almost the 
same spectral quality as solar radiation outside the earth’s 
atmosphere. This radiation is closely matched in color by a 
black body at 6500°K. regardless of the time of day or the state of 
the weather. 

The obvious method of producing artificial daylight is to use 
a tungsten lamp in conjunction with a suitable filter for removing 



Fio- 80.— Comiiarison of soreoiied tuiiKstozi with siinliKht. -1, Hpoc^tral 

distribution of the radiation from a lilac^k body at 23(>0^K. Ji, tlio saino Hc’jreoned 
with a WrattcMi No. 79 filter. The circles represent Abbot’s values for mean 
noon sunlip;ht from Table VIII. All throe ciirvos are adjusted to eciiiul 100 at 
6(50 m/x* 

the excess of energy at the red end of the spectrum. This is done 
in the Mazda C-2 lamp by using a blue bulb, which is entirely 
satisfactory for general illumination where only a rough approxi¬ 
mation to daylight quality is required. For matching colors, 
special daylight units are available which, although necessarily 
inefficient, provide a very close approximation to daylight quality. 

In photometry, it is often necessary to compare the intensity 
of two sources of different color temperature. Many photo¬ 
metric standards, notably the standard acetylene burner to be 
described presently and tungsten lamps of the vacuum type, 
operate at a color temperature of 2360®K- Other standards, such 
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as the gas-filled tungsten lamp, operate at a color temperature 
of 2848°K. Several gelatin filters are available from the Eastman 
Kodak Company for making the radiation from these sources 
correspond to radiation at other color temperatures. As an 
example, curve A of Fig. 80 shows the distribution of energy in the 
radiation from a black body at 2360°K., and curve B, the relative 
distribution of this radiation after modification by the Wratten 
No. 79 filter. The circles represent Abbot's values for mean 
noon sunlight. Although such a filter can be made to produce 
a satisfactory color match in a photometric field, the spectral 
distributions of the two radiations are noticeably different. 

The problem of obtaining a source having exactly the same 
energy distribution as mean noon sunlight has recently become 
important in connection with the standardization of a light 
source to be used in testing photographic materials. Since these 
materials vary in their spectral sensitivity within very wide 
limits, a mere visual color match is not sufficient. The problem 
of establishing a definite standard was undertaken by the Inter¬ 
national Congress of Photography, this country being repre¬ 
sented by a committee composed of members of the Optical 
Society of America. Out of this investigation has come a liquid 
filter^ that provides the most accurate means known at the 
present time for producing mean noon sunlight artificially. 

Because of the difficulty of maintaining a tungsten filament at 
2360°K., many laboratories use an acetylene lamp for routine 
purposes. One type of lamp using a Bray burner tip has 
been described by Jones. ^ In this lamp, there is a cylindrical 
flame about 3 mm wide and 50 mm high, but the portion that is 
used is only 3 mm high. The intensity of this lamp is remarkably 
constant, varying only slightly with the humidity of the atmos¬ 
phere, the barometric pressure, or even the pressure of the 
acetylene. The controlling apparatus is very simple, consisting 
of an open-tube water manometer and a gas cock. The pressure 
required is 9 cm of water, and a regulation of 2 per cent is entirely 

^ This filt/(?r consists of two separate solutions containinp; copper sulphate 
and cobalt ammonium sulphate. The data for this filter and also for 
other filters of the same type dosiRned to produce radiation similar in 
spectral quality to blaek-hody radiation at various teniporatiires will be 
found in Bur. Slandarda Misc. Pub. 114, by Davis and Gibson. It will be 
sufficient h<!rc to state that these filters arc easily prepared and have proved 
to bo very stable and quite reproducible. 

® Trana. Jllutn. Eng. Soc., 9, 716 (1914). 
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adequate. The great advantage of this burner is its reliability- 
in the hands of an unskilled operator; the greatest disadvantage 
is its low intensity, which is a trifle more than one candle. 

The spectral distribution of the light of this acetylene burner^ 
corresponds very closely to that of a Planckian radiator at 
2360°K. throughout the spectral range from 480 m/z to the red 
end of the visible spectrum. Below 480 m/z, the radiation is 
somewhat in excess of that of the Planckian radiator. 

* 74. The Carbon Arc.—The electric arc was discovered by 

Sir Humphry Davy in 1801. Davy was experimenting with 
the powerful batteries that had just been installed at the Royal 
Institution and found that a current could actually be main¬ 
tained across the air gap between two charcoal electrodes. The 
bow shape of the discharge led him to call the phenomenon an 
arc. Many attempts were made to devise a practical system of 
lighting on the basis of this discovery, but they were unsuccessful 
until a practical dynamo was invented about 1875. For a while 
thereafter the arc enjoyed a period of popularity, but to-day it is 
used only for special purposes because the incandescent lamp is 
so much more convenient. 

The characteristics of the carbon arc are very unlike those of 
the incandescent lamp. In the first place, the resistance of 
the arc diminishes as the current increases, so a ballast resistance 
or some other suitable current-limiting device must always be 
connected in series. The voltage across the arc itself is usually 
from 40 to 70 volts and is nearly a linear function of the separa¬ 
tion of the electrodes. Increasing the current through the arc 
has the effect of increasing the size of the crater without affecting 
its brightness materially. The arc usually operates most 
satisfactorily when the current is so adjusted that the crater 
approximately fills the positive electrode. 

The spectrum of the carbon arc consists of a continuous back¬ 
ground produced by the thermal radiation from the hot electrodes 
combined with line and band spectra from the vapors. In the 
ordinary arc, most of the light is supplied by the positive crater, 
which has a brightness in the neighborhood of 13,000 candles/cm‘^ 
and a color temperature of 3700°K. The line and band spectra 
of the arc stream are faint in comparison, but the arc stream can 
be made to contribute more to the radiation by drilling the 
electrodes lengthwise and filling them with a core of inorganic 

^ Bur. Standards Set. Paper 362. 
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salts. The white-flame arc, used for photographic purposes and 
for the comparison of colors, has a core consisting of the fluorides 
of the rare earths. The blue-flame arc, used for therapeutic 
purposes, has a core of iron salts, which emit copiously in the 
vital-ray region. The nickel arc, which has a nickel wire within 
its core, emits copiously in the near ultraviolet and is also used 
for therapeutic purposes. These are only a few of the many 
special types of arcs that have been devised, and the literature of 
the subject must be consulted for more specific information.^ 

It will be shown in Chap. XXVI that the most desirable 
characteristic in a source of light for projection purposes is a 



Fiti. 81.—HiKh-intenaity searchlight arc lamp. The positive carbon is 16 mm 
in diameter and the r.\irrcut consumption is 160 amp. (^By courtesy of Sperry 
Gyroscope (Urmpany.') 


high intrinsic brightness. The brightness of the crater of an 
ordinary arc cannot easily be increased because increasing the 
arc current merely causes the crater to become larger in area. 
In the high-intensity arc, which was invented about 1914, the 
crater is confined to a small area in which the current density is 
very high.'^ One type of high-intensity arc is illustrated in 
Fig. 81. The electrodes are extremely hard tubes of carbon, the 
positive being cored with cerium and thorium fluorides, and the 

* A study of the radiation characteristics of some of the more important 
types of jircs has been made at the Bureau of Standards and is reported in 
SgL Paper 539. 

® A very interesting description of this type of arc has been given by 
Benford in Trans. Soc, Motion Picture Eng., 24, 71 (1926). 
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negative with soft carbon. The core of the positive electrode 
boils away slightly faster than the carbon tube itself and forms a 
deep crater in which the vapors are confined. This electrode is 
kept in rotation to prevent the hot vapors from breaking down 
the hard carbon shell unevenly. The current density in the 
crater is about four times that of an ordinary arc, and the bright¬ 
ness is more than five times as great, 86,000 candles/cm^ being a 
representative value. The crater is so uniform in brightness and 
so constant in position that in motion-picture projectors it is 



Fio. 82.—Discharge of the 160-ainp. high-intensity" arc shown in Pig. 81. 

{,By courtesy of Sperry Gyroscope Company.) 


commonly focused directly on the film gate and therefore on the 
screen. 

The discharge of a high-intensity arc is quite spectacular as can 
be seen from Fig. 82, which is a photograph showing the 150- 
amp. searchlight arc illustrated in Fig. 81 in operation. The 
positive electrode in this arc is 16 mm in diameter and has a 
core 8 mm in diameter; the negative electrode is 11 mm in diame¬ 
ter. The faint blue arc stream from the negative electrode 
forcibly strikes the crater gas emerging from the positive elec¬ 
trode and blows it upwards as a long flame. This prevents the 
fullest use of the arc in projection apparatus because the intense 
heat may injure the reflector and lenses if they are placed too 
close. 
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76. The Mercury Arc.—A type of arc radically different from 
those just described was invented by Peter Cooper-Hewitt in 
1901. One electrode is a pool of mercury and the other is a 
metal wire, the arc being formed by vapor from the mercury. 
The entire unit is sealed within an evacuated tube, of course. 
Since mercury boils at a low temperature, the electrodes can be 
kept comparatively cool, so the light is due almost entirely to 
the glowing vapor. The radiation is therefore characteristic of 
the mercury spectrum and has but a faint continuous back¬ 
ground. The chief lines in the spectrum of the mercury arc 
are given in Table XI and are shown graphically in Pig. 85. 

Table XI.— Chief Lines in the Akc Spbctbxjm op Mbrcithy 

The intensities of the lines in the spectrum of a mercury arc are greatly 
affected by the conditions under which the arc is operated, but the lines 
listed here are the ones most likely to bo. observed. 

Ultraviolet 253.6, 296.7, 302.1, 312.6, 313.2, 334.1, 365.0, 365.4, 366.3. 

Visible. 

Violet: 404.7, 407.8, 433.9, 434.7, 435.8. 

Green: 546.1. 

Yellow-green: 577.0, 579.1. 

Red: 623.4, 690.8. 

There are two ways of starting a mercury arc. The simpler 
is to tilt the tube until a stream from the mercury cathode 
touches the metallic anode. When the tube is returned to its 
normal position, the stream breaks and an arc usually forms 
across the gap thus created. If this procedure is impracticable, 
the arc can be started by applying a high potential across the 
electrodes to ionize the vapor that is present even when the 
tube is cold. In the industrial units, this potential is generated 
by breaking a current through a large inductance. 

The brightness of the mercury arc and the distribution of 
energy in its spectrum depend upon its design and the conditions 
under which it is operated.^ The industrial units are large in 
dimensions and have a low brightness, thus producing a soft, 
shadowless illumination. The unit most commonly used is 4 ft. 
long and 1 in. in diameter and has a brightness of approximately 
2.3 candles/cm^. On the other hand, the unit for therapeutic 
use is only a few inches long and has a brightness of approxi- 

^ This matter has been studied extensively by Harrison and Forbes, 
Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 10, 1 (1925); Stock- 
barger, loc. cit., 14, 356 (1927); and Buttolph, Rev. Sci. Instruments, 1, 487 
(1930) among others. 
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mately 350 candles/cm^. It is made with a quartz tube, not 
only to transmit the ultraviolet rays but also because the 
discharge is so hot that a glass tube would soften. 

The deficiency of energy in the red end of the spectrum gives 
the mercury arc a ghastly hue that militates against its witle 
adoption for general lighting and for those types of photography 
in which the true rendering of color values is important’. It is 
unrivaled for blueprinting and photostating, because so much of 

its energy is in the blue* and 
ultraviolet. A 3000-watt unit 
6 ft. long and 3 in. in diam(*t<‘r 
is made for such purposes. 

To the optical experimenter, 
the mercury arc is a tool t)f t he 
highest value because tlie spectral 
lines are very bright and are so 
far apart that they can (‘asily Iw! 
isolated with filters. IVIany styles 
of arc lamps suitable for labora¬ 
tory use have been devis<‘d, btit. 
perhaps the one most- gcuu'rally 
useful in the optical laboratory 
is the Cooper-Hewitt “Lab-are,” 
illustrated in Fig. 83. The tulx* 
is of quartz and is (>n(rlos»‘d in a 
lamp house in which is a window 
fitted with adjustable sluitt<‘i*s. 
The brightness of the are stream 
is approximately 10 candles/cm^. The necessary n'sistanees 
and a switch for arranging the circuit for op<u-ation on 
either direct or alternating current are located in th<' bas(‘. 'Th<^ 
arc is started by tilting the lamp house backwjirds. 

It may not be amiss to mention here a preciiut ion t hat appli<‘s 
not only to this arc but to quartz arcs in general: All fing(»r- 
prints on the tube must be removed before the arc is started. If 
this is not done, the salts contained in the grease on th<‘ lingei's 
will unite with the quartz when the latter is heated and may 
cause the tube to crack. 

A modified form of the mercury arc has been used by lOdgtM ton' 
as a source of light for stroboscopic observations. If n. rotating 

^Jour. Soc. Motion Picture Eng., 18, 356 (1932). 



Fiq. 83.—Cooper-Hewitt “Lab- 
arc.” This is a self-contained quartz 
mercury arc operating on 115 volts. 
(,By courtesy of General Electric 
Vapor Lamp Company.') 
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machine is observed with a light source that flickers at the 
proper frequency, the machine can be made to appear stationary. 
The difficulty with most sources intended for stroboscopic work 
is that each flash persists for a sufficient length of time to cause 
some blurring of the motion. In the arrangement described 
by Edgerton, the duration of the flash is less than 10 micro¬ 
seconds. The average intensity of the arc is the same as when 
it is operated continuously. 

76. Tungsten Arcs.—Before the ribbon-filament lamp shown 
in Fig. 79 was developed, the tungsten arc was widely used 
where a steady source of approxi¬ 
mately uniform brightness was 
required. In this lamp, the fila¬ 
ment is used only for starting the 
arc, which forms between one of 
the filament leads and a sphere of 
tungsten supported on a third lead. 

Nearly all the radiation from this 
lamp is emitted by the white-hot 
tungsten sphere, which has a color 
temperature of SIOO^K. The radia¬ 
tion characteristics are essentially 
those of tungsten at this tempera¬ 
ture. The usual type of lamp is 
made for operation on direct cur¬ 
rent, but a type designed for alter¬ 
nating current is also available. 

The lamp is known as the “ Point-o-lite” or the “Tungs- 
arc” and is made in several sizes. The chief disadvantage of 
this kind of lamp is the large control box necessary for energizing 
the filament at starting and for regulating the current during 
operation. 

By introducing mercury vapor into the tungsten arc, the char¬ 
acteristics can be modified by the addition of the arc spectrum 
of mercury. A lamp based on these principles has recently been 
placed on the market by the General Flectric Company. It is 
known as the type S-1 lamp and is intended primarily for 
therapeutic purposes. The lamp itself is illustrated in Fig. 84. 
It is generally used with an aluminum oxide reflector, which 
serves also to raise the temperature of the lamp and thus to 
increase the proportion of the radiation in the ultraviolet region. 
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' Fia. 84.—Type 9-1 sunlight 
lamp. In use, the lamp is ©quip¬ 
ped with an aluminum oxide 
rofloctor. (F r om L u c hi 0 eh's 
'' Artijicial Su/dighl,” by courteey 
of D. Van Nostrand Company.') 



180 THE PRINCIPLES OF OPTICS 

This lamp is operated from a transformer that supplies 9.5 amp. 
at a potential of 33 volts across the filament at starting. As the 
filament becomes hot, the arc strikes and the current rises to 30 
amp. By virtue of the drooping voltage characteristic of the 
transformer, the voltage across the terminals drops to 11 volts, 
which almost extinguishes the filament. When fitted with 
the reflector, the lamp emits about 6300 lumens, which corre¬ 
sponds to a luminous efficiency of 19 lumens/watt. Of the 
total luminous flux, about 75 per cent is supplied by the tungsten 
electrodes, 18 per cent by the arc stream, and only 7 per cent by 
the filament. The color temperature is about 4000°K. 

The brightness of this lamp is extremely high, so that in a 
quartz bulb it would be an excellent source for spectroscopic 
work in the middle ultraviolet. The bulb as ordinarily supplied is 
of a special glass that has a short-wave cut-off just below 300 mix. 
4 considerable amount of information about this lamp has 
recently appeared in the literature. ^ 

77. F^shlights.—When an extremely intense source of short 
duration is desired, recourse is had to the intense light that 
accompanies the rapid oxidation of metals like aluminum and 
magnesium. Magnesium is usually the base of the so-called 
flashlight powders used by photographers. It is supplied either 
as pure magnesium powder or as a mixture of magnesium with 
some oxidizing material like potassium chlorate. Magnesium 
alone is slow burning and is used in an alcohol lamp of special 
design, the powder being blown through the flame. The chlorate 
mixtures are explosive, of course, and must be handled with great 
care. They can be ignited by means of either a fuse or an 
electrically heated wire. 

The duration of the flash depends upon the composition 
of the powder, the fineness of the particles, the total quantity of 
powder present, and the method of igniting it. In the case of 
pure magnesium powder blown through an alcohol lamp, the 
duration is usually a matter of several seconds. This type of 
powder is useful chiefly for inanimate objects at rest. For 
portraiture, the duration of the flash should be less than }i2 
sec. to prevent blinking of the eyes. This speed is usually 
exceeded with the flash powders of the explosive type. 

The luminous intensity of flash powder cannot be measured by 
ordinary photometric methods because of the short duration of 

^Jour. Optical Soc. Anier., 21, 20 (1931). 
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the flash. It has been measured photographically by Huse/ 
however, and the results for three different types of photographic 
materials are given in Table XII. These results are expressed 
in candle-seconds—that is, in terms of the number of candles 
of white light which, acting for 1 sec., would produce the same 
photographic effect. 


Tables XII.—Photoqraphxc Intensity op Flashlight Materials 
E.vpressed in equivalent candle-seconds of white light per gram of powder. 


Flashlight material 

Ordinary 

plate 

Orthochromatic 

plate 

Panchromatic 

plate 

Eastman flash powder. 




Pure magnesium powder.. . 




Magnesium ribbon. 

2850 




A new type of flash lamp has been recently described by For¬ 
sythe and Fasley.2 It consists of approximately 50 mg of 
aluminum foil within a glass bulb filled with oxygen. The bulb 
is about the size of the ordinary 100-watt lamp and contains a 
special filament for igniting the flash that can be operated on any 
voltage between 1.5 and 150. As these lamps are made at pres¬ 
ent, the flash begins approximately 0.02 sec. after the filament is 
energized and lasts about 0.066 sec. A maximum intensity of 
about 4,500,000 candles is reached at approximately 0.014 sec. 
after the flash begins. The total flux radiated is of the order 
of 50,000 lumen-seconds, and the color temperature is approxi¬ 
mately 5000°K. 

78. Sources of Monochromatic Tight.—No source of light emits 
radiation that is truly monochromatic. The purest radiations 
yet discovered arc the three cadmium lines used first by Michel- 
son in his measurement of the length of the standard meter in terms 
of the wave length of light. Benoit, Fabry, and Perot repeated 
the work some years later and determined the wave lengths of these 
lines in air at a temperature of 15° and a pressure of 760 mm to be 

Rod: 643.84696 mjix 

Green: 508.5823 
Blue: 479.9912 

The locations of these lines in the spectrum are shown graphically 
in Fig, 85. The red radiation is the purest; and the value of its 

^ Jour. Franklin Inst., 196, 391 (1923), 

^Jour. Optical Soc. Amer., 21, 685 (1931). 
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wave length has been adopted as the primary standard of wave 
length. Because of the purity of these radiations and their 
wide separation in the spectrum, the cadmium arc would be 
much used except for certain practical difficulties. The tube 
must be of quartz to withstand the high temperature at which 
the lamp must be operated, and pure cadmium adheres to the 
quartz as it solidifies and thus breaks the tube. This difficulty 
has been overcome by Bates, who found that a trace of galKum 
added to the cadmium prevents the latter from solidifying but 
does not affect the cadmium radiations.^ 

The need for secondary standards of wave length has been 
filled by certain iron lines. ^ These lines were chosen not only 

400 500 600 700 600 

Cadmium 
Mercury 

Sodium 
Helium 
H'ydr 09 e'n 
Sun 

400 500 600 700 800 

yio. 85.—Spectra of certain monochromatic sources. Tho principal Fraunhofer 
lines in the solar spectrum are shown for comparison. 

for their stability but also because they are so numerous that 
several are likely to be found on a spectrogram, even when 
the dispersion is high. Numerous tables are available that give the 
wave lengths of the lines in the spectra of the various elements.'* 
Many measurements in the optical laboratory must be made 
by means of light that is substantially monochromatic, l^br this 
purpose, the sodium flame is unexcelled because of its simplicity. 
The only two bright lines in the visible region (589.0 and 589.6 
m^) are so close together that this source is sufficiently mono¬ 
chromatic for ordinary purposes.^ 

^ A lamp using this cadmium-gallium alloy is described in Bur. Stnndordu 
Sci. Paper 371. 

^ The wave lengths of the stable iron lines determined by direct <;ompari- 
son with the primary standard are given in Bur. Standardu Sci. Paper 478. 

® The “International Critical Tables,” Vol. V, contain extensive tables 
of this sort. See also Kayscr and Rungc, “ Handbuch der Spectroscopic.” 

^ A simple method of producing a sodi\iin flame is to wrap the upper end 
of the tube of a Bunsen burner with a piece of asbestos soaked in a salt 
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When a source of greater brightness is required, a mercury 
arc like the one shown in Fig. 83 is a convenient source of 
monochromatic light. The lines in its spectrum are so far apart 
that a single line can be readily isolated by means of filters. Sets 
of filters for this purpose are supplied by several firms. The 
most useful line is the one at 546.1 mM, which is very close to the 
maximum of the visibility curve. With the proper filter to 
transmit this line alone, the mercury arc is used extensively as a 
source for such purposes as polarimetry. 

Gaseous discharge tubes are generally used for calibrating 
spectral apparatus and for determining the refractive indices of 
optical materials. The traditional source for measuring the 
optical constants of glass is the hydrogen tube. The chief lines 
in the hydrogen spectrum—at 656.28 (C), 486.13 (F), and 434.05 
((?')—are conveniently located for this purpose. But the index 
for the £)-line of sodium is also required, and to avoid the use of 
two sources, the proposal has been made to specify the constants 
for the helium lines instead. The chief lines in the visible portion 
of the helium spectrum are the following: 

Violet: 388.86, 402.62, 412.08, 438.79, 447.16- 

Blue: 471.31. 

Green: 492.19, 501.57. 

Yellow: 687.56. 

Red: 667.82, 706.52, 728.14. 

The achromatism of lenses is so much a matter of convention 
that the substitution of the 706.52, 587.56, 471.31, and 438,79 
lines of helium for the customary C-, D-, F-, and G'-lines should 
not affect the performance of an optical instrument, as can be 
seen from Fig. 85. For calibrating spectral apparatus, the 
helium tube is excellent because of the large number of lines in the 
helium spectrum and their wide distribution. 

The brightness of a discharge tube can be greatly increased 
by constructing the tube in such a manner that the-! discharge can 

solution. A noatcr motluxl is to pn^pjiro ojikos of nslxNstdw fiber, plnstor of 
Paris, and salt. Orxi of th<^se eak(‘.s hold at tin; baH<» of a Hunson flaino will 
impart a strong yollow color for a long iimo. As tlx'; <x>lor weakens, the 
cake can be scraped to (Expose a fit'sh surfac:e. An al<x)liol lamp equipped 
with such a cake or f<;d with salt can he u.sed if gas is not available. The 
familiar borax bead placed at the base of the flaino is also satisfactory. For 
specifying the constants of optical glass, the A' line of the potassium 
flame spectrum is often useful. It consists of two lines whose mean wave 
length is 768.2 m/u. 
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be viewed end on. The life of a tube can be prolonged by attach¬ 
ing a bulb of generous capacity to act as a reservoir for main¬ 
taining the pressure constant. Where an ordinary tube will 
become useless in a few weeks, a tube fitted with a reservoir will 
continue to function satisfactorily for as many months. 

For producing metallic spectra, a type of arc devised by Pfund^ 
is very satisfactory. The lower electrode, which is the negative, 
consists of a massive rod of iron with a depression in the top to 
hold a bead of the oxide of the metal under examination. The 
positive electrode consists of a rod of iron or carbon, depending 
on whether iron or some other metal is being examined. This 
type of arc is easy to construct and is remarkably steady. The 
secondary standards of wave length mentioned above are certain 
iron lines in the Pfund arc when operated under carefully specified 
conditions. 

The monochromatic radiations that we have briefly discussed 
are sensibly pure but require special lamps for their production. 
There are many problems in the fields of physics, chemistry, 
and biology where the isolation of a fairly narrow spectral 
region is suificient. For this purpose, a source emitting a con¬ 
tinuous spectrum is satisfactory if used with suitable filters. 
Filters for this purpose will be described in Chap. XVIII. Very 
narrow spectral regions can be isolated with a special form 
of spectrometer known as a monochromator, which will be 
described in Sec. 201, Chap. XXVII. Many light sources that 
lack of space forbids describing here are described in Chapter II 
of Forsythe’s “Measurement of Radiant Energy” (McGraw- 
Hill, 1937). 

^ Astrophys. Jour., 27, 296 (1908). 

2 An extensive description of the production and use of xuonochroniatic 
light has been published by Fabry in Rev. d’Optique, 1, 413 and 445 (1922). 
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THE EYE 

If the eye could be regarded solely as an optical instrument, 
its behavior could be explained satisfactorily by the methods of 
geometrical optics, notwithstanding that the eye is an orp;anic 
structure which differs in some respects from the syst-enns of 
spherical refracting surfaces that were previously conaidorccl. 
But image formation is only a small part of the phononionon of 
vision, and a retinal image is of no use until it has Ixuui int.or- 
preted by the brain. Hence, any study of the cy(‘. involv(*s 
physiology and psychology quite as much as physics; and t.(> f(^w 
investigators is given the ability to comprehend phonoinema 
included within these three branches of science. An outistaiuling 
exception was Hermann von Helmholtz, whoso rnonuniental 
“Physiological Optics”^ remains to-day, more than sixty ycuirs 
after its first appearance, the most valuable source of inforinatrion 
on the subject of vision. 

79. The Anatomy of the Eye.—The human eye is an almost 
globular organ approximately an inch in diamoi.er. As shown 
in Fig, 86, it is surrounded by a tough, white, outer skin Sj caikul 
the sclera, to which are attached the six muscles that hold 
eye in place. Two of these muscles are shown at^ Zi jtnd 
At the front of the eye, the sclera is replaced by a tough t runs- 
parent membrane C, called the cornea. Liglit entering t he oyn 
passes successively through the cornea C, the aqueous humor .*1 //, 
the crystalline lens L, the vitreous humor V/Iy and falls on tin* 
retina R. The aqueous humor is essentially a weak salt solu¬ 
tion; the vitreous humor is a thin jelly consisting; Ia rg(‘Iy of wa 
The crystalline lens is a capsule containing a fibrouH j(*lly lhat is 

^Translated into English in 1924 by J. P. C-. Soiithiill uridcn* 1 he iiUMpuM'H 
of the Optical ^ocioty of America. A snrnmary of soriu^ of l.h(‘ more inifior- 
tant charaeteristies of the eye may be fonnd in the n^jxn't of (.he; SlandiirdK 
Committee on Visual Sensitomotry, Jour. Optical Soc. A /ncr., 4, !y!) (IHliO). 
An extensive bibliography of the literature eoneorninia; tli(i visual fiinctiorm 
that are of importance in illuminating engineering has b<*en given by 'rro- 
land in Trans. Ilium, Eng. jSoc., 26, 107 (1931). 
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hard at the center and progressively softer at the outer parts. 
This lens is held in place by the suspensory ligament G, which 
fastens it to the ciliary muscle Y. When this muscle is relaxed, 
the second focal point of the normal eye is at the retina and 
distant objects are therefore in focus. For viewing near objects, 
the ciliary muscle tenses and allows the lens to assume a more 
nearly spherical form. This process is known as accommodation. 
The range of accommodation is great in young people but dimin¬ 
ishes with age as the lens becomes less elastic. 

The retina consists of a delicate film of nerve fibers that branch 
out from the optic nerve O to form the lining of a large part 



Fiq, 86 . Uorizo 11^11.1 section, of the oyo of u Itiiniiiii Ijeirin 

Helmholtz: approximately to scale. The sitgiiificance of tho syinl)ols i.s Htafe<l 
in. the text, 

of the interior of the eyeball. These nerve fibers term in ate in 
minute structures called rods and cones. Figure 87 shows t.heir 
general appearance. These rods and cones, together with a 
bluish liquid known as the visual purple which circulates in and 
about them, receive the optical image and transmit it along the 
optic nerve to the brain. The slight depression in tho ret ina at 
M is called the macula lutea or yellow spot. It is about two 
millimeters in diameter and contains principally cones and but 
few rods. At its center is the fovea centralis, which is about 
0.25 mm in diameter and contains cones exclusively. In this 
region, the cones vary in size from about 0.0015 mm to about 
0.0054 mm in diameter. They are considerably larger in the outer 
portions of the retina, where they are outnumbered by the rods 
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in the ratio of ten to one. Foveal vision is so much more acute than 
extra-foveal vision that the muscles controlling the eye always 
involuntarily rotate the eyeball until the image of the object 
toward which the attention is directed falls on the fovea. Thus 
the outer portions of the retina serve to 
give a general view of the scene and to 
warn of an object approaching within the 
field, while the fovea enables the object of 
chief interest to be examined minutely. 

80 . The Optical System of the Eye.— 

Because of the inhomogeneity of the media 
in the eye, no system of spherical refracting 
surfaces can be devised that will replace it 
exactly. Nevertheless, many investigators 
have devised schematic eyes, as they are 
called, which closely simulate the optical 
system of the living eye. The one sketched 
in Fig. 86 from the data of Table XIII is 
due to Helmholtz. Two sets of constants 
appear in the table, the first for an unaccom¬ 
modated eye and the second for an eye 
focused on an object 152.5 mm in front of 
the vertex Y of the cornea. Since the re¬ 
fractive indices of all the eye media are so 
nearly alike, most of the refraction occurs at 
the anterior surface of the cornea, the func¬ 
tion of the crystalline lens being chiefly to 
alter the accommodation. The defects of 
vision that can be corrected by spectacles 
tire usually caused either by an irregularly 
shaped cornea or by an improper relation 
between the radius of curvature of the cornea and the length 
of the eyeball. These defects will be discussed in ('hap. XX. 
In the present chapter, the eye will be assumed to be normal. 

The cardinal points of Helmholtz’s schematic eye are located 
approximately to scale in Fig. 86. The principal points are at 
H and //', the nodal points at N and N', and the focal points at 
F and F'. It is noteworthy that the macula is more than a 
millimeter from the second focal point, making the eye unique 
among optical instruments in that the portion of the image 
where the resolution is the highest is not on the optical axis. 



a typical rod; B, atypi- 
<ial cone from the extra- 
fovcal region; C, atypi¬ 
cal cone from the center 
of the fovea. 
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The amount of light entering the eye is controlled by the iris J, 
which is a ring-shaped involuntary muscle adjacent to the anterior 
surface of the lens. The iris varies in diameter from 2 mm to 
8 mm, according to the field brightness, as shown in Fig. 88. 
The entrance pupil E and the exit pupil E' are its images in the 

Table XIII.— Properties oe Helmholtz’s Schematic Eye 
The j&rst column is for the unaccommodated eye; the second, for the eye 
accommodated for 152.5 mm. The first nine pairs of values are measured, 
the remaining ten computed. All dimensions are in millimeters. 



Far 

1 

Near 

1 

Refractive Indices: 

Aqueous humor. 

1.337 

1.337 

Vitreous humor. 

1.337 

1.337 

Crystalline lens. 

1.437 

1.437 

Positions (distances from vertex of cornea): 

Crystalline lens, anterior surface. 

3.6 

3.2 

Crystalline lens, posterior surface. 

1 

7.2 

7.2 

Fovea. 

24.0 

24.0 

Radii: 

Cornea, anterior surface. 

7.83 

7.83 

Crystalline lens, anterior surface. 

10.0 

6.0 

Crystalline lens, posterior surface. 

— 6.0 

— 5.5 

Focal Lengths: 

First. 

15.5 

14.0 

Second. 

20.7 

18.7 

Positions of Cardinal Points (distances from vertex 
of cornea): 

Principal point, first. 

1.75 

1.86 

Principal point, second. 

2.10 

2.26 

Focal point, first. 

13.74 

12.13 

Focal point, second. 

22.82 

20.95 

Nodal point, first. 

6.97 

6.57 

Nodal point, second. 

7.32 

6.97 

Entrance pupil. 

3.05 

2.67 

Exit pupil. 

3.71 

3.30 



object space and image space respectively. The magnification 
p'/p between the pupils is 0.923 for the unaccommodated eye 
and 0.941 when the eye is accommodated for an object distance 
of 152.5 mm. 

The size of the field of distinct vision can be computed from 
the dimensions of the fovea. Assuming a diameter of 0.25 mm 
for the fovea, the angle that it subtends at the center of the exit 
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pupil is a' = 0.70®. The corresponding angle^ in the object 
space is a = 0.87°. In a similar manner, the angle subtended 
in the object space by the macula can be found to be approxi¬ 
mately seven degrees. It is not often appreciated that the field 
of distinct vision is so small, but that such is the case can be 
realized by attempting to focus on both dots of this colon (:) 
simultaneously. The angle that these subtend at the normal 



Fia. 88.—Variation of pupillary diameter with field brightnesH. (/iefives, Jour* 

Optical Soc* Amcr., 4, 38 [1920].) 

reading distance (250 mm) is 0.3°. The natural consequence is that 
the eye roams incessantly when examining an extended field. 

It is easily computed that the fineness of the retinal structure 
is well adapted to the optical system of the eye. If the optical 
system were aberrationless, the resolving power of the image- 
forming system would be limited only by diffraction and it 
could therefore be computed by means of Mq. (168) in Chap. YII. 
Of course, the diameter of the pupil is variable, but assuming 
the value for the diameter of the entrance pupil as 2 mm and 
the wave length as 555 m/x, the resolving power is 70" or slightly 
more than one minute of arc. Now the diameter of the central 
diffraction disk on the retina under these circumstances can be 
shown by computation to be 0.011 mm. This is but slightly 

1 This can readily be computed from Lagrange’s law, since the magnifi¬ 
cation between the entrance and exit pupils and the refractive indices of the 
initial and final media are known. 
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greatsr 'tliaii th© diameter of the cones in the fovea and corre¬ 
sponds rather closely to the distance between adjacent cones. 
It may therefore be concluded that, with a pupillary diameter 
in the neighborhood of 2 mm, the resolving power of the eye is 
limited about equaUy by diffraction and by the coarseness of the 
retinal structure. This is borne out by some visual acuity experi¬ 
ments of P. W. Cobb,^ the results of which are shown in Fig. 
89. It will be noted that when the pupillary diameter is small, 
the visual acuity increases in proportion to the diameter because 
diffraction is then the limiting factor. For a pupillary diameter 

of 2 mm, the coarseness of the 
retinal structure limits the visual 
acuity and no further increase 
takes place. Indeed, when the 
pupil becomes very large, the 
acuity actually decreases because 
of the spherical and chromatic 
aberrations in the optical system. 
This would be expected when it is 
recollected that, with a 2-mm 

U 1 'Z 3 4 5 6 M . 

Pupillary Diameter<mm.) pupil, the eye Constitutes an f/S 

Fiq. 80.—Effect of pupillary di- System in which practically all 

ameter on visual acuity. The exper- the refraction takes place at a 
iments were performed with an • i _c -mi i 

artificial pupil and the brightness Single suriace. For larger values 

of the field was adjusted to maintain of the relative aperture, the opti- 
a constant retinal illumination. i , , , . , 

cal system would certainly be 
expected to perform less perfectly. Ordinarily, the resolving 
power of the eye is taken for practical purposes as one minute of 
arc or one part in 3438. This value is for two point objects of 
equal brightness, of course, and it may be quite different for any 
other type of object or for an observer with impaired vision. 

81. The Spectral Sensitivity of the Eye.—One of the earliest 
determinations of the spectral sensitivity of the eye was made by 
Konig and Dieterici in 1893. Their method consisted in deter¬ 
mining the least amount of energy that is just perceptible at 
each wave length. This is known as the threshold method. The 
same sort of curve has been obtained by other investigators 
using less direct methods. One such method is to determine the 



amount of monochromatic radiation required at each wave 
length to give a certain constant value of the visual acuity; 
^ Amer. Jour. Physiol., 86, 335 (1915). 
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another is to determine at each wave length the critical frequency 
at which flicker just disappears. The more recent determinations 
of the visibility curve have been made by means of a direct 
measurement of the relative brightness of equal amounts of 
energy throughout the spectrum. One way of making this 
measurement is to compare the brightness of two monochromatic 
radiations at wave lengths so close together in the spectrum that 
the color difference does not reduce the precision of the photo¬ 
metric setting. This is known as the step-by-step method. 
Another method involves the use of the flicker photometer, 
which will be described in Chap. XIII. ^ 



The sensitivity of the eye is found to shift toward the blue 
end of the spectrum at low levels of illumination. This effect 
is illustrated in Fig. 90, where curve A is identical with the curve 
in Fig. 5 and indicates the relative visibility for a normal observer 
at ordinary levels of illumination. Curve 2?, on the other hand, 
was determined by the threshold method and indicates the 
relative visibility at very low levels of illumination. This shift 
in the spectral sensitivity of the eye is probably due to a transition 
from cone to rod vision. The first evidence of such a shift was 
discovered by Purkyne more than a hundred years ago. He 

^ For a more extensive description of these methods and references to the 
literature of the subject, the reader should consult Bur. Standards Sci. 
Papers 303 and 475. 
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found that if a red field and a blue field are matched photo¬ 
metrically at a high brightness level, a reduction in the illumina¬ 
tion of both fields in the same proportion causes the red field to 
appear darker than the blue. This Purkyne phenomenon is 
responsible for much difficulty in the photometry of lights of 
different color. It is often suggested as an explanation of the blue 
appearance of objects seen by moonlight, an effect that artists 
have long recognized. 

82. The Contrast Sensitivity of the Eye.—The contrast 
sensitivity of the eye relates broadly to the least perceptible 



Fig. 91. —Variation of contrast sensitivity with field brijghtnoss from data 
obtained by IConig and Brodhun. These investigators used an artificial pupil 
one square millimeter in area and expressed the field brightness in photona, one 
photon being by definition the retinal illumination produced by viewing a surface 
having a brightness of one candle per square meter through such a pupil. The 
curve in this figure has been adjusted for the size of the natural pupil according 
to Fig. 88. 

difference in the brightness of two contiguous areas. A more 
precise definition can be made only in terms of the details of an 
actual experiment by which the quantity is measured. In 
general, experiments of this sort consist in viewing an extended 
field of uniform brightness to which the eye of the observer is 
allowed to become adapted. The brightness of a small area 
near the center of the field is then varied until it is just notice¬ 
ably different from that of the surrounding field. If the bright¬ 
ness of the surrounding field is represented by B and the least 
perceptible difference by AB, the contrast sensitivity is, by 
definition, the ratio B/AB. The variation in the contrast 
sensitivity with field brightness is more conveniently represented 
by AB/B, as is done in Fig. 91. The sensitivity is practically 
the same for all colors at high levels of illumination, but for 
levels below 0.1 candle/meter® it is higher for blue light and 
lower for red than for white. 
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The most significant feature of this curve is the nearly uniform 
contrast sensitivity over the great range of brightness levels 
between about 1 and 100,000 candles/meter®. This great range 
of adaptation of the eye must be associated with a change in the 
sensitivity of the retina, since the maximum variation in the 
pupillary diameter accounts for only a sixteen-fold variation 
in the retinal illumination. This change in the adaptation level 
of the retina requires an appreciable amount of time, and it 
is found that more time is required for adaptation to a lower level 
of brightness than to a higher. At least ten minutes are required 
for the eye to become dark adapted after exposure to daylight, 
and as much as an hour after exposure to a very intense source. 

The significance of Fig. 91 will be enhanced by considering the 
levels of field brightness to which the eye is ordinarily required 
to adapt itself. These levels vary enormously, but representa¬ 
tive values for various conditions are given in the following 
table: 


Exteriors by daylight. 10,000 candles/meter® 

Interiors by daylight. 100 candlcs/meter® 

Interiors at night. 1 candle/rnoter^ 

Exteriors at night. 0.01 candlo/metor“ 

The minimum brightness of an extended object that can just 
be perceived by a normal observer when dark adapted has been 
investigated by Prentice lleeves. ^ He found that when the 
field is large enough to cover a substantial portion of the retina, 
the least perceptible brightness is 5 X 10““ candle/cm®.* As 
the size of the field is reduced below a certain point, the least 
perceptible brightness incretiscs rapidly, as shown in Fig, 92. 
When the field becomes so small that it is below the limit of 
resolution of the eye, all the energy entering the eye falls on 
a single rod or cone of the retina. Under these circumstances, 
Reeves found that a source having an intensity of 2 X 10“* 
candle was just perceptible at a distance of 3 meters. We can, 
therefore, compute that, if it were not for atmospheric absorption, 
one candle should be just visible at a distance of 13 miles. 

This value is in fairly good agreement with that determined 
from astronomical observations on faint stars- Ordinarily stars 

^ Astrophys. Jour., 47, 143 (1918), 

* The brightness of the night sky outside the region of the Galaxy is in 
the neighborhood of 5 X 10~® candle/cm®. 
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fainter than the sixth magnitude are invisible to the naked eye, 
but H. N. RusselP has found that, under the optimum conditions, 
stars of magnitude 8.5 can just be perceived. The scale of 
magnitudes used by astronomers to express the ^‘brightness” 
of stars is an arbitrary one in which the ratio of successive magni¬ 
tudes is taken to be ^ 100 or approximately 2.5. Hence, if 
E\ represents the illumination produced at the earth’s surface 


-7 



Fig. 92.—Variation in the least perceptible brightness with the size of the test 
object. It will be observed that the least perceptible brightness is sensibly 
constant when the test object subtends an angle of more than 6®. When the 
test object is below the limit of resolution (subtends an angle of less than 1'), the 
least perceptible brightness varies inversely as the area of the test object. 

by the star that is arbitrarily selected as being of the first magni¬ 
tude, the illumination produced by a star of magnitude m is 



Fabry® has determined that the illumination at the earth’s surface 
produced by a star of the first magnitude at the zenith on a clear 
night is 8.3 X 10-*^ lumen/meter®. It can, therefore, be com¬ 
puted that a star of magnitude 8.5 produces an illumination of 
8.3 X lumen/meter®. This illumination would be produced 

by a candle at a distance of 21 miles if there were no atmospheric 
absorption. 

The sensitivity of any physical instrument can be expressed 
as the change in its indication produced by a given change in 
the quantity that it measures. In a voltmeter, for example, 
the sensitivity can be expressed as the change in scale read¬ 
ing produced by a given change in voltage. It can also be 

^ Astrophys. Jour.^ 46, 60 (1917). 

* Trans. Ilium. Eng. Soc., 20, 12 (1925), 
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expressed in terms of the ratio V/AV, where AF is the least 
perceptible change in voltage at the voltage V. If the eye is 
regarded as a physical instrument, its sensitivity can likewise be 
expressed in terms of the ratio B/AB, where AB is the least 
perceptible change in brightness at the brightness level B. 
The visual sensation, which corresponds to the scale reading 
in the case of the voltmeter, is then given by the integral 



Now the ratio B/AB is simply the contrast sensitivity, and hence 
a sensation scale for the eye can easily be constructed. The 



0.001 001 0.1 I 10 100 1.000 10.000 100.000 1000,000 

Stimulus <Field Brightness In Cemdles/Meter^.^ 

Fig. 93.—Visual sensation as a function of the stimulus. The value at 10,000 
candles/meter® is arbitrarily taken as unity. The broken curve represents the 
contrast sensitivity B/AB in arbitrary units. lOach ordinate of the sensation 
curve is proportional to the accumulated area under the broken curve. 

broken curve in Tig. 93 represents the contrast sensitivity; 
the full curve represents the sensation, which is obtained by 
measuring the accumulated area under the broken curve. This 
sensation curve may be regarded as a sort of calibration curve 
for the visual apparatus. The significant feature of this curve 
is that, to a very close approximation, the sensation varies directly 
as the logarithm of the stimulus over the useful range of field 
brightness. This result is in accordance with the law stated 
by Fechner' in 1858 that, as the stimulus of the eye is increased 
in geometrical progression, the resulting sensation is increased in 
arithmetical progression. The rat io AB/B is sometimes termed 
Fechner's fraction. 

^ But which is only a corollary of Welder’s inoro general law of sensation. 
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In most experiments devised to determine contrast sensitivity, 
the eye is allowed to view an extended field of uniform brightness 
and to become adapted to this brightness level before observations 
are begun. Now in ordinary vision, the field is seldom of uniform 
brightness, but the eye nevertheless adjusts itself to a certain 
adaptation level, which is a sort of average field brightness. The 
curve in Fig. 93 shows that the appearance of a given object does 
not change with the amount of illumination on it, provided that 
its brightness is always kept within the range where the sensation 

curve is a straight line. In other 
words, the level of illumination in 
a room could be varied slowly 
between wide limits without 
producing any change in the 
appearance of objects in the 
room. This indicates how utterly 
unreliable the eye is for judging 
the level of illumination as, for 
example, in gauging the time of 



Fig. 94. —Critical frequency in 
flashes per second as a function of 
field brightness. The flashes and 
dark intervals are of equal duration. 


83. The Sensitivity of the Eye 
to Flicker.—The visual apparatus 
does not respond instantly to a 
given stimulus, nor does the 
sensation cease immediately when the stimulus is riunoved. 
Hence, if the eye is exposed to a source whose intensity is varied 
rapidly, the persistence of vision may prevent the flicker from 
being detected. The highest frequency at which flicker is just 
perceptible is known as the critical frequericy. This cpiantity 
is measured by interrupting a beam of light by means of a rot ating 
sector wheel containing equal opaque and transparent sect.ors 
and noting the speed of rotation at which the sensat.ion of flicktn- 
disappears. The curve in Fig. 94 gives the critical frefjuency in 
cycles per second as a function of the field brightness for a source 
of white light. This curve is for foveal vision, the critical fre¬ 
quency being somewhat higher for the extra-foveal region. 

In the experiment from which this curve was determined, tl\e 
flashes of light were separated by equal periods of total darkness. 
The critical frequency as a function of the degree of modulation 
of the light has been studied by J. S. Dow,^ and a typical set 
^ Electrician, 69, 255 (1907). 
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of his curves is reproduced in Fig. 95. It will be observed that, 
under the most favorable conditions of brightness and frequency, 
the least perceptible change in brightness is of the order of 1.5 
per cent. 

One of the common methods in photometry for reducing the 
intensity of a source of light is to use a wheel from which sectors 
of known angular aperture have been cut and to rotate this wheel 
in the path of the light at such a speed that the flicker is imper¬ 
ceptible. If the eye responded instantaneously to the stimulus 
and if the response were proportional to the stimulus instead 
of to its logarithm, no proof would be required for the validity 
of this method; a light seen through a wheel from which two 90° 



Fia. 95.—^Least perceptible brightness difference as a function of the flicker 
speed for several brightness levels. The brightness level in candles .per square 
meter is indicated on each curve. 


sectors had been cut would appear to have exactly half its true 
brightness. But since the eye does not fulfill the required condi¬ 
tions, an experimental proof of the validity of the method must 
be sought. As long ago as 1834, Fox Talbot performed an 
experiment which indicated that the apparent brightness of an 
object viewed through a sector wheel is proportional to the 
angular apertures of the openings if the speed of the wheel is so 
high that the flicker is imperceptible. This principle of the 
integrating action of the eye is commonly called Talbot'’s law. 
It has been found^ to hold at all flicker speeds above the critical 
frequency to within the limit of experimental error in photometric 
measurements, provided the eye is exposed to the light for at 
least 3 per cent of the cycle. 

^ Bur. Standards Sd. Paper 26. 
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The persistence of vision of the human eye is utilized in the 
projection of motion pictures. The camera makes a series of 
photographs of the subject, usually at the rate of 24 per second 
if the pictures are synchronized with sound. These pictures are 
projected on the screen in succession, the film being held sta¬ 
tionary during the projection of each picture. To prevent blur¬ 
ring of the screen image by the movement of the film, a shutter 
eclipses the beam while the film is in motion. At this speed of 
projection, the frequency of interruption of the light is below 
the critical frequency for the screen brightness that is ordinarily 
used. To minimize the flicker, the shutter is commonly con¬ 
structed with three blades instead of one. Three flashes of 
light are projected through each picture, and the shift to the 
succeeding picture is made to occur during one of the dark 
intervals. 

84. Other Visual Phenomena.—No discussion of the eye is 
adequate without some consideration of the subject of color 
vision. Although this subject might properly be discussed here, 
it is so important to an understanding of the methods of measur¬ 
ing color that it will be treated in connection with that subject 
in Chap. XIV. There are, however, many other visual phe¬ 
nomena that have perforce been omitted in this brief treatment 
of the eye. This should not be taken as an indication that such 
phenomena are unimportant. On the contrary, the physicist 
must be especially warned against the all too common tendency 
to embark upon investigations of the visual process without 
acquainting himself with all the visual phenomena known to the 
physiologist and the psychologist. This tendency among 
physicists is as common as the custom among physiologists and 
psychologists of employing physical apparatus in a wholly 
improper manner. The situation is probably a result of the 
attempt to classify all science into divisions separated by artificial 
boundaries. Fortunately for visual science, these boundaries 
are going out of fashion; and it is to be hoped that the result 
will be a renewed activity in this field, which has received little 
consideration by adequately prepared investigators since the 
days of Helmholtz and his immediate followers. 



CHAPTER XI 


PHOTOGRAPHY 

Photography in the broadest sense relates to the applications 
of photochemical reactions between light and matter, the matter 
being usually one or more of the silver halides in a gelatin emul¬ 
sion. Some photochemical effects, such as the tanning of the 
human skin on exposure to sunlight, must have been known to 
the ancients, but it was not until the middle of the eighteenth 
century that photochemical reactions were found that proceeded 
rapidly enough to suggest the idea implied in the word ‘'photog¬ 
raphy''—namely, to write with light. 

86 . The History of Photography,—The earliest use of photog¬ 
raphy was for the production of silhouettes. The materials 
used were sheets of paper or leather sensitized with either silver 
nitrate or one of the halides of silver, usually the chloride. The 
sheets thus treated darkened on exposure to light because part 
of the silver salt was reduced to black metallic silver. The results 
were not permanent, of course, because further exposure darkened 
the unexposed portions also. There were two other outstanding 
difficulties: the exposures required were very long, and the result 
was a negative—that is, the greatest amount of darkening 
occurred where the light from the subject was most intense. 
In 1839, Sir John Herschel overcame the first of these difficulties 
by his discovery of sodium thiosulphate (Na 2 S 203 + 6 H 2 O), a 
material that has the ability to dissolve the relatively insoluble 
silver halides. This discovery permitted the removal of the 
unexposed halides, a process known fixing. The term ‘‘hypo 
that is almost universally applied to this salt resulted from its 
being mistaken at first for sodium hyposulphite. 

The other objectionable features were eliminated by Fox 
Talbot about two years later. He found it possible to reduce 
the exposure in the camera until only an invisible or latent 
image was formed on the sensitized surface. This image was 
then “developed" in a solution of gallic acid. The portions 
of the silver halide that had been exposed to light were thus 
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reduced to metallic silver, but the unexposed portions were 
only slightly affected. This procedure shortened the required 
exposure because most of the energy necessary for the reduction 
of the silver halide was supplied by the developer rather than 
by the exposing light. Fox Talbot used transparent paper as 
the support for the light-sensitive material and was therefore able 
to make positive prints from his negatives. It will be seen that 
this method differed only in minor details from that in common 
use to-day. In fact, some of his pictures were surprisingly good. 

The early investigators tried almost every substance that 
might conceivably be affected by light in the hope of circumvent¬ 
ing the dijfiiculties of the silver halide process. Niepce experi¬ 
mented with plates of metal or stone upon which he coated a 
solution of bitumen of Judea dissolved in oil of lavender. These 
plates were exposed in the camera, the action of the light being 
to make the bitumen insoluble. They were then developed in 
oil of lavender, which removed the unexposed material. Then, 
by etching the plate in acid, a relief image was obtained from 
which prints could be made in an ordinary printing press. This 
process was the forerunner of the present photomechanical 
methods. 

In 1829, Niepce formed a partnership with a scene painter 
named Daguerre, who also was experimenting with photography. 
A few years later Niepce died, whereupon Daguerre discarded 
the bitumen for silver and, aided by a lucky accident, developed 
what became known as the daguerreotype process. In its final 
form, this process consisted in exposing a polished silver surface 
to iodine vapor, thereby forming a thin coating of silver iodide. 
The plate was exposed in the camera for three or four minutes 
and was then developed by subjecting it to the action of mercury 
vapor. In this operation, metallic mercury gradually condenses 
on the portions that have been exposed to light—the reaction 
being but little understood even at the present time. The plates 
were fixed in a solution of hypo as usual. The daguerreotype 
is a direct positive of high quality, and it was deservedly popular 
for portraits until Scott-Archer discovered the wet-collodion 
process in 1851. 

The developments in the photographic art since the middle 
of the nineteenth century have been largely in the nature of 
improvements in the sensitized material rather than modifica¬ 
tions in the method. The wet-collodion process of Scott-Archer 
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gave excellent results, but it involved sensitizing tbe plates 
in the field and exposing them while still wet. Nevertheless it 
was extensively used until the advent of the gelatino-bromide 
emulsion, which was first described in 1871 by Dr. Maddox, 
an English amateur photographer. Our present-day emulsions 
are merely improved varieties of this one. 

Photography started on its road to popularity about 1880 
with the introduction by George Eastman of the cellulose nitrate 
film support for the emulsion instead of glass. Without this 
invention, neither amateur nor motion-picture photography 
in their present forms would have been possible. One difficulty 
with the early film was that, after being developed, it curled 
into a tight roll or spiral because of the shrinking of the emulsion 
on drying. To overcome this, the reverse side of the film base 
was coated with plain gelatin. With the exception of motion- 
picture film, practically all film made to-day is of the non-curling 
type. 

86. The Nature and Manipulation of Photographic Materials. 
In modern negative materials—that is, those intended for use in 
a camera—the emulsion consists of silver bromide and a small 
amount of silver iodide in gelatin. The emulsion is prepared by 
adding a moderately concentrated silver nitrate solution to a 
solution containing potassium bromide, potassium iodide, and 
gelatin. The silver bromide precipitates in the form of crystals 
or grains. The silver iodide enters directly into these crystals 
instead of precipitating separately. Curiously enough, it pro¬ 
duces a marked increase in the sensitivity of the silver bromide 
grains although alone it is relatively insensitive. The chemistry 
of the preparation of high-speed emulsions is only beginning 
to be understood. For obvious reasons, many of the important 
details of the method are trade secrets and, although seemingly 
explicit directions have been published, the art of making high¬ 
speed emulsions is possessed by only a few experts. This, 
however, causes no hardship because so many types of materials 
are available that the user has but to select the one best adapted 
to his purpose. 

The diffusion of light in an undeveloped emulsion is so great 
that examination with a microscope reveals very little. The 
grains of which it is composed can be studied by diluting the 
emulsion with water and recoating it on glass slides in a layer 
only one grain deep. A typical photomicrograph of a single 
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layer of emulsion from a fast portrait (Eastman 40) plate is 
shown in Fig. 96. It will be seen that the large grains are 
generally either triangular or hexagonal in shape, whereas the 
smaller ones tend to be more nearly circular. These grains are, 
in reality, flat plates which, in the drying-down process that the 
emulsion undergoes after coating, tend to orient themselves 
parallel to the support. The grains vary enormously in size, 
even in a single emulsion. Many are too small to be resolved 



^ grains in a fast portrait emnlsion before 


by a microscope (less than 0.0002 mm across), whereas a few 
grains in a high-speed emulsion may be as large as 0.003 mm 
across. The distribution of grain sizes has been studied exten¬ 
sively,^ the curve for the material of Fig. 96 being shown in 
Fig. 97. 

Although many investigators have studied the photographic 
process both theoretically and experimentally, no eminently 
satisfactory theory of the latent image has yet been devised. 
The difficulty in understanding the process probably results as 
much from our insufficient knowledge of the nature of light as 

' See a senes of papers by E. P. Wightman and others in Jour. Phys Chem 
between 1921 and 1924. 
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from a lack of comprehension of the physical and chemical 
changes that are produced in the light-sensitive substance itself. 
Whatever the effect of light is, there is one outstanding experi¬ 
mental fact upon which photography in the modern sense may 
be said to rest—namely, that there exist certain chemical sub¬ 
stances, known as photographic developers, which are capable 
of distinguishing between the exposed and the unexposed grains. 
The act of exposing a photographic material renders a certain 
number of grains developable. In other words, these grains are 
placed in a condition to be reduced to metallic silver when acted 
upon by a suitable developer. Since the penetration of the 
developer into the emulsion is a relatively slow process, the 
number of developable grains that are actually developed depends 



Fig. 97. —Frequency distribution of the grains shown in Fig. 96 as a function 
of their diameter. There were 4.9 X 10’' grains per square centimeter in the 
single-layer emulsion and 1.5 X 10» in the original emulsion from which 
the single-layer emulsion was prepared. The grains are more hexagonal than 
circular, but the abscissae are plotted in terms of a circular grain of equal area. 
(Sj/ courtesy of Dr. E, P. Wightman, Kodak Research Laboraioriea.) 


upon the length of time thtit the material is allowed to remain in 
the developing solution. By inference, the unexposed grains 
should not be developable, but this is only partially true since 
some unexposed grains may be developed also if the time of 
development is excessive. This produces what is known as chemi¬ 
cal fog—that is, a silver deposit where there has been no exposure 
to light. 

The essential steps in making a photograph are exposing, 
developing, fixing, and washing. The first two steps have such 
a profound influence on the quality of the reproduction that 
they will be discussed at some length in the ensuing sections. 
Fixing and washing are relatively unimportant except as regards 
the permanence of the result. Fixing is usually carried out in a 
bath containing some sort of acid hardener in addition to the 
hypo. Except in the tropics, where an especially powerful hard¬ 
ener is required, the following fixing solution is satisfactory: 
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Hypo. 480 grams 


Water, to make. 2 liters 

Then add the following hardener solution slowly to the above hypo solu¬ 
tion while stirring the latter rapidly: 

Water (about 125°F.). 160 cc . 

Sodium sulphite (dry). 30 grams 

Acetic acid (28 per cent). 96 cc 

Potassium alum (powdered). 30 grams 

Dissolve in the order given. 

The plate or film need remain in the fixing bath only long enough 
to dissolve the undeveloped silver halide. There is no difficulty 
in judging by inspection when the material has been fixed because 
the undeveloped halide dissolves most slowly in the regions where 
the density of the developed image is lowest. The proper time 
for washing is not evident on inspection, but it is of great impor¬ 
tance to the permanence of the picture. It depends upon both 
the time required for removing the hypo from the emulsion 
and the time required for clearing the hypo from the vessel in 
which the negatives are washed. The former depends principally 
upon the thickness of the emulsion and varies from about 3 min. 
for materials like lantern plates to 7 min. for high-speed plates 
and films. Papers retain hypo more tenaciously and thus require 
much more washing. A representative value for the chloride 
('‘gas-light”) papers is 20 min. and for bromide papers, 1 hr. 
As a rough guide, the minimum safe time for washing may be 
taken as the time required to remove the hypo from the emulsion 
plus the time required to clear the hypo from the vessel.’ For 
further details concerning the manipulation of phott^graj^hic 
materials, the reader should consult the numerous handbooks 
published by the manufacturers. ^ 

87. The Laws of Exposure and Development.—The discovery 
of the laws of exposure and development of photographic mate¬ 
rials is due principally to two investigators, Ferdinand Hurter 
and Vero C. Driffield,® who began their investigations about 

^ The time required to clear the hypo from the vessel cnii be <l(‘termiiie<l 
by adding a few drops of red ink and finding how long it takes 1h<‘ solution 
to clear. It may be mentioned in this connection that there jin'! scwt'iral 
simple chemical tests for hypo that may be used to insure suflnuent washing. 

2 Such as “Elementary Photographic Chemistry,” pu]>lis^K^d by t.lu^ 
Eastman Kodak Company. 

® Their papers were collected in 1920 by Ferguson under the nuapic^es of 
the Royal Photographic Society and published under the title, “The 
Photographic Researches of Hurter and Driffield.” 
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1880. It was known at that time that photographic materials 
obeyed the so-called recvprocity law of Bunsen and Roscoe, which 
had been found to hold for many photochemical reactions. 
According to this law, if B represents the illumination on the 
sensitized surface and t represents the time that this illumination 
is allowed to act, the resulting photochemical effect is propor¬ 
tional to the product 

S = Et, (179) 

where the quantity S is called the exposure.^ A more careful 
investigation of this subject has since indicated that all photo¬ 
graphic materials fail to obey the reciprocity law to such an 
extent® that account must be taken of the failure in any quanti¬ 
tative work such as photographic photometry. For most 
purposes, however, the reciprocity law may be regarded as a 
remarkably accurate statement of the observed facts over the 
ordinary range of illumination intensities. 

The reciprocity law was almost the only quantitative informal 
tion that was available at the time that Hurter and Driffield 
undertook their investigation. One of their first acts, therefore, 
was to decide upon a unit for measuring the amount of blackening 
of a developed photographic image. They selected the optical 
density for this purpose, which has already been defined by Eq. 
(11) in Chap. I as 

D = logio 

where T, the transparency, is the ratio of the light transmitted 
by the developed image to the light incident on it. The density 
of a photographic deposit was found to be very nearly propor¬ 
tional to the mass of reduced silver per unit area, the constant 
of proportionality being sometimes called the photometric con¬ 
stant. Its value varies somewhat with the type of material 
but is usually in the neighborhood of 0.0001 gram of silver per 
square centimeter per unit density. 

* Tho illumination is commonly inoasurod in lumons por squares meter 
(lueter-ciindlos), and the time of exposure in seconds. The imit of plioto- 
graphic exposure is therefore the lurnen-second per square meter or, more 
frequently, its numerical equivalent, the meter-candlci-sccond. 

2 See a series of papers by Li. A. Jones and others in Jour. Optical Soc. 
Amer. and Rev. Sci. Instruments between 1923 and 1927. 
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The manner in which the density of an image increases with 
the time of development will now be investigated. A set of 
typical curves is shown in Fig. 98, each curve being for a different 
value of exposure. The shape of these curves indicates that the 
rate of development corresponds to what is known in chemistry 
as a first-order reaction—that is, one in which the rate of the 
reaction at any time is proportional to the amount of material 



Pig. 98.—Curves showing, for a typical portrait film, the rate of growth of 
d^sity with the time of development. The exposure in metor-candle-soconds is 
in icated on each curve. These curves have been slightly idealized to cmphiisizo 
the more important features. 

that remains to be acted upon. Expressed in mathematical 
®y^hols, the rate of increase in density is 

dD - . _ _. 

— ==}c(D^-D), (180) 

where D is the density at the time t, and is the density that 
produced if the development were indefinitely pro¬ 
longed. The proportionality constant k is called the developmetU 
constant. Its value depends on the concentration and tempera¬ 
ture of the developing solution, on the type of emulsion and 
developer, and, of course, on the units in which the quantit ies are 
measured. The solution of this differential equation is 

D = Z)„ (1 — (181) 

which represents the experimental curves of Fig. 98 as satis¬ 
factorily as any equation containing only two arbitrary constants. 
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Actually, there is always a short induction period before the 
developer begins to act, so a better correspondence with the 
experimental facts is obtained by an equation of the form 

Z> == [1 — (182) 

For most purposes, however, the two-constant equation is quite 
precise enough, and its greater simplicity justifies its use. 

The exposure steps in Fig. 98 are in geometrical progression, 
which is found to result in spacing the curves equally except for 



Fio. 99.—Characteristic curves of a typical portrait film. These curves are 
plotted from those of Fig. 98. The development time and the value of gamma 
for each curve are indicated. 


very small and very large values of exposure. For small values, 
the curves approach a limit set by the development of the fog 
density. For large values, the limit is set by the saturation ” 
of the emulsion by light that is, with sufficient exposure all the 
grains in the material are made developable. 

In any actual photograph, the development time is constant 
and the exposure varies from point to point of the material. 
The curves in Fig. 98 can be replotted at once to show the varia¬ 
tion of density with exposure for any time of development, as 
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is done in Fig. 99. The exposure is plotted on a logarithmic 
scale, partly because of the simplicity in interpreting the results 
but more because of the great range of exposure values to be 
represented. These curves are called characteristic curves or, 
sometimes, H and, D curves because Hurter and Driffield were 
the first to plot them in this manner. 

The significant features of these curves are the long straight 
portion, the common point of intersection on the axis, and the 
steadily increasing slope which tends toward a definite limit 
for an infinite time of development. The curves in Fig. 99 have 
been slightly idealized for the sake of clarity in the presentation. 
In practice, the straight portion is seldom exactly straight and 
the point of intersection is less well defined. Moreover, this 
point may lie somewhat below the axis of abscissae, especially 
if the developer contains soluble bromides, as will be shown later. 
In the absence of soluble bromides, the curves are affected to 
a surprisingly slight extent by the type of developer used. To 
be sure, the rate at which the development proceeds does depend 
upon the type of developer, its temperature, and its concentra¬ 
tion, but the general appearance of the family of characteristic 
curves remains the same. 

The exposure range shown in the figure is that ordinarily 
encountered in practice. For greater values of exposure, the 
density attains a maximum and then diminishes. It is clear 
that direct positives could be made by working in the range 
where the density decreases with an increase in the exposure, 
but the exposures required are so excessive that such a procedure 
is usually impracticable. A positive image of this sort is occa¬ 
sionally produced in photographs showing the sun or a street 
light at night. These objects are so very bright that, when the 
exposure is correct for the rest of the picture area, they are 
overexposed to such an extent as to be reversed. The phe¬ 
nomenon was formerly called solarization but is now more fre¬ 
quently called reversal.^ 

' A so-called reversal process is used for making direct positives in amateur 
cinematography and in certain methods of color photography. It consists 
in developing the latent image in the ordinary nianner, dissolving the silver 
in a “bleaching” solution, exposing the remaining silver bromide, and devel¬ 
oping the material a second time. A dark-room lamp that is unsafe will 
sometimes produce weird reversal effects in much the same way by exposing 
the lower layers of the emulsion through the upper layers that have already 
been developed. 
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88 . Sensitometry. —Hurter and Driffield undertook their 
investigation of the laws of blackening in the hope of finding 
a satisfactory method of specifying the sensitivity of photo¬ 
graphic materials. For this reason, the technique of determining 
the characteristic curves is known as seTisitoinetryf^ although it 
furnishes much more information about the materials than 



Fig, 100.—A typical sensitometric strip. 


merely their sensitivity. In outline, the procedure in deter¬ 
mining a set of characteristic curves is as follows: Several strips 
of the material to be tested are given a graded series of exposures, 
usually varying in a geometrical progression. These strips are 
developed for different lengths of time under known conditions 
of temperature and concentration. The general appearance 



The non-intermittent setiaitonieter used at tlie ^assachusotts 
Institute of TechuoloKy. The controls for keeping the light intensity constant 
are in the top of the lamp house at the left. A film holder, which ucirominodates 
three strips, ^is lying agjiinst the instrument. In iiso, it is insortocl in the slut 
above the switch at the right. The openings in the sector wheels are visible under 
the raised cover. 

of a developed strip is shown in Fig. 100. The density of each 
step is then measured optically and plotted as a function of the 
logarithm of the exposure. 

* This subjix^t is suininarizod exhaustively in a series of papers by 
L. A. Jones, Jour. Soc. Motion Picture E'ug., 17, 491 and 095 (19:11) and 18 
64 and 324 (1932). 
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The instrument used for exposing the material is called a 
eensitometer. It consists of a box containing a light source and 
some means for producing the graded series of exposures. Hurter 
and Driffield used a rapidly rotating sector wheel just in front 
of the plate or film. This is open to the objection that the 
photographic material does not properly integrate intermittent 
exposures. In modern instruments, this difficulty is avoided 
by causing the sector wheel to make only a single revolution 
during the exposure. A photograph of such an instrument^ 
in use in the photographic laboratory of the Massachusetts 
Institute of Technology is shown in Fig. 101. This instrument 
contains two concentric sector wheels, which provide for a much 
greater exposure range than a single wheel. 

The density of each step is measured by means of an instru¬ 
ment called a densitometer. Such an instrument usually consists 

of a photometer for comparing two 
beams from the same source of light, 
one beam passing through the strip 
and the other passing around it. 
Although instruments for this pur¬ 
pose will be discussed in Sec. 107, 
Chap. XIII, it may be mentioned 
here that the optical density of a 
photographic deposit depends some¬ 
what upon the method by which it 
is measured. This will be clear from 
Fig. 102, which shows a beam of light 
incident on a developed photographic image. Since the silver 
grains composing the image scatter some of the incident, light, the 
density of the deposit depends upon whether the densitometer col¬ 
lects all the light passing through the material or only t he portion 
that is unscattered. In the first case, the instrument is said to 
measure the diffuse density; and in the second case, the specular 
density. 

It is impossible to find a simple mathematical equation that 
is adequate to express the relationship between density and 
exposure which is represented by a characteristic curve. We 
shall see presently, however, that the straight portion of the curve 
is the region of greatest interest, and this can be described very 
simply by an equation of the form 

^Jour, Optical Soc. Amer. and Rev. Sd. Instruments, 10, 149 (1925). 
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D = y (log S — log ^■) = y log ? y (183) 

where y and i are constants. The quantity y is the tangent 
of the angle between the straight portion of the curve and the 
horizontal axis. The quantity i is the exposure corresponding 
to the intersection with the horizontal axis of the straight portion 
of the curve (extended). In Fig. 99, this exposure is 0.017 
m.c.s. This exposure will here be called the inertia, although the 
quantity has sometimes been defined in a slightly different 
manner. 



Fio. 103.—Curve shovriiig the variation of gamma with development time 
for a typicMil portrait film. This curve is plotted from the curves in Tig. 99 and is 
represented analytically by Eq. (184). 

Assuming that i is independent of y —in other words, that tlie 
curves intersect the horizontal axis at a common point—-Eq. 
(183) indicates that, for a given exposure, the density is pro¬ 
portional to y. This result, combined with Eq. (181), means 
that y is related to the development time according to the 
expression 

T = T«(l — (184) 

where y« is the value of y that would result if the development 
were indefinitely prolonged. A plot of y as a function of the 
time of development is shown in Fig. 103. 

The value of y indicates what the practical photographer 
calls the degree of contrast to which the material has been devel¬ 
oped. If y^ and k are known for a given material and a given 
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set of development conditions, the time of development required 
to produce any desired degree of contrast can be found at once 
from Eq. (184), which becomes 

t = ^ logxo (186) 

k Too ~ T 


when solved exphcitly for t. The values of t oo and k can be found 
by developing two sensitometric strips for different lengths of 
time, plotting the characteristic curve for each strip, and deter¬ 
mining the value of t for each. Suppose that the development 
times are tx and U and that the corresponding gammas are ti 
and T 2 . To facilitate the calculation, let = 2.t\. It can then 
be shown that 


Too 


Ti 


2 


2ti — T2 


(186) 


and 



logio 


Ti 

T2 — Ti 


(187) 


In obtaining the data from which the characteristic curves 
are plotted, it is desirable to measure the type of density that is 
significant in connection with the purpose for which the material 
is to be used. In contact printing, for example, substantially 
all the light passing through the negative reaches the positive 
material. The effective density in this case closely approaches 
the diffuse-density value. In projection printing, on the other 
hand, almost none of the scattered light reaches the positive 
m|||terial. The effective density approaches more closely, there¬ 
fore, the specular-density value.^ The relationship between 
specular and diffuse density is usually associated with the work 
of Callier. It is found that Callier^s coejfficieyit, which is the ratio 
of the specular density of a deposit to the diffuse density, is 
approximately constant over a considerable density range. Its 
value is ordinarily about 1.3, which means that specular densities 
are 30 per cent higher than diffuse densities.'^ Obviously the 
characteristic curve has the same general shape regardless of 
the type of density that is measured, but the value of gamma 

^ This assumes that the projection printer contains a condcns(^r indiind the 
negative instead of a diffusing glass. See the discussion of transmission 
measurements, p. 283. 

2 For a recent investigation of this subject, see a paper by Tuttle, Jour. 
Optical Soc. Amer. and Rev. Sci. Instruments^ 12, 559 (1926). 
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determined from specular-density measurements is approximately 
30 per cent higher than the corresponding value for diffuse- 
density measurements. This explains why a given negative 
appears to have more contrast when printed by projection than 
when printed by contact. 

89. Speed.—The method of measuring the sensitivity of a 
photographic material that was in vogue before the time of 
Hurter and DriflGleld consisted in giving the material a graded 
series of exposures and then determining by inspection the 
exposure that produced a just perceptible deposit. This is a 
difficult determination to make because the conditions of observa¬ 
tion have considerable influence upon the observer’s judgment. 
Furthermore, the results at best are not very significant. 

Although the characteristic curves of Hurter and Driffield 
give a complete specification of the relationship between density 
and exposure, it is obviously desirable to express the sensitivity 
by means of a single constant, if possible. This can be done 
if the characteristic curves have a common point of intersection 
on the axis of abscissae, as in Fig. 99. The inertia is then inde¬ 
pendent of the extent of development and might properly be 
chosen as a measure of the sensitivity of the material. Hurter 
and Driffield chose, however, to measure the speed in terms 
of the reciprocal of the inertia and adopted the arbitrary definition 



where i is measured in meter-candle-seconds. 

Whatever method of measuring speed is used, the results will 
obviously depend upon the spectral quality of the lamp used 
in the sensitometer, unless the spectral sensitivity of the photo¬ 
graphic material is identical with that of the eye. As this is never 
true, the only fair method is to use a lamp of the same spectral 
quality as that to which the material will be exposed in the 
camera. I^]ven this is generally impossible because the subject 
to be photographed usually contains areas with widely different 
spectral-reflection characteristics and the subject itself may be 
illuminated by light of almost any spectral qtiality. It is cus¬ 
tomary nowadays to use in the sensitometer a light source 
that very closely corresponds in spectral quality to mean noon 
sunlight.^ Photographic materials are about six times faster, 

* The method of producing radiutiuii of this spectral quality was described 
in Sec. 73, Chap. IX. 
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on the average, when the speed is measured with this type of 
source instead of the pentane standard used by Hurter and 
Driffield. This is because the pentane lamp is relatively deficient 
in the blue end of the spectrum, where photographic materials 
are ordinarily most sensitive. As a matter of convenience, 
therefore, the speed has been redefined as 

-S = ^ . (188) 


This definition has been adopted by the International Congress 
of Photography^ and is now used by all the leading photographic 
laboratories. 

It may not be amiss to mention that much criticism has been 
directed toward Hurter and Driffield’s method of specifying the 
speed of a photographic material. A part of this criticism arises 
from a failure to realize that a single constant is incapable of 
representing the speed of a material under a wide variety of 
conditions. It cannot be expected, for example, that the speed 
of a material determined with a source of sunlight quality will 
give more than a rough indication of its speed when exposed to 
an ordinary artificial source. Then, too, there are many applica¬ 
tions* of photography in which the useful criterion of speed is 
merely the exposure required to produce a given density. This 
is true, for example, in the so-called variable-width method of 
recorc^g sound on motion-picture film. It is true also in many 
scientific applications of photography, such as spectroscopy, 
where a minimum density of about 0.6 above the fog density is 
required for the detection and measurement of wefik absi>rption 
lines. The exposure required to produce this density obviously 
depends upon the extent of development, and in practice it is 
found that, a development to approximately 0.8 is tlie highest 
that IS feasible. Since materials with a low H and D sp(‘ed 
comnionly have a high value of t„, it frequently happens that, 
a material that is slower according to Hurter and Driffield’s 

e nition may require less exposure when used for the spt'cial 
purposes just mentioned. For general purposes, however, iho. 

urter and Driffield definition of speed provides the best- indica- 
taon of sensiUvity that can be provided by a sinRle constant. 
Its principal disadvantage appears when the intersection of the 

'See tte aen« of reports on the photographic unit of intensity that have 
been pubhshed m Jour. Optical Soc. Amcr. since 1925. 
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characteristic curves is not on the axis of abscissae, in which case 
the inertia depends upon the time of development. 

90. Other Sensitometric Characteristics.—-The latitude of a 
photographic material is defined as the ratio of the exposure 
at the upper end of the straight portion of the characteristic 
curve to the exposure at the lower end. Thus in Fig. 104, the 
exposure at the upper end is 1.7 m.c.s., and the exposure at the 
lower end is 0.04 m.c.s. The latitude of the material is therefore 
42. Because of the difficulty of determining the exact point 
where the characteristic curve breaks away from a straight line, 
the precision of latitude determinations is very low. In this 



Fm. 104.—A typidul cliuriu^toristio curve with its various features indicated. 
The broken curve sliows the elTcct of fi;ivinK the film an auxiliary exposure equal 
to the exposure ut the lower end of the struif^ht portion (0.04 c.m.s.). 

figure, for example, it is easy to see that a relatively small error 
in judgment would change the measured latitude enormously. 

The latitude of an emulsion depends largely upon its thickness. 
For a material that is to be used in the camera, it is desirable 
to have a great latitude to allow for errors in exposure. On the 
other hand, for positive materials, such as cine positive film and 
lantern slides, a great latitude is unnecessary. In fact, it is 
even undesirable, because a thick emulsion requires more time 
and material to process. 

Another property of an emulsion that can be read directly 
from the H and D curves is the fog denaily —that is, t.hc density 
in the unexposed regions. The fog density for the curve in Fig. 
104 is 0.14. The amount of fog increases with the time of 
development according to approximately the same laws as the 
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image [Eq. (181)]. Some investigators are in the habit of sub¬ 
tracting the fog density from the density of each step before 
plotting the characteristic curve, but this procedure seems 
scarcely justifiable when it is remembered that the fog density 
is greatest where there is no image density and drops to zero where 
all the silver bromide is exposed. The growth of fog density is 
restrained by the addition of soluble bromides to the developer, 
but these have other effects that will be discussed in another 
section. 

The effective speed of a photographic material can be somewhat 
increased at the expense of an increased fog density by giving it 
an auxiliary flash exposure. The result of this procedure is 
shown by the broken curve in Fig. 104, which corresponds to a 
flash exposure equal in magnitude to the exposure at the lower 
end of the straight portion of the curve. Because of the logarith¬ 
mic scale, the auxiliary exposure is more effective in the lower 
density range and results therefore in destroying the straight 
line. This involves some distortion of the tone values, as we 
shall see presently; but where faithful rendition is not required, 
as in astronomy or spectroscopy, it is a useful expedient because 
it does shorten the time of exposure required to make a visible 
record. This procedure is most effective with materials having 
a low fog density. The auxiliary exposure can be given either 
before, during, or after the regular exposure. 

Until recently, photographic establishments have been reluc¬ 
tant to publish data concerning the materials they manufacture. 
There was adequate reason for this policy. The lack of scientific 
knowledge on the part of most photographers would have led 
to the misinterpretation of such information, and the lack of 
standardization in sensitometric procedure would have led to 
unfair comparisons. A step in the right direction was recently 
taken by Mees,^ who has published invaluable data concerning 
the characteristics of the materials that are most widely used for 
scientific purposes. The ideal procedure from the standpoint of 
the technically trained photographer would be to have this 
information supplied with each package of material. Until this 
procedure is adopted, the only practical course seems to be to 
give the average characteristics for the materials supplied by 

Jowr. Optical Soc. Amer., 21, 753 (1931). The authors understand 
that this article is to be reprinted by the Bastman Kodak Company as a 
pamphlet and revised at intervals to keep the information up to date. 
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one leading manufacturer, as is done in Table XIV. It must be 
emphasized, however, that the materials are being constantly 
improved and that their characteristics therefore change from 
time to time. The characteristics given in this table are for 
development at 68°F. in a developer composed of equal parts 
of the following solutions: 


A 

Sodhim sulphite. 70 grams 

Sodium bisulphite. 17 grams 

Pyrogallic acid. 20 grams 

Water, to make. 1 liter 

B 

Sodium carbonate. 75 grams 

Potassium bromide. 1 gram 

Water, to make. 1 liter 


The first column in Table XIV gives the inertia in meter-candle- 
seconds for a light source approximating mean noon sunlight in 
its spectral quality. In the determination of these values, the 
level of illumination was held constant at 0.2 meter-candle and 
the time of exposure was varied. The second column gives the 
corresponding H and D speeds, computed according to Eq. 
(188). The next three columns give respectively the values of 
fc, -y„, and the time in minutes required to produce a gamma of 
unity. These values were determined by developing a large 
number of strips for various lengths of time and plotting the time- 
gamma curve. The time for a gamma of unity was then read 
directly from the curve, and was estimated by extrapolation. 
The value of fc was found by measuring d^/dt at the point where 
7 = 1 and substituting in the equation 


S - -V) . 


This procedure gives results that are more consistent than those 
obtained by using only two strips and computing by means of 
Eqs. (186) and (187). 

T^he values of fog density are not included because when 
the materials receive the development that is ordinarily used in 
practice, the fog density of even high-speed materials seldom 
exceeds 0.12. The fog density of very slow materials, such as 
lantern-slide plates, is often as low as 0.02. These values repre¬ 
sent the density due to the photographic deposit alone. The 
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Table XIV. —Sbnsitombtric Charactjbristics of PHOTO<.»RAi»fnc Materi¬ 
als Manufactured by the Eastman Kodak Company (1932) 


Material 

i 

10/i 

k 

*7 Qo 

Time for 
7-1, 

minutes 

Motion-picture film; 






Supersensitive panchromatic negative. 

0.011 

900 

0.25 

1.60 

4.0 

Type 2 panchromatic negative. 

0.017 

600 

0.25 

1.60 

4.0 

Ordinary negative. 

0.020 

500 

0.22 

1.80 

3.7 

Duplicating positive. 

0.140 

70 

0,37 

2.40 

1.5 

Ordinary positive. 

0.260 

40 

0.37 

2.40 

1.5 

Cine Kodak (reversal) film: 






Supersensitive panchromatic. 

0.017 

600 

0.27 

2. 1() 

2.5 

Panchromatic... 

0.025 

400 

0.27 

2. lO 

2,5 

Aero film: 






Supersensitive panchromatic. 

0.011 

900 

0.25 

1.60 

4.0 

T 3 rpe 2 panchromatic. 

0.017 

600 

0.25 

1.60 

4.0 

Ortho. 

0.020 

500 

0.22 

1.80 

3.7 

Koll film and film pack: 






Veri chrome. 

0.017 

600 

0.22 

1.70 

4.0 

N on-curling. 

0.025 

400 

0.22 

1.60 

4.5 

Cut film: 






Supersensitive panchromatic. 

0.011 

900 

0.25 

1.70 

3.6 

Portrait panchromatic... 

0.014 

700 

0.25 

1.50 

4.5 

Commercial panchromatic... 

0.017 

600 

0.22 

1,80 

3,7 

Portrait. 

0.022 

450 

0.25 

1,40 

5.0 

Commercial Ortho. 

0.029 

350 

0.25 

2.20 

2,4 

Commercial. 

0.050 

200 

0.28 

2.40 

2.0 

Panchromatic process. 

0.130 


0.37 

3 . GO 

1,2 

Process. 

0.200 

50 

0.37 

3.00 

1 . 2 

Plates:. 






Kastman Hyper Press. 

0.011 

900 

0.22 

1.40 

5.5 

Wratten hypersensitive panchromatic. 

0.011 

900 

0.25 

2.00 

3.0 

Kastman Speedway. 

0.014 

700 

0.22 

1.50 

5 . 0 

Kastman 40 ... 

0.017 

600 

0 . 25 

1 . 60 

4.0 

Wratten panchromatic. 

0.020 

500 

<) . 30 

2.60 

1 . 7 

Kastman 36 . 

0.022 

450 

0 . 25 

1 . 70 

3.6 

Kastman D. C. Ortho. 

0.022 

450 

0.22 

1 .80 

3.7 

^Eastman S. C. Ortho. 

0.026 

400 

0.22 

1 . 70 

4.0 

Eastman Universal. | 

0.025 

400 

0.22 

1 . 70 

4.0 

Eastman Polychrome. 

0.029 

350 

0.27 

2 .< K ) 

2.5 

Eastman Commercial. 

0.033 

300 

0.27 

2 . OO 

2.5 

Eastman 33 . 

0.033 

300 

0.28 

2.20 

2.1 

'Wratten process panchromatic. 

0.050 

200 

0.35 

3 . OO 

1 . 2 

Wratten “M”. 

0.050 

200 

0.35 

3 . OO 

1 . 2 

Eastman process. 

0.200 

50 

0.37 

3 , ( K ) 

1 , 2 

Eastman lantern-slide, regular. 

0.500 

20 

0.40 

3.20 

1 O 


density of the support, due to losses by reflection, is ordinarily 
in the neighborhood of 0.03. No values of latitude are given 
in the table, partly because of the difficulty of assigning a definite 
value and partly because the latitude depends to a considerable 
extent on the degree of development. In general, the latitude 
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is greater for high-speed materials than for slow materials like 
process film and lantern-slide plates. 

91. The Rendition of Tone Values.—In the ordinary use of 
photographic materials, the camera is directed toward a subject 
that can be described in terms of the brightness of each elemen¬ 
tary area in the field of view. To be sure, these elementary areas 
are usually of different colors also, but we shall assume that the 
reproduction is to be in monochrome so that only the brightness 
can be reproduced. Let B represent the brightness of the subject, 
which varies, of course, from point to point of the subject area. 
For the sake of concreteness, let it be assumed that a lantern 
slide is then made from the negative and projected on a screen. 
Let h represent the brightness of the screen, which likewise varies 
from point to point. Now if h is equal to B at all points, the 
reproduction is perfect—that is, the brightnesses, or tones, of 
the subject are faithfully reproduced. But this condition is 
difficult to realize, owing to limitations in projection equipment. 
Fortunately it is unnecessary, provided the adaptation level of 
the eye is on the straight portion of the sensation curve of 
Fig. 93 when both the subject and its reproduction are viewed. 
In other words, if h is proportional to B, the reproduction will 
ordinarily look exactly like the original. 

The exposure of the negative is proportional to jB in a 
properly designed camera; and the relationship between the 
density of the negative and the exposure is given by Fq. (183) 
for the straight portion of the characteristic curve. This equa¬ 
tion can be rewritten in terms of the transparency as 

log ^ = T„ log ^ (189) 

A n 

or 

T„ = ■ (190) 

If the time of development of the negative is so adjusted that 
Yn = 1, the transparency of the negative will be inversely pro¬ 
portional to its exposure. In the printing process, of course, 
the exposure S,, of the positive is proportional to the trans¬ 
parency Tn of the negative, and the transparency of the positive 
is 

n = ( 2 ’;.)^’’ 


(191) 



220 


THE PRINCIPLES OF OPTICS 


Hence if the positive is also developed to a gamma of unity, its 
transparency is inversely proportional to the exposure it receives 
and is therefore directly proportional to the brightness of the 
subject. But the brightness of the projection screen is pro¬ 
portional to the transparency of the positive, and hence the 
conditions for the faithful reproduction of tone values are satis¬ 
fied. If the algebra of this argument is carried out in a more 
formal manner, it will be seen that the y-values of the negative 
and positive need not be unity individually, but that only their 
product need be unity. In other words, developing the negative 
to a gamma of 0.5 and the positive to a gamma of 2.0, which may 
be more satisfactory in some cases, w'ould produce exactly the 
same result. It must be emphasized that this entire argument 
holds only when all the densities involved lie on the straight 
portions of the characteristic curves. 

It is not always realized that the quantity y is an exponent 
and therefore has a profound effect on the rendition of tone values. 
By way of example, consider an average subject, which usually 
has a brightness range of approximately 32—that is, the bright¬ 
ness of the high light is 32 times that of the deepest shadow.^ 
Let the brightness of the high light be represented by Bi and that 
of the deepest shadow by J32. The brightness range or contrast 
of the subject is 



It is easily seen from Eq. (190) that the corresponding trans¬ 
parency ratio in the negative is 


Ti \B2 ) 

Similarly, the transparency range of the positive is 


(192) 


T^~\T2) 


(193) 


h;+ if M ^ landscape, the high light is usually a white clotid or a 

hv deepest shadow may be a tree trunk illuminated 

y fuU sky hght but no sunlight. Subjects having a contrast greater than 

tr^/lt'^.r « Similarly, subjects having a co “ 

trast less than 8 are ordinarily too flat to be interesting. The first case 

Zw second occurs in 

ciistajit views without foreground. 
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Thus it is clear that only a slight variation in the gamma-product 
will cause a relatively great change in the character of the result. 
If the gamma-product is greater than unity, the contrast of the 
subject is said to be enhanced; if less than unity, it is said to 
be reduced. 

In some of the scientific applications of photography, the 
enhancement of contrast is of great practical importance. In 
microscopy, for example, the slide under examination may be 



Flo. 106.—Graphical method of dotermiiiing the faithfiilnoss of the ton© 

rendition. 

SO thin that certain details are invisible to the eye because 
the contrast is less than the contrast sensitivity of the eye (about 
1.8 per cent, as shown by Fig. 91). It will be seen from Table 
XIV that values of gamma as great as 2.0 are attained quite 
easily and that values approaching 3.0 can be attained with 
difficulty. Taking the latter value for bc^ih the negative and 
the positive, the gamma-product is 9. Thus a brightness differ¬ 
ence as small as 0.2 per cent will be increased to 1.8 per cent in 
the positive and will therefore become perceptible to the eye. 

So far we have assumed that the densities lie entirely on 
the straight portion of both negative and positive curves. This 
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assumption does not conform to practice, where it is frequently 
necessary to use the toe of the negative curve and both the toe 
and the shoulder of the positive curve. Since any equation that 
represents a characteristic curve satisfactorily is necessarily 
complicated, the determination of the rendition of tone values 
in the general case is best accomplished graphically. An 
ingenious method due to L. A. Jones^ is represented in Fig. 105. 
In brief, it consists in using the fourth quadrant for the negative 
characteristic curve, the third quadrant for the positive curve, 
the second quadrant for the variation in the response of the eye 
when viewing the subject and when viewing the reproduction, 
and the first quadrant to compare the resulting visual sensation 
when viewing the reproduction with that when viewing the 
original subject. As explained before, the subject and it« repro¬ 
duction are usually viewed under adaptation levels on the straight 
portion of the sensation curve, and hence the curve in the second 
quadrant is a straight line through the origin at an angle of 45®. 
In other words, only the third and fourth quadrants are important 
in the vast majority of cases. 


It is easily seen from Fig. 105 that the greatest contrast occurs 
for densities lying on the straight portion of the characteristic 
curves of both the negative and the positive. It will be seen 
also that the curvatures of the toe and shoulder of the negative 
are in the wrong directions to be compensated by the curvatures 
of the positive curve. Therefore, if the rendition of tone values 
is correct for the straight portions of the curves, the contrast is 
necessarily too low in the regions of the subject that are recorded 
on the curved portions of either curve. The reduction in contrast, 
gives the appearance of loss of detail. This will be clear from 
ig. 106, which shows the portion of the negative characteristic 
at is used under a variety of exposure and development 
conditions. Underexposing the negative results in loss of detail 
in shadows, whereas overexposure results in loss of detail 
m the high lights. It will be obvious also that overdevelopment 
IS not a cure for underexposure, nor is underdevelopment a cure 
or (werexposure. If the subject has a short brightness range 
overdevelopment of the negative in the case of tnderexpoeure 

improve the result. However, if the 
tones of the subject he on both the toe and the straight portion 

’ Inst., 190, 39 
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of the curve, the enhancement of contrast on the straight portion 
often makes the lack of contrast in the shadows even more 
evident than it would be with normal development. Over¬ 
exposure is so infrequent that it might almost be passed without 
comment. If a good negative material is properly developed, 
satisfactory prints can often be made when the negative is so 
dense that no image whatever can be seen. However, if the 
photographer yields to the natural temptation to snatch the film 
from the developer before the proper gamma has been attained, 
the result will be unsatisfactory, not because the negative was 
overexposed but because it was underdeveloped. 



Fig. 106.—Characteristic curves showing the effects of improper exposure and 

development. 


92. The Technique of Development.—The developer usually 
contains four components: a reducing agent, an accelerator, 
a preservative, and a restrainer. The reducing agent is the 
active ingredient and nowadays is frequently some coal-tar 
derivative. The accelerator is an alkali, usually sodium car¬ 
bonate, or, occasionally, sodium hydroxide. The preservative, 
whose function is chiefly to protect the reducing agent from atmos¬ 
pheric oxidation, is usually sodium sulphite or sodium bisul¬ 
phite. When the developer must be stored for some time, it is 
common practice to prepare it in two solutions, the reducing 
agent and the preservative in one and the accelerator in the 
other. Frequently both sodium sulphite and sodium bisulphite 
are used in proportions that will make the solution neutral in 
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reaction, since many reducing agents keep best in neutral solution. 
Tbe restrainer is usually potassium bromide. Its action will be 
discussed presently. 

The choice of developer formula and concentration is very 
largely a matter of convenience. The important feature is that 
the time of development required to attain the desired gamma 
should be long enough to permit the developer to diffuse uni¬ 
formly into the emulsion but short enough to keep the time of 
processing within reasonable limits. The same gamma can be 

obtained by a short develop¬ 
ment in a concentrated solu¬ 
tion or by a long development 
in a dilute solution. With a 
concentrated developer and 
a short time of development, 
the image is confined more to 
the surface of the emulsion 
because the developer does 
not have an opportunity to 



Fia, 107.—Ciiaracteristio curves show¬ 
ing the depression of the intersection 
point produced by the addition of 
soluble bromides to the developer. The 
apparent decrease in speed produced by 
bromide is clearly evident. 


penetrate into the lower 
layers. The dilute developer, 
on the other hand, has time 
to penetrate the lower layers 
of the emulsion but is too 


weak to develop completely. Although this difference in behavior 


can easily be seen in photomicrographs of transverse sections of a 
developed emulsion, it has an extraordinarily small effect on the 
fundamental relationship between density and exposure. 

The effect of soluble bromides on development has been known 
for a long time, and a careful quantitative study has been made 
by Nietz.^ He found that the effect is to depress the intersection 
point of the characteristic curves in a manner illustrated in Fig. 
107. Although the exposure corresponding to the point of inter¬ 
section is the same as with an unbromided developer, the effective 
si>eed of the material is less, especially for short times of develop¬ 
ment. For every developer, there is a critical amount of bromide 
that can be added without producing an appreciable depression 
of the intersection point, and this seems to restrain the develop¬ 
ment of fog without having any marked effect on the develop¬ 
ment of the image. 


The Theory of Development,’^ D. Van. Nostrand. Gompany. 
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It will be recalled that free bromide is liberated during develop¬ 
ment by the reduction of the silver bromide to silver. The 
bromide concentration is therefore higher in an old developing 
solution than in a fresh one. In fact, the useful life of a developer 
is often limited more by the gradual accumulation of bromide 
than by the exhaustion of the reducing agent. Of more serious 
consequence than this gradual accumulation of bromide are the 
local variations in bromide concentration over the area of the 
plate caused by the density variations in the image, an effect 
discovered by Eberhard. ^ If the image is small, the free bromide 
diffuses away, so the density of such an image is higher than that 
of a large area that received the same exposure. This Eberhard 
effect is therefore especially annoying when one is determining 
the intensity of stars or spectral lines by measuring the density 
of their images. It tends to disappear when the development is 
carried to completion. 

The depression of the point of intersection has been used by 
Nietz to measure a quantity known as the reduction potential 
of a developer. This quantity is supposed to indicate the power 
of a developer, much as the power of one metal to replace another 
is indicated by its position in the potential series of the metals. 
A reducing agent with too high a reduction potential reduces 
the silver halide whether it has been exposed or not, while one 
with too low a reduction potential fails to reduce even the 
exposed silver halide. The useful photographic developers lie 
between these two extremes. Using as a criterion the bromide 
concentration required to produce a just noticeable depression 
of the intersection point, Nietz found that the reduction poten¬ 
tials of some of the more common reducing agents* are in the 
following order: 

Amidol. 

Metol (elon). 

Pyrogallic aciid. 

Adurol. 

Olycin. 

Hydroquinono. 

In general, developing agents having a high reduction potential 
like amidol are less affected by temperature, give a slightly 

^ Physik. Zcils., 13, 288 (1912). 

* Por desc.riptionH and f<>rlllVllat^ of llKiKo dovolopors and others, see 
Neblettc’s “Photography, Ihs Principles and Practice,” Chap. XII. 
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higher y^-YaXue, and require a smaller concentration the 
accelerator The speed of an emulsion seems to increase slightly 
with the reduction potential of the developer, but other factors 
may easily mask this effect. 

In practice, the most noticeable difference between developing 
agents is in the time of the first appearance of the image. W^ith. 
metol, for example, the image flashes up quickly, whereas with 
hydroquinone it is slow in appearing. This feature has given 
metol the reputation of being a “soft-working” developer and. 
hydroquinone of giving excessive contrast. The reputations 
of these developers are due primarily to the old method of 
developing by inspection, which caused the photographer 
involuntarily to remove the material too soon from a metol 
developer and leave it too long in hydroquinone. Although 
hydroquinone is an exception to the general rule that developers 
having a low reduction potential give a low value of this cir¬ 
cumstance alone is hardly sufficient to account for its reputation, 
as a contrasty developer. 

Pyrogallic acid has the interesting property of staining the 
image a yellow color, which is due to the oxidation products 
formed during the progress of development. These substances 
may be formed by atmospheric oxidation, in which case the yellow 
stain is uniform; or by the reduction of silver halide, in which 
case the amount of stain is proportional to the amount of reduced 
silver. As positive materials are sensitive chiefly in the blue 
region of the spectrum, which is absorbed by the yellow stain, 
the result in the second instance is a proportional increase in the 
effective density and therefore in gamma. If yv represents the 
value measured visually and yp the effective value photographi¬ 
cally, the color coefficient is yp/yv- The value of this coefficient 
varies from about 1.3 in a pyro developer containing the average 
amount of restrainer to nearly 3 in a solution containing no 
restrainer. This differential staining accounts for the “better 
printing quality” that photographers have always attributed to 
pjnro developers. Use has been made of this effect in aerial 
photography to secure a greater effective contrast than can be 
attained by ordinary development. 

The extent to which the development of the negative should be 
allowed to proceed depends upon the positive process that is to 
follow. This statement requires some explanation because the 
theory of tone reproduction has shown that the brightness ratios 
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of the subject are correctly reproduced if the product of the 
negative and positive gammas is unity, which would indicate that 
practically any negative gamma could be compensated in the 
positive process. However, the best results are obtained when 
any material is developed to approximately two-thirds of its 
“ 7 oo"Value. If the gamma is less than this, the ^ development 
may be non-uniform; if it is greater, an excessive amount of fog 
may be produced. In practice, a gamma-product somewhat 
higher than unity is found desirable. For example, a gamma- 
product in the neighborhood -of 1.3 seems to give the best result 
for lantern slides and motion pictures. This is accounted for in 
several ways. In the first place, a photograph in monochrome 
can reproduce only the brightness contrast of the subject, which, 
in the absence of color contrast, seems too low. Moreover, the 
contrast is actually reduced by flare in the camera and projection 
lenses and by the necessity of using a portion of the toe of both 
characteristic curves. The present practice in the production 
of motion pictures is to develop the negative to a gamma of 
about 0.8 and the positive to a gamma of about 1 . 6 . This makes 
the gamma-product about 1.3 and, furthermore, develops each 
material to about two-thirds of its y*-value. 

The value of the development constant k is an index to the 
proper time of development; for, if the material is developed for 
a time \/k, substitution in Eq. (184) shows that 

T = 7oo (1 — €“^) 

= 0.631 (194) 

This is very nearly ^3 7 . Hence, if the value of h for some 
concentration and temperature of the developer is 0 . 10 , the most 
satisfactory development time is 10 min. If the gamma pro¬ 
duced in this way is too high, a material with a lower 7 * -value 
should preferably be chosen. 

If a negative has been inadvertently underdeveloped, its 
gamma can be increased by a procedure known as intensification. 
Many processes are to be found in the photographic handbooks 
but the mercury process is typical. This consists in bathing the 
film in a solution of mercuric chloride, which transforms the 
silver of the image into silver chloride. At the same time, 
mercuric chloride is precipitated as mercurous chloride. After 
the excess mercuric chloride has been washed out, the film can 
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be redeveloped, whereupon the silver chloride is reduced to 
metallic silver again and the mercurous chloride to mercury. 
Since the amount of mercury present is proportional to the 
original amount of silver, the result is a proportional increase 
in density and, therefore, in gamma. Contrary to the claims 
that are often made, intensification is not a remedy for under¬ 
exposure unless the subject has such a short brightness range 
that more development would also have brought about an 
improvement in the reproduction. 

The converse of intensification - is reduction. It is accom¬ 
plished by dissolving part of the silver in the image, but the 
various solvents behave somewhat differently. Potassium' 
ferricyanide has a somewhat greater effect on the low densities 
and tends, therefore, to increase the contrast, whereas ammonium 
persulphate behaves in just the opposite manner. Potassium 
permanganate leaves the gamma very nearly unaltered. In 
any case, the variation in gamma is relatively slight, so reduction 
is used chiefly for negatives which are so dense that the printing 
time would be inconveniently long otherwise. It is not a remedy 
for overexposure in the proper sense of the term.^ 

It is unfortunate that sensitometric methods are not more 
generally employed in the control of the processing of photo¬ 
graphic materials. Photographers have been slow to take 
advantage of new tools, and development is still a hit-or-miss 
affair that is not at all in keeping with the spirit of modern 
manufacturing methods. The indications are that this condition 
cannot continue indefinitely, especially in the motion-picture 
industry. In silent pictures, a variation of 15 per cent in the 
gamma-product, although noticeable when two films are com¬ 
pared side by side, is unrecognizable otherwise. But in sound 
pictures, a variation of 15 per cent in the gamma-product often 
accounts for a difference between good quality in the sound 
reproduction and very mediocre quality. Already sensitometric 
methods are beginning to be used to a limited extent by some of 
the motion-picture laboratories, and it seems reasonable to 
suppose that such methods will eventually be used by all labora¬ 
tories having any considerable quantity of material to process. 
In scientific work involving quantitative determinations, as in 

^ Crabtree and Muehler have made an extensive investigation into the 
sensitometry of intensification and reduction. See Jour. Soc. Motion 
Picture Eng.j 17, 1001 (1931), 
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astronomy or spectroscopy, the determination of the density- 
exposure relationship is imperative. 

The photographer whose work does not justify the use of 
sensitometric methods has several ways at his disposal of keeping 
the development within bounds. One method in common use is 
to calculate the time of development from the time of first 
appearance of the image, a procedure suggested by Alfred 
Watkins. This method is based on the circumstance that the 
time of first appearance of the image, although little affected by 
exposure, varies with the temperature and concentration of 
the developer in the same way as the time required for develop¬ 
ment to a given contrast. The procedure is to multiply the time 
of first appearance by a constant, known as the Watkins factorj 
which is determined once and for all for a given material and 
developer. This factor usually lies between 4 and 30.The 
method is quite successful when the developer contains a single 
reducing agent. If it contains two reducing agents having 
different temperature coefficients, like metol and hydroquinone, 
the factor varies considerably with the temperature. 

93. Spectral Sensitivity.—It is almost axiomatic that only the 
light that is absorbed by a photographic emulsion can be effective. 
Since the color of an ordinary emulsion is pale yellow, indicating 
absorption in the blue and violet, it is to be expected that the 
spectral sensitivity would be confined to these regions. Such is 
the case, and these emulsions are therefore ^‘color-blind.” In 
1873, Vogel discovered that plates bathed in a dilute solution of 
certain dyes have a sensitivity extending into the green and 
yellow regions of the spectrum. His dyes were not stable, 
however, and it was nine years before a practical color-sensitive 
material was prepared. The dye that made this possible was 
eosin, but many other dyes were quickly discovered to have a 
similar effect. The reproduction of colored objects with color- 
sensitive materials prepared with these dyes was so much superior 
that such materials were called either orthochromatic, to indicate 
that the color rendition based on visual standards is correct, 
or isochromatic, to indicate that the materials are equally sensitive 
in all regions of the spectrum. Both terms are misnomers, how¬ 
ever, because the materials to which these names were applied 
are predominantly sensitive in the blue and have almost no 
sensitivity at all in the red. This deficiency was overcome about 

^ See table in Chap. XllI, Neblette's “Photoisraphy.” 
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1906 with the discovery of new dyes, principally pinacyanol. 
Materials sensitized with these dyes came to bo known aa 
panchromatic^ being sensitive to all colors.^ These rnaf eriiils will 
yield truly oi-thochromatic results with appropriate filters, an<i 
the only reason they have not supplanted all other nmterials is 
the difficulty of handling them in the dark room. No sahdight 
can be really safe with panchromatic materials, and t he bt'st. 
procedure is to develop for the proper length of tinit' in total 
darkness. If any light is needed in the dark room, th<i special 



Fia. 108.—Typical spectral-sensitivity curves of ncKative nia<<‘rinlH. 


peen safehght that transmits only the rays to which tii(‘ <‘y(i 
is most sensitive shoidd be selected because it is the least, harmful. 

The spectral sensitivity of photographic materials has l>(M‘n 
measured by many investigators, but the best direct rosuKs are 
those of Jones and Sandvik.^ These investigators use<l a sensi- 
tometerm oombmation with a monochromator to furnish siilwlan- 

^ Of ‘heir resul.s is 

shown graphically in Fig. 108. 

It IS clear that the type of color rendition that can be achiev(‘<l 
with panchromatic materials depends only upon the possibility 

last few°y2^*'°SeveiS^TvLtT° enormously improved within tim 

constantly developed. For an raSlOTt'd' “ee'j.™'' '»'* typiw arc Ixunn 
sensitive materials that am ZuT. deseriptmn of tho typos of ,mIor- 

Mees, Jour. Optical Soc. Araer., 21, 7M 

‘Jour. Optical Sac. Amer. and Rev. Sd. InetrumerUv, 12, 401 (1920). 
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of preparing suitable filters. Orthochromatic results are most 
frequently desired, which means that the filter should be green to 
absorb the surplus energy in the violet and red ends of the 
spectrum. The excess red sensitivity is of little importance, 
however, and the filters that are advertised for the purpose are 
usually yellow. The absorption of the Wratten K series, for 
example, begins at about 540 m/x. In the case of the K-3 filter, 
which is the deepest, the absorption is almost complete at 460 m/x. 
With a good’ panchromatic material, the increase in exposure 
required when using this filter is approximately four times (for 
white light). The filter factor varies, of course, with the quality 
of the exposing light and the type of the emulsion. 

Occasionally a truly orthochromatic color rendition is quite 
misleading. A red apple amongst green leaves, for instance, 
may be conspicuous to the eye because of the color contrast, but 
if the brightness of both the apple and the leaves is the same, 
a strictly orthochromatic reproduction would fail to show how 
conspicuous the apple appears to the eye. The remedy is to use 
a filter that will enhance the brightness contrast in the photo¬ 
graph at the expense of faithful reproduction. This sort of 
procedure is particularly useful in photomicrography. 

Since the spectral sensitivity of photographic materials is so 
different from that of the eye, the visual estimate of the intensity 
of a light source gives a very inadequate measurement of its 
photographic effectiveness. The relative visual and photo¬ 
graphic effectiveness of illuminants has been studied by the 
staff of the Kodak Research Laboratories.^ Their results are 
summarized in Table XV, the relative effectiveness of sunlight 
being arbitrarily taken as 100. Thus, a given illumination 
produced by a mercury arc has more than three times as great 
an effect on an ordinary plate as the same amount of illumination 
produced by sunlight. 

The sensitivity of photographic materials extends far into the 
ultraviolet,. The limit is set by the absorption of the gelatin, 
which begins at about 280 in/x and is practically complete below 
200 in/x unless the gelatin is very thin. Schumann, who was the 
first to study the spectrum of the extreme ultraviolet, devised a 
method of preparing emulsions containing only a trace of gelatin 
to bind the silver bromide grains together.^ In 1921, Duclaux 

Trans. Illuin, Eng. Soc., 10, 963 (1915). 

® Schumann plates are now available commercially from Adam Hilger, 
Ltd., of London. 
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Table XV.— ^Relative Photographic Effectiveness op Various 

Illuminants 


Source 

Ordinary 

Ortho- 

chromatic 

Pan¬ 

chromatic 

Sun. 


100 

lOO 

Sky. 

180 

160 

130 

Acetylene. 

30 

40 

60 

Mercury arc, ordinary. 

320 

360 

270 

Mercury arc, quartz. 

600 

600 

370 

Carbon arc, ordinary. 

130 

110 

lOO 

Carbon arc, white flame. 

260 

230 

220 

Carbon are, high intensity. 

100 

100 

100 

Tungsten lamp, vacuum. 

35 

40 

60 

Tungsten lamp, gas filled. 

60 

65 

70 

Timgsten lamp, blue bulb. 

100 

90 

110 


and Jeantet described a method of sensitizing plates by bathing 
them in fluorescent mineral oils. After exposure, the oil is 
washed off with acetone and the plate is then developed in the 
ordinary way. The characteristics of oiled plates have been 
studied by Harrison^ in the region from 200 to 380 Angstrom 
units. He found that the form of the relationship between 
density and exposure is the same as when visible light is used, 
and that the oiled plates are suflftciently reliable to be used 
for photographic photometry. Under certain conditions, the 
increase in sensitivity produced by oiling a plate may be as much 
as four-hundred fold. 

Burroughs of the Kodak Research Laboratories has inves¬ 
tigated the fluorescence of a large number of organic substances 
in the ultraviolet and has found that the carboxylic ester of 
dihydrocollidine can be used to advantage in the preparation of 
plates for use in this region. This substance is insoluble in 
water but can be dissolved in certain organic solvents. When a 
plate is bathed in a solution of this material and allowed to dry, 
its surface becomes covered with crystals which fluoresce strongly 
under ultraviolet light and which are so small that good photo¬ 
graphic images are obtained. 

Photographs of ordinary objects have been taken by ultraviolet 
hght using quartz lenses and a filter to screen off the visible light. 

Jour. Optical Soc. ATner. and Rev. Sci. Instruments, 11, 113 (1926). 
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R. W. Wood has experimented in this direction to a considerable 
extent. His filter consisted of a quartz plate coated with a ^-hin 
layer of silver, which has a transmission band in the neighbor¬ 
hood of 310 mitx. Ultraviolet photographs of landscapes are 
striking because the sun casts practically no shadow. In other 
words, the ultraviolet is so scattered by the atmosphere that, to 
an observer sensitive only to the ultraviolet, every day would 
appear to be overcast. 

Photographic materials are, of course, sensitive to X-rays; 
and Wilsey and Pritchard^have found that their behavior to these 
rays is little different from their behavior to white light. This is 
somewhat surprising because the X-rays penetrate the emulsion 
and affect all layers uniformly instead of acting more strongly 
on the upper layers. X-ray films are commonly made with an 
emulsion on both sides of the support to utilize as much of the 
radiation as possible; and fluorescent screens are frequently 
placed against the film to intensify the effect by transforming 
the X-rays into radiations of longer wave length, which are 
absorbed by the emulsion. X-ray films are usually developed 
for maximum contrast because, in the absence of any require¬ 
ments with respect to the reproduction of tone values, it is desir¬ 
able to show as much faint detail as possible. 

Although photographic materials are not ordinarily sensitive 
in the infrared, the latent image is affected by exposure to infrared 
light. Herschel discovered, as long ago as 1840, that photo¬ 
graphic materials which had been exposed to blue light gave a 
positive instead of a negative when they were exposed to infrared 
light before development. In other words, the latent image is 
destroyed by infrared light. This Herschel effect has a very 
important significance in connection with theories of the latent 
image but has not been found very useful as a technique for 
infrared photography. However, within recent years, dyes have 
been found that will extend the sensitivity into the infrared 
region. With the introduction of dicyanine, which has its 
maximum sensit izing action at 710 m/x, spectrographic investiga¬ 
tions out to 1000 in^i became possible. Dicyanine is unsatisfac¬ 
tory, however, because it does not keep well nor do plates 
sensitized with it. This moans that the plates must be bathed 
j list before being used, and the results at best are not too certain. 
Ivryptocyanine, discovered in 1919, has a very strong sensitizing 

'Jour. Optical Soc. Amer. and Itev. Sci. Instru-ments, 12, 661 (1926). 
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band between 700 niAt and 800 m/i. This dye is comparatively 
stable and so are plates sensitized with it. Its action is so 
powerful that only 1 part of dye in 500,000 is required, 'l^ho 
spectral sensitivity of plates bathed in it drops off so sharply that, 
beyond 900 m/t, dicyanine is again more sensitive. In 1925 a 
modification of kryptocyanine, known as neocyanine, was 
found which sensitizes far into the infrared when the plates tiro 
‘‘hypersensitized” by bathing in ammonia. With such plates, 
the spectrum can be photographed easily as far as 900 nxfji and, 
by using long exposures, as far as 1200 m/z. 

Photographs of landscapes taken by infrared light have tho 
general appearance of night scenes because the sky appears dark 
and the high reflectance of chlorophyl gives foliage the appearance 
of intense local lighting. Such photographs were made some 
yeara ago by Wood and have been used to some extent by the 
motion-picture industry. Motion pictures of night scenes that, 
would otherwise be very expensive to obtain can be produced 
in this way as cheaply as ordinary scenes. Photographs of 
^remely distant objects are made possible by infrared light 
^ause of its greater penetration through atmospheric haze. 
Views showing mountains several hundred miles away are not 
uncommon to-day. Figure 77 in Chap. IX indicates how the 
scattermg by the atmosphere varies with wave length and gives 
ample reason for the comparatively great penetrating power of 
infrared hght. It is not impossible for an aerial photograplier to 
S w totaUy invisible to him beyond the blanket 

nbot" Characteristics.— The H and D curves of a 

by STevT^ behavior when acted upon 

Xmc We ThfabT. perfection of the photo- 

fine^^detail—abihty of a photographic material to record 

bUG lan test object shown at A in ttio- j 

graphed in a camera that red^s th. • 

dimensions, the photoeranb will * image to microscopic 

will occur even if thfleis fs . 
a sharp imTgl By a test 

photographic materials can be evaluated® ^olving power of 
mum number of lines per mni terms of tho maxi- 

individuaUy. The resolving poweTof 
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meiit varies from approximately 25 lines per millimeter for a. 
coarse-grained, high-speed plate to 60 or more for a process or 
lantern-shde plate. Some of the slower materials, like wet 
collodion and albumin, give even higher resolution. The 
criterion by which these values are determined is so indefinite 
that the values alone are of less significance than the relative 
values for the different materials. Moreover, the character 
of the object affects the photographic resolving power enor¬ 
mously, just as it does the visual resolving power. The ability 
of the material to resolve double stars, for example, could be 
inferred only in a rough sort of way from the results of tests with 



Fig. 109.—Test of photographic resolving power. A, photograph of a fan 
test object; B, photomicrograph of a greatly reduced image of the tost object. 
At the outer end of the fan, each sector had a width of 0.04 mm on the plate from 
wliich the photomicrograph was made. 


the fan test object. Many types of test objects have been used 
by Sandvik, and the reader is referred to his papers for data more 
nearly applicable to special problems. It should bo remem¬ 
bered, however, that lack of photographic resolving power 
is rarely the cause of poor definition in ordinary photo¬ 
graphs. Aberrations in the lens, inaccurate focusing, and 
unsteadiness of the camera are more often responsible. 

The granular structure of an emulsion also limits the extent 
to which a photograph can be enlarged. As everyone who has 
made enlargcancmts from small negatives knows, areas of the 
image that should be of uniform dcuisity take on a mottled 
appearance when the degree of enlargement exceeds four or five 
times. The effect is much more pronounced than the size of the 
grains would indicate and is attrilmt.able to the tendency of the 
grains to clump together, probably in some sort of statistical 
distribution. This gravninesa cannot be measur<Kl obj<’!ctively, 
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. but it has been measured subjectively by Hardy and Jones. ^ The 
procedure consisted, in effect, of viewing the negative under 
variable magnification and noting the point where the inhoino- 
geneities were first apparent. To eliminate the personal ecjuation 
of the observer, a crossed half-tone screen having a known 
number of lines per inch was used for calibration. As might bc’s 
expected, the graininess of an emulsion is low at very high iind 
very low densities. Tor cine negative film, the graininess is a 
maximum where the density is approximately 0.7, in which 
case about 80 per cent of the total area is occupied by the grains. 
For this density, the graininess is equivalent to a crossed half¬ 
tone screen of approximately 200 lines per inch. At 0.2 and 1.4, 
the graininess is only about half as great. Positive emulsions 
are less grainy, but a positive printed from a negative is more 
grainy than either material alone. In other words, the sufK'r- 
position of the grain patterns of two materials has the (effect, of 
increasing the apparent graininess of the resulting positive. For 
this reason, direct positives made by reversal, such as the 16-nini 
cine films, will stand a much higher magnification in projection 
than positives printed from a negative in the ordinary way. 

The graininess of a photographic material is one of its intrinsic^ 
properties, at least to a first approximation, and is only slightly 
affected by the development procedure. For motion-pictur<‘ 
work, however, it pays to take advantage of even slight iniprovt'- 
ments in the technique, and the following formula is rc'coni- 
mended by the Eastman Kodak Company for developing th<' 
negative because it tends to minimize the graininess: 


Metol (elon). 2 grams 

Sodium sulphite (dry). 100 grams 

Hydroquinone. 5 grams 

. 2 grams 

Water, to make. 1 liter 


Directions for Mixing: Dissolve the metol in a small volume of water at. 
about 125®F. (52“C,), and pour the solution into the tank. Then dissolve 

of the sulphite separately in hot watt^r at about 
ibU Y . (71 <^, and add the hydroquinone while stirring until completely 
d^olved Then add this solution to the tank. Now dissolve the remainder 
of the sulphite on hot water at about IdO^F. (71°C.), add the borax, and when 

di^lved, pour the entire solution into the tank. Dilute to the required 
volume with cold water. 


^ Trans. Soc. Motion Picture Eng., No. 14, 107 (1922). 
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It should be added in passing that the graininess of a negative 
should not be judged of itself but only the graininess of the result¬ 
ing positive. The reason for this is obvious enough when it is 
remembered that the dense portions of the negative, in which 
the graininess is invisible, are the very portions that, when 
printed, produce positive densities where the graininess is most 
apparent. 

Another phenomenon that may be noted here, although its 
cause is optical rather than photographic, is halation. During 
the exposure, the light incident on the emulsion behaves in the 
manner shown by Fig. 110, which is a cross section of a plate on 
which a small bright image is formed at A . Of the light diffused 
by the emulsion, part strikes the back of the plate within the 
critical angle and is largely transmitted. The rest is totally 
reflected to strike the emulsion again at B and B'. If the figure 



were drawn in three dimensions, it would be evident that the 
secondary images formed at B and B' are in reality parts of a 
single ring or halo surrounding the primary image at A. Hala¬ 
tion in its pure form as described is exhibited only by small 
images of very bright objects, such as the sun or a lamp, but 
it is also exhibited in a modified form by the images of large 
objects that are considerably brighter than the background. 
For example, it is the cause of the hazy border that frequently 
surrounds the windows in interior sccnes. 

One way to prevent halation is to coat the back of the plate 
with an absorbing material to make what is known as a backed 
plate. Another way is to use a plate having a slow emulsion 
under the regular emulsion (a double-coated plate). The emulsion 
next to the glass is so insensitive that the comparatively small 
amount of light reflected from the back does not affect it. Hala¬ 
tion can be reduced in a single-coated plate by using a developer 
which is so concentrated that the image is confined principally 
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"to "tlis upper layers of tlie ©mulsioii. Halation is more pro¬ 
nounced with plates than with film because the latter is so tliin 
that the reflected light strikes the emulsion close to the primary 
image. 

A feature of photographic emulsions that is of special impor¬ 
tance to astronomers is a spreading of the image with increasing 
exposure, an effect that has been called 'iTTCLdicitiotx, In 1HS9, 
Scheiner found that the diameter of the image of a geometrical 
point is given by 

d — CL -f“ r logio 2, (19t5) 

where a and r are constants. The similarity of this equat.ion 
to the characteristic density-exposure relation has led F. hi. Ross 
to coin the term astrogammcL for the quantity T. Scheinor’s 
equation has never been entirely satisfactory, however, and 
various workers have proposed substitutes. One of the best, 
is due to Ross. It is 

d H“ h — Cl -f- r logic 2, (19G) 


where h is an additional constant. A large amount of stellar 
photometry has been done by measuring the diameters of tlie 
images of the stars on photographic plates and computing the 
magnitudes therefrom. 


Many agents besides light are capable of affecting photo¬ 
graphic materials, and occasionally they cause markings whoso 
source is difiScult to locate. If a box of film that has been storo<l 
in the laboratory for some time exhibits an unusual amount of 
fog, the possibility of an X-ray machine in a neighboring room 
should not be overlooked. Radioactive substances also affect 
photographic materials powerfully. Even such common sub¬ 
stances as hnseed oil and turpentine may affect them in time,* 
so photographic materials should not be stored in a freshly 
painted cabinet nor loaded into the camera much before t-hey ixm 
to be used. Friction, too, will produce a developable imag(\ 
For example, a plate can be marked by means of tlie rounded 
end of a glass rod even when the force exerted is cornpiirat ively 
light. In cold, dry weather, motion-picture photographers 
encounter difficulty with static electricity. The unrolling of thv, 
film generates electrostatic charges that are unable to leak away. 


1 This effect can be utilized for deciphering charred 
Bur. Standards Sd, Paper 454. 


paper records. 


See 
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Electrical discharges therefore take place, which cause character¬ 
istic markings on the film. 

Occasionally there appear foreign markings that are traceable 
to faulty dark-room technique. Particles of chemicals that 
settle on the film may produce spots. Bubbles of air in the 
water used for diluting the developer will cause pinholes. Failure 
to immerse the entire film at once or to agitate the developer 
will result in uneven development. Grease on the film, coming 
either from the tap water or from the fingers, also results in 
uneven development. In the case of papers, contamination of 
the developer with hypo is a fruitful cause of yellow stains. 

Even if the film is properly developed, it is still susceptible to 
injury. If it is removed from one solution to another of greatly 
different concentration, the osmotic pressure within the emulsion 
may cause blisters. Similarly, a sudden change in temperature 
may cause the emulsion to leave the support; and, if the solutions 
are too hot, the emulsion may soften and run. Sometimes it 
softens locally and in drying acquires a surface having the appear¬ 
ance of a file, an effect known as reticulation. All these effects 
and many others must be familiar to a photographer. They are 
discussed at length in the handbooks on practical photography. 

96. The Sensitometry of Positive Materials.—Positive mate¬ 
rials may be either transparent or opaque. Transparent 
materials—motion-picture film and lantern slides—require little 
comment. They closely resemble negative materials except 
that their speeds and fog densities are lower and their 
T«,-values higher. On the other hand, opaque materials— 
papers—are quite different.^ 

In discussing papers, the quantity ‘‘ density” must, be redefined, 
preferably so as to make the laws of blackening similar to those 
for emulsions on a transparent base. This is accomplished by 
defining density as 

D = log.o i . (197) 

where R is the reflect.ing power of the developed paper. A white 
diffusing surface like magnesium carbonate is taken as a stand¬ 
ard and is assumed to have a reflecting power of unity. It« 
density is therefore zero. On this basis, the minimum reflecting 

^ Many different processes are in use for making positives on paper. See 
the standard works on photography, such as Neblette’s “Photography.” 
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power (maxiraum black) exhibited by photographic papers is 
about 1 per cent, which corresponds to a density of 2. T'he 
useful density range for photographic papers is therefore betwotui 
0 and 2, a ranch smaller range than in the case of negative 
materials. 

As was stated in Sec. 12, Chap. I, the reflection of ordinary 
materials, such as photographic papers, is neither perfc’^ctly 
specular nor perfectly diffuse. It partakes of both character¬ 
istics, as shown in Fig. Ill, which is a copy of Fig. 7 in Chap. I. 
Obviously, no value of reflecting power can be assigned wit.hout 
specifying the angles of illumination and observation. 'Fho 



custom in photographic laboratories is to illuminate tlio surface 
at an angle of 45° and to view it normally. Alt.hough this 
procedure is quite arbitrary, it corresponds roughly, at. least, to 
the conditions under which photographs are ordinarily vi<»wed. 
Tim gloss of a surface can be specified in a number of ways, hut a 
definition suggested by L. A. Jones^ is very convenient in t.his 
case. According to this definition, if is the brightness of th(^ 
surface in Fig. Ill when viewed normally, and B. is the bright¬ 
ness when viewed in the direction OS, the gloss is 


G = 








( 198 ) 


Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 6, 140 (1922). 
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The bromide papers, designed for making enlargements and 
projection prints, have emulsions that closely resemble those 
of negative materials. To be sure, the sensitivity of these 
emulsions is lower and the grains are finer, but otherwise the 
materials behave like negative materials. The gamma increases 
with the time of development in much the same way, as is shown 
by Fig. 112- The choice of development conditions requires 
special consideration, however, because the color of the image 
depends to a considerable extent on the composition of the 
developer. Also, the color is likely to be unsatisfactory if the 
development time is too short; and fog or stain may appear if it 



Fio. 112.—Characteristic curves of a typic^al bromide paper. The times 
of development are indicated on the curves. The points A and B define the 
exposure scale of the paper for a development time of 8 min. 


is too long. Within those limits, however, the contrast of a 
bromide print can be adjusted to produce, in combination with 
the negative, the desired over-all contrast. 

The most striking characteristic of papers is the short length 
of the straight portion of the characteristic curve, which might 
be expected from the short density range of paper emulsions. 
In practice, both the toe and the shoulder portions of the curve 
must ordinarily be utilized. For this reason, the latitude of a 
paper is not so useful a quantity as the ex'posure scale, which is 
defined as the ratio of the exposure at the point A to that at the 
point B in Fig. 112. A full-scale print is, by definition, one that 
utilizes the entire exposure scale of the paper. This means that 
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the high light of the subject will be represented by a cloriaity 
corresponding to point B on the curve, and the deepest shadow 
will be represented by the point A. It is usually found tfmt h 
full-scale print is more pleasing than one for which (lie r<*<juirp- 
ments of faithful tone reproduction are satisfied over the Hf-raijachl 
portion of the curve. In other words, for a subject with a 
brightness range, it is often better to adjust the devc*lo|>iii€*iit 
of the negative to fit the scale of the paper than to adhere iiH»re 
rigidly to the requirements of faithful tone reproduction. * I'he 
scale of bromide papers when developed in the or<linary way 
varies from about 20 to 60. 
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they are made with a shorter scale than bromide papers because, 
as was shown in Sec. 88, the effective contrast of a negative is 
greater when it is printed by projection than when it is printed 
by contact. 

In general, the best results are obtained by developing the 
negative to such a contrast that it can be printed on a soft 
papen-that is, one having a long exposure scale. This is due 
to the fact that, with a soft paper, the slope of the straight portion 
of the curve differs less from that of the toe and the shoulder 
than with a hard paper. 

Note: Since this chapter was written, the larger manufacturers 
have begun to publish representative data and characteristics 
of some materials under typical conditions of exposure and 
processmg. It should be mentioned also that the Hurter and 
Driffield criterion of speed is often replaced by a factor empirically 
determined for use with photoelectric exposure meters. 



CHAPTER XII 


LIGHT-SENSITIVE CELLS 

A light-sensitive cell is a device by means of which liffht 
energy can be used to control electrical energy; it is the <>j|>ticiil 
analogue of the microphone. There are two broad clasH(*« of 
light-sensitive cells: those which merely change their electrical 
resistance when illuminated, and those whose action depen < la 
upon what has come to be known as the photoelectric effect. 
The first class is said to be photoconductive and the second, 
photoemissive. 

96. Selenium Cells. The selenium cell is the outsfunding 

member of the photocondiicf ivo 
class. The action of light on 
selenium was first descrilKHl in 
1873 by Willoughby Smith, bxit 
the fifty-eight years that luivt^ 
elapsed since this discovory 
have not brought forth any 
satisfactory explanation of t h<* 
phenomenon. To be sure, many 

with selenium cells, but usually SrtlTideaTemZjl';*;^ 

constructed by VVcrn«,r 

double spiral around platinum wires wound in a 

a grid, as shown in Fig-Tl^'^^hiTerir'^ of mica to form 
selenium which was tti^n q i j coated with mol<^*n 

tore of about 200°C Altbteinporii- 
structed T1 Se ver^ /r been con- 

modem cells are the same L thosTrtWarrtypL'""^ 

P. r^ently by 

and Applications.” ’ lie Selenium Cell, Its Propertios 
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Fig. 114.—Crid construction of 
the Siemens selenium cell. 
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The “dark resistance’^ of a selenium cell is usually of the order 
of a few megohms. When the cell is illuminated, its resistance 
drops to a fraction of its former value, the size of the fraction 
depending in general on the magnitude of the dsirk resistance. 
The relationship between the illumination and the electrical 
properties of a cell can be illustrated by plotting the resistance 
of the cell as a function of the illumination. It is more con¬ 
venient, however, to plot the current through the cell for a 
constant value of impressed voltage, as is done in Tig- 115 for a 



T’lii. IK'S.—Chii-racteristic. curve of a typical selenium cell (General Electrics 
t.yi)c l'’J-.‘il) for tin iniprossccl voltage of 100 volts. The dark current of 22 micro- 
jiinpcrcH corresponds to a resistance of 4.5 megohms. The resistancse drops to 
onci-«ixth of the dark rosistauco at an ilKiminatioii of lOO foot-candles. The 
increase in current due to the action of light is very nearly proportional to the 
H<iiiare root of the illumination. 

typical modern cell.^ The characteristic curve shown in this 
figure was determined under static conditions and, due to the 
lag in the response of the cell, the effective sensitivity for rapid 
varial.ions in light intensity is less. Although this cell is espe- 
cifilly designed to have a rapid response, the current rises to 
only 50 per cent of its final value in 0.01 sec. and requires 0.2 sec. 

* This curve iiulituttea the luiiouiit of current ptisaing "through the cell 
when the cm tire arc^a of the s(maitivo element is illiiniiimtod. "^rhe char¬ 
acteristics of HolfMiinin c<dla are siurh that a given amount of light flux is less 
whesn concentrated on a small urea than when distributed over the 
entire surface. wuiaitivo area of the cell de8cril)c?d above is approxi¬ 

mately 17 mm \vi<io and 40 mm long; and an optical system in which this 
<^cll is to he used shoxihl he ilt'signcd .so that the (emergent beam lias approxi¬ 
mately tliese dimensions at the point where the cell is located. 


246 


THE PRINCIPLES OF OPTICS 


to attain 95 per cent of its final value. This lag in response is 
characteristic of selenium cells in general and is one of their chief 
disadvantages. It depends to a great extent on the thickness of 
the selenium layer. 

The spectral sensitivity of selenium cells varies widely with the 
form and manner of construction. In general, howesver, thcfio 
cells are most sensitive to red light at about the long wave¬ 
length limit of visibility. A t 3 T>ical curve showing the relative 
sensitivity as a function of wave length is shown in Fig. 116. 

Selenium cells when properly constructed show little loss of 
sensitivity over a period of several years if a few rather simple 



of the hygroscopic. 

ture. Modem eeUs nrp always be protected from mois- 

reason. Selenium celk ®o^^od in a glass bulb for this 

shocks because the conr^f^^^ protected from violent. 

supporting grid is easily desS-oyld^^Ind^^H. seleiiium and tlm 
subjected to high vainer nf ill should not lx* 

They n,ay brLlweed ftTrle” " 

60»C, although they are mlt L *• “P to about 

Many substances esoeoiaUv ^ ternperaturcH. 

have been found to possess Ucht ®“lp^<les of the heavy iiietalH, 
those of selenium, ^ Properties similar to 

phide, which is the active these is thallium oxysul- 

described by in the nhalofide’'^c" 1 

^ev. Sci. Instruments, 6, 398 ( 1922 ). 
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its greatest sensitivity in the red and infrared. None of these 
substances is of much use in direct quantitative measurements of 
light intensity because of their time lag and because their resist¬ 
ance varies so greatly with temperature. They are useful in 
null methods of photometry, however, as will be seen later. 

97. The Photovoltaic Cell.—This cell utilizes an effect dis¬ 
covered in 1865 by Becquerel. In the most common type of 
cell, the electrodes are copper plates coated with cuprous oxide 
and immersed in a solution of some copper salt. When one of the 
electrodes is illuminated, a potential difference is generated which, 
for low values of illumination, is approximately proportional to 
the intensity of the illumination. These potentials are always a 
small fraction of a volt. The photovoltaic cell is even more 
sluggish than selenium, and it therefore does not lend itself to 
use with rapidly varying light sources. 

A new type of cell which depends on the photosensitive proper¬ 
ties of cuprous oxide has recently been developed.^ This cell 
has no electrolyte and consists merely of a copper plate coated 
with cuprous oxide on which is superposed a metal grid or a 
transparent metallic film. When the cell is illuminated, elec¬ 
trons stream from the copper to the cuprous oxide without the 
application of an external electromotive force. The Weston 
“Photronic*’ cell is of this general type. It has a dark resistance 
of about 1500 ohms, which decreases to about 300 ohms under an 
illumination of 250 foot-candles. Its sensitivity is approxi¬ 
mately 80 microamperes per lumen when inserted in a circuit of 
negligible resistance. 

98. The Photoelectric Effect.—The first evidence of what is 
now known as the photoelectric effect was discovered quite 
accidentally in 1887 by Hertz,^ who observed that a spark jumps 
more readily between two electrodes when they are illuminated 
than when they are in the dark. He was quick to sense the 
importance of this discovery and to trace the cause to the 
ultraviolet component of the light. A year later, Hallwachs'^ 
found that a zinc sphere attached to an electroscope acquires a 
small positive charge when illuminated by ultraviolet light. If 
the sphere is originally charged positively, the illumination has 
no appreciable effect; if it is originally charged negatively, the 

^ Physik, Zeits.f 31, 139 and 913 (1930). 

® Wiedemann’s Ann. Physik, 31, 083 (1887). 

3 Ibid., 33, 301 (1888). 
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charge leaks off until the final potential is slightly positive, 
usually a matter of a volt or less. This phenomenon 
explained by assuming that electrons are ejected from the met a ic 
surface as a result of the action of light, and the extensive inves¬ 
tigations of Elster and Geitel confirmed this explanation. 

In 1890, Stoletow^ connected two electrodes in scries with a 
battery and a galvanometer and observed a continuous ournmt 
in the circuit when the negatively charged electrode (calluxie) 
was illuminated. It was very quickly established that the 
number of electrons emitted per unit time is proportional to 



Pig. 117.—Kinetic energy of a photoelectron from sodiuiti uh a function 
the frequency of the exciting radiation (from Millikan’s data). For <ionv<‘nit*iu'i*, 
the wave lengths in millimicrons are indicated along the axis of 


the amount of light flux incident on the photoelectric surface'. 
This result seemed reasonable enough, and it was anticipatixl 
that the velocity of the ejected electrons would depend on t in* 
intensity of the illumination. But experiment proved f he 
contrary; for, under comparable conditions, the di.stribution 
of electronic velocities was found to be quite independent of 
the illumination. The velocities were found to range from 
zero to a definite maximum, which was explained lat<u’ by 
assu min g that all the electrons are released from their atom.M 
with the same velocity but that those originating in the low<‘r 
layers lose a part of their velocity before they reach the Hurfa<!<‘. 

The kinetic energy corresponding to the maximum velocity 
of the photoelectrons was subsequently shown to be a lin<*ar 
function of the frequency of the exposing light. This is illus¬ 
trated by Fig. 117, which is plotted from data obtained by MilU- 

^ Jour. Physique, 9, 468 (1890). 
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kan^ for sodium. The slope of this curve is found to be the same 
for all elements but the limiting frequency vo is different. This 
result was interpreted by Einstein^ on the basis of the quantum 
theory. He reasoned that the absorption of light in the photo¬ 
electric process should take place by quanta of energy, just as 
Planck had found that thermal radiation is apparently emitted 
by quanta. Assuming that the ejection of a single photoelectron 
requires the absorption of an amount of energy hv, the kinetic 
energy of the electron should be given by 


= h(v — j^o) = hv — kF, (199) 

where h is Planck's constant and W represents the amount of 
energy given up by the electron in escaping from the photoelectric 
surface. This is Einstein’s famous photoelectric equation^ and 
the evidence supporting this interpretation of the photoelectric 
effect is most convincing. In fact, Millikan has stated that the 
photoelectric effect provides the most accurate method for 
determining Planck’s constant. 

The value of the quantity W, which is known as the work 
function, can be determined experimentally for a given substance 
from measurements of contact potentials or thermionic emission. 
Since W = hvQ, the limiting frequency below which the photo¬ 
electric effect does not take place can be readily computed. The 
limiting frequencies of a few common metals are given in 
the first column of Table XVI. The second column gives the 
corresponding values of wave length in naillimicrons. These 
values are greatly affected by impurities, and some of the limiting 
frequencies would almost certainly be higher if the metals could 
be made absolutely pure. 

99. Photoelectric Cells.—The photoelectric effect has been 
studied extensively almost from the moment of its discovery, 
but for many years few attempts were made to utilize it for 
practical purposes. This was largely because selenium cells 
were already available and gave more current for the same 
amount of light flux. It was only after vacuum-tube amplifiers 
were perfected that advantage could be taken of the superior 
properties of the photoelectric cell. 

* Phys. Rev., 7, 356 (1916). Other investigators had previously obtained 
similar but loss oxact results. 

Ann. Phyaik, 17, 132 (1906). 
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Table XVI.—^Limiting Fhequencies of Certain Mktai«« 


Element 

"0, 

vibrations 
per second 

Xtt, 

minirnicroris 

Caesium. 

44.1 X 10^» 

681 

Sodiimi. 

61.6 

583 

Lithium.. 

61.7 

680 

Aluminum. 

62.9 

477 

Potassium. 

68.8 

436 

Magnesium. 

78.5 

38*2 

Calcium. 

81.1 

370 

Silver.. 

92.3 

326 

Cadmimn. 

96.6 

314 

Iron. 

98.4 

3t)6 

Zinc. 

99.3 

302 

Copper. 

100.0 

3(K) 

Platimnn. 

107.0 

280 

Timgsten. 

130.6 

230 


On© typ© of cell "that is particularly useful for jzjcnoral lat><>rfi1 orv 

irposes is shown in Fig. 118. This cell is approximately aw 

"" large as a lOO-watt lamp and him a 

window 1^ in. in diameter. 'Tlio 

anode is a wire projecting through 

the base into the center of the* bulb 

and connected to one of the* prongH 

in the base. The cathode is a <*oat-- 

ing deposited on the inside of the 

bulb, the connection being inaile 

through the side of the bulb by 

means of a flush seal. The active 

m^erial in this cell is caesium, 

which is selected because of its 

spectral sensitivity. Since caesium 

melts at approximately room tiun- 

perature, a special method of pr*^ 

^ " paring the cathode is adoi>t€al 

piiotoelec- The procedure is to silvor ttw. ir • i 
tne cell for general laboratory nf +bl K nT , Silver the inside 

^-‘14 Silver by filling^^he bu^b whh 
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is introduced. On being heated, this combines with silver oxide 
to form oxides of caesium and leaves a layer of metallic caesium 

30 1 I [ ■— - I—'■ I I ' I . 




Ol- ^ I_I_I_I_ \ _I 
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Fig. 119.—Spectral sensiti'vity of typical caesium cells. Curve A, for General 
Electric types PJ-14 and PJ-15; curve B, for types PJ-22 and PJ-23. 

approximately one atom deep. This layer does not distill off 
at any ordinary temperature and is as satisfactory as a thicker 
layer would be. The spectral sensitivity of this cell extends 
throughout the visible region, as shown 
by curve A in Fig. 119. Its response can 
therefore be made similar to that of the 
eye by means of suitable filters, a neces¬ 
sary procedure when the cell is to be 
used for photometric purposes. This 
cell is either completely evacuated (type 
PJ-14) or filled with argon (type PJ-15), 
the function of the argon being to 
increase the sensitivity in a manner that 
will be described later. 

The small cell shown in Fig. 120 has 
been developed for the reproduction 
of sound from motion-picture film. 

The vacuum type is known as the PJ-22 
and the gas-filled type as the PJ-23- 
The sensitivity of both types is somewhat 
greater than that of the corresponding 
types just described. Their spectral 
sensitivity is higher in the infrared, 
due to oxides of caesium, as is shown 
by curve B in Fig. 119. 


r 



Km. 120.—Caesium 
photoeloctrio cell used 
ill sound reproduction. 
(General Electric 
typos PJ-22 and 
PJ-23). 
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Many other cells have been developed for various 
and a Lt of those made by one of the leading manufactui^ 
is given in Table XVII. This list is being constantly 
as new cells are developed and old ones are discontmimd. I 
cells in this list that deserve special mention arc the h J-70 ana 



Fig. 121.—Spectral sensitivity of a sodium cell in a fiuartss hulli dcsiKin'd ff>r 
experimental work in the ultraviolet. (General Electric types K.I*7(1 iincl I‘M-77.1 


the FJ-77, which are designed for experimental work in t he iilt ra- 
violet. The active material of these cells is sodium and the hnlbn 
are made of quartz. A representative spectral sensitivity curve 
is shown in Fig. 121. 

If a photoelectric cell of the vacuum typo is connectod in a 
circuit like that shown in Fig. 122, the relationshij) bet w<'en 1 lu’i 

current and the improissed voltage f<»r 
various values of light flux is as shown 
in Fig 123. It is evident that, for a 
given value of light flux, the current, 
approaches a limiting value as t he volt^ 
age is increased. This is to be exiK»cte<i 
because, when the voltage bet ween the 
electrodes is sufficient to attract, to t.h<i 
anode all the electrons that are releii«<*^<i 
by the light, no further increase in current can be obt.ain<i!<i. I n 
other words, the vacuum cell has a definite saluTdtioti 
for every value of light flux. This feature makes this ty|>e of 

operation, and characteristics of photocleistrio h«.v« 

Amer. and Rev. Sci. InstrurnenU. 
19, 135 (1929), and Jour. Western Soc. Bng.^ 36, 16 (1931). 




Table XVII .—Chaeactebistics of Photoelectric Cells Made by the General Electric Company 
Tte sGDsitivity is expressed in Hiicrofljiiperes per lumen for light from 8. M&zdE C l&mp 3.t 2870 K. 
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cell ideal for photometric use because, by impressing a siifHciontly 
high voltage, the current becomes sensibly independent of the 
voltage and depends only on the total amount of light incident 
on the cathode. 

The variation in current with light flux for 50 volts on t he cell 
is shown in Fig. 124, which is replotted from the curves in Fig. 



Impressed Voltage 

Fig. 123.—Current-voltage relationship of a typical photoelectric coll of tlM» 

vacuum type (PJ-22). 


123. In a well-constructed cell, this relationship is very nearly 

+ 1 . ^ “^’st frequent cause for non-linearity is l<>akago 

important when the current i« 

^on .1 ^20, in which ti>e con¬ 

nection to the cathode is made through the base, have a relatively 



Pk.124_V-.- FiS 09 1.0 

• .. 

moisture on the outsWe of the h^h • j ®o“<i«naati<)n t>f 

ri- to a leakage ouZt as “/o- 

<an be reduced materiaUy b/eaninnin» ft, current 

’’ng as shown in Kg 107 ti, 8 the cell with a guard 

J'lg- 127. The guard ring need only be a 
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piece of wire wrapped around the stem of the tube and attached 
to a constant source having approximately the same potential 
as the cathode. 

Cells of the gas-filled type are more sensitive than those of 
the vacuum type because the ionization of the gas by collision 
can be utilized to increase the number of electrons reaching the 
anode for a given amount of light. Each electron that is released 
from the cathode collides with many gas molecules on its way 
to the anode; and, if the potential difference across the cell is 
sufficiently high, the force of the collision will ionize these mole¬ 
cules. The sensitivity of a gas-filled cell depends, therefore, 
on the impressed voltage, and the limit is reached when the volt- 



Fia. 125.—Current-voltage relationship of a typical photoelectric cell of the gas- 

filled type (PJ-23). 


age is so high that the ionization becomes cumulative and a 
continuous glow discharge takes place. ‘ For stability of opera¬ 
tion, the cell should be operated well below the glow voltage. 
The limit thus imposed on the amplification produced by the 
gas is about ten-fold. 

The characteristic current-voltage relationship for a typical 
gas-filled cell is shown by the curves in Fig. 125. The lower 
portions of these curves are similar to the corresponding portions 
of the curves in Fig. 123, but the increase in sensitivity due to 
the presence of the gas makes itself evident above about 15 volts. 
This increase in sensitivity is obtained at some sacrifice of 
linearity of response, however, especially at high values of 
impressed voltage or illumination. As the increase in sensitivity 

^ To prevent damage in case this accidentally occurs, a gas-lilled cell should 
always be connected in scries with a resistance of approximately one megohm 
to limit the current. 
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is the only point of superiority of the gas-filled type of cell, the 
vacuum type should always be used when possible. 

Photoelectric cells respond almost instantaneously to varia¬ 
tions in the exposing light. In fact, the response of a cell of the 
vacuum type is so rapid that, in practice, it is limited more by 
the electrostatic capacity of the cell and associated elenienU* 
than by any inherent lag in the cell itself. The re8i)ons€^ of a cell 
of the gas-fiUed type is limited by the rate of decay of the ioniza¬ 
tion of the gas, but it is usually so rapid that gas-filled cells cun 
be used without appreciable attenuation throughout the on tiro 
range of audible frequencies. In this respect, photoelectric 
cells are distinctly superior to selenium or other photocoiiducti vo 
substances. They are also superior because of the almost linear 


nature of their response. This is so nearly linear that many 
investigators have attempted to use photoelectric cells aa a 
substitute for radiometers in the direct measurement, of t.he 
intensity of a beam of light. The results of such a proc<‘<luro 
are likely to be disappointing unless the precision rcquirtHl in 
low, since all the cells that have thus far been prodiicc'd exhibit- 
marked changes in both their spectral sensitivity and their 
total sensitivity with time.i One remedy is to calibratt^ th<‘ cudl 
frequently A more elegant procedure is to use a null imMlKxi 
m w^ch the unknown source and a standard source are com¬ 
pared m rapid succession, the two being adjudged oqual wluui 
there ^ no variation in the cell current. This method will 
described in more detail in the next chapter. 

100. The Amplification of Photoelectric Currents.-. -Tlu^ moat 

connect,io.. with' 

amount of liffht fl ^ motion-picture film. 'I'he 

usually aboufo 1 '“cident on the cell in such appnratuH ia 

tSt of nLd obtainable with 

tto U . ; is only a few microamperes lOv,.,, 

Il^JcdelThave’^: -‘I — 

as small as lO-'s amo ° AJtlT ^ operated with currents 

magnitude can be measure^T^rf 

to say that photoelectric currents wouhl^ord“”°‘T*T’ 

use without amplification ordinarily be of litt lo 


has been ‘'"'"■•■'“'•trv 

81 , 541 ( 1931 ). ^ ^ ^ ® ““i Kingsbury, J„ur. OpUral tior. 
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If the output of a light-sensitive cell of the photoconductive 
type is to be amplified, its effective sensitivity may be very differ¬ 
ent from that indicated by the curves showing the variation 
of cell current with light flux. This is because these curves are 
determined with a current-measuring instrument, such as a 
galvanometer, whose resistance can be neglected in comparison 
with that of the cell itself. The thermionic tube, on the other 
hand, is essentially a voltage- 
operated device; and a high resist¬ 
ance must therefore be inserted 
in the cell circuit to transform 
the variations in current into 
variations in voltage. A typical 
circuit is shown in Fig. 126, where 
a cell having a resistance r is 
connected in series with an external 
resistance R and a source of elec¬ 
tromotive force jE 7. The thermionic tube, assumed to draw 
no current from the circuit, is connected between the points A 
and B. When the resistance of the cell changes as a result of 
variations in the light flux, the voltage across AB varies in a 
manner that will now be investigated. 

Let the voltage across the cell be represented by e. Then 


A 



Fia. 126 . 


e — ir, 

where i is the current in the circuit. If now the resistance of 
the cell changes by an amount dr as a result of a change dF in 
the incident flux, the corresponding change in e is 

de = rdi idr. (200) 


The change in voltage across AB is, of course, the same as that 
across the cell. Hence the effective sensitivity of a light-sensi¬ 
tive cell is measured by the ratio of de to dF when it is to be used 
in conjunction with an amplifier or other voltage-operated device. 

The value of de can be found in terms of the circuit constants 
by noting that 

E 

^ li^r' 


Then, since E and R are const ant. 


di — 


— E dr 

"(7r=FTp 


( 201 ) 
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By combining these equations, it is found that 

Re 


de — 


r(JR + r) 


dr 


( 202 ) 


R 


In the limit, if is very large, the ratio - approaches unity. 

For this case, the change in voltage across AB produced by a 
change dr in the cell resistance is 


de = —-dr, 
r 


(203) 


Under these conditions, the voltage change across AB is obviously 
a maximum; and it will be seen to depend only on the fractional 
change in the cell resistance and the highest voltage that ciin 
safely he applied to the cell. 

A numerical example will make the above relationships clear. 
Suppose that the selenium cell whose characteristics are shown 
in Fig. 115 receives 0.1 lumen of light flux. This flux is dint ril>- 
uted over an area of 7.0 cm®, so the illumination is 13.3 foot- 
candles. By referring to the cmve, it is easy to compute that, 
for this amount of illumination, the resistance of the cell is 
approximately 1.5 megohms. The slope of the curve at this 
point indicates that, if the illumination were reduced by 1 |>c*r 
cent, the resistance would be increased by 5500 ohms. Sul>- 
stitution of these values in Eq. (203) indicates that, under the 
most favorable conditions, this change in illumination will 
produce a voltage change across AB of 0.35 volt. 

It is evident from Eq. (202) that the external resistance H 
should be as large as possible, but this condition is usually not 
attainable in practice because the voltage E of the bat tery woulti 
have to be unduly large to maintain the desired voltage drop r 
across the ceU. It is easily shown that, if the voltage of the 
battery is less than twice the voltage that can safely be applied 
■to the cell, the maximum signal voltage across AB occurs when 

th^e conditions is directly proportional to E. There is little 

mum IT u ^ ^ ^ 
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The foregoing considerations do not apply to a cell of the 
photoemissive type for the reason that the resistance is ordi¬ 
narily so high that it would be impracticable to attempt to 
match it with an external resistor. For example, when 50 volts 
are applied to the photoelectric cell whose characteristics are 
shown in Fig. 123, the current for an incident flux of 0.1 lumen 
is approximately 0.5 microampere. The resistance of the cell 
under these conditions is therefore 100 megohms, and the resist¬ 
ance is even greater when the amount of light flux is less. A 
stable resistor of this size is difficult to obtain, and, furthermore, 
it is usually undesirable because it would make the circuit sluggish 
in responding to changes in light flux.^ For this reason, the 
practical limit to the value of R is frequently one megohm or 
less. This means that the resistance of the cell is ordinarily 
infinite in comparison, and, therefore, the change in voltage 
across AB in. Fig. 126 is 

de = Rdi. 

The change in current corresponding to a given change in light 
flux can in this case be read directly from a curve of the type 
shown in Fig. 124. 

It is of some interest to compare the signal voltage obtainable 
from a photoelectric cell with that computed above for the 
selenium cell. If 0.1 lumen is incident on the cell whose charac¬ 
teristics are shown in Fig. 124, the current is approximately 0.5 
microampere. A change of 1 per cent in the light flux would 
produce a change in current of 0.005 microampere and, hence, 
if R equals 1 megohm, the signal voltage is 0.005 volt. This 
is in contrast to the 0.35-volt signal obtained with the selenium 
cell; but it is only fair to add that, because of the sluggishness 
of the selenium cell, the conditions are not strictly comparable. 
If the photoelectric cell is used with such a large series resistance 
that its response is as slow as that of the selenium cell, the photo¬ 
electric cell is the more sensitive. 

One method of connecting a photoelectric coll to a vacuum-tube 
amplifkir is shown in Fig. 127. The grid is given the proper 
negative bias by connecting the filament to a point of the battery 

^ This is because of the inevitable electrostatic capacity of the grid of 
the vacuum tvibo, the photoelectric (^oll itself, anti the connecting wires. 
The time constant of t.he circuit is ItC. Hence if It is 100 megohms and C 
is 10““ farad, the voltage applied to the grid will require approximately 
one-thousandth of a second to rise to two-thirds of its final value. 
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that is slightly more positive than the low-potential end of the 
resistance. The guard ring, which should be used if the currenfe 
to be amplified are small, is so connected that its potential is 
approximately the same as that of the cathode when the normal 
cell current is flowing. It has already been mentioned t hat, t he 
resistance R must be low if the cell is to respond rapidly to varia¬ 
tions in the light flux. Quite often these variations are cyclical 
in character, and it is therefore desirable to express t.he limiting 
value for R in terms of the frequency of the signal. ''Phe grid- 
filament capacity of a tube of the screen-grid typo* is about 



riQ. 127. 


capacity of the photoelectric cell «n<! 
Tot- Wires IS at least of the same order of inai;tiitu<lf 

belo.fo^:fne;rero"f^“^ 


Frequency, 
Cycles per 
Second 

1 . 
10 . 
60 . 
100 . 
1.000 . 
10,000 . 
100,000 . 
1 , 000,000 

^ Unless a tube : 


Cnpa<uty 

ItojK^taucf*, 
McKohruH 
15,900 
1,690 
265 
159 
15.9 
1.59 
0 . 159 
0 . 01*9 


'JUICBS a tube r,f +-k„ 

capacrty of the grid is increased^IpMo^matT'^’- elei-, nwlatic 

-eahage is ..h less thaa* .he^r ^ 
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It will be seen that the capacity reactance decreases with increas¬ 
ing frequency. If the amplification is to be approximately 
constant over a range of frequencies, it is easily shown that R 
must be no greater than the capacity reactance at the highest 
frequency. For example, in using a photoelectric cell for the 
reproduction of sound, the highest frequency that must be 
amplified can be set at approximately 10,000 cycles/sec.; and 
referring to the table, it is clear that in this case R must not exceed 
about one megohm. 

The operating conditions of the vacuum tube into which 
the cell works must be quite different from those recommended 



Fia. 128.—Relation of grid and plate eiirreiits to the grid potential of a typieal 
four-olomeiio vacuum Lubo (UY-224) under normal operating conditions. 

for radio purposes. In radio circuits, although the voltages 
are small, the resistances of the circuits are small also, and 
consequently the currents are fairly large. Under these condi¬ 
tions, it is possible to neglect the grid current within the vacuum 
tube. When amplifying photoelectric currents, on the other 
hand, the grid current may become appreciable unless special 
precautions are taken. This will be clear from Fig. 128, which 
shows the plate- and grid-current curves for a typical tube of the 
UY-224 type operated under the following conditions, which are 
substantially the same as are recommended for radio purposes: 
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Filament voltage.. 2.5 volts 

Plate voltage. 180 volts 

Screen-grid voltage. 60 volts 

Plate-circuit resistance. 250,000 ohms 

When the grid is at a high negative potential, the grid curre 
is due to electrons emitted by the grid itself resulting from ; 
heating by the filament. The remedy is to operate the filame 
at a low temperature, a procedure that is quite satisfacto 
because the plate current in the first stage of the amplifier ne 
not be large. In the region from —14 to —4 volts in the ca 
illustrated, the grid current is due primarily to positive io] 
formed by the bombardment of the residual gas molecules I 
the electrons constituting the plate current. These positi^ 
ions are attracted to the grid and produce a grid current near] 
proportional to the plate current. The formation of these ioi 
can be prevented by keeping the plate voltage below the ionisi 
tion potential of the residual gas, usually about 12 volts. W^he 
the grid is more positive than —4 volts, it begins to attract ele< 
trons from the filament. This produces a current in a directi o 
opposite to that of the currents just considered. The magnitud 
of this current increases rapidly as the grid becomes mor 
positive; and, in the case illustrated, it neutralizes the othe 
currents at about —0.4 volt. This point is therefore the free 
grid potential. 

The difficulty of amplifying photoelectric currents with \ 
tube having a grid current like that shown in Fig. 128 is obvioui 
when it is realized that the slope of the grid-current curve repre 
sents the reciprocal of a virtual resistance in parallel with R 
If the grid-current curve is steep, the resistance is low and the 
signal voltage is correspondingly reduced. The portion of the 
grid-current curve that causes the most difficulty can be elim¬ 
inated by decreasing the voltages applied to both the plate and 
the filament. For example, the above tube can be operated under 
the following conditions: 


Filament voltage. 1.5 volts 

Plate voltage. 15.0 volts 

Screen-grid voltage. 7.5 volts 

Plate-circuit resistance. 250,000 ohms 


Then the grid current is sensibly zero for all grid voltages more 
negative than —0.4 volt, as is shown in Fig. 129. The mutual 
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conductance of the tube when operated in this way is low and 
the amplification is therefore small. This feature, however, 
is of little moment because the first stage may be followed by 
others of orthodox design to build up the signal to the required 
strength. 

A new tube that is particularly well adapted to the amplifica¬ 
tion of small photoelectric currents has been recently placed 
on the market by the General Electric Company. This tube is 



Fig, 129.—Relation of grid and plate currents to the grid potential of the XJY-224 
tube with reduced filament and plate potentials. 

known as the rP-54 and has been described by Metcalf and 
Thompson.^ It is designed to have a relatively high mutual 
conductance even when operated at a plate voltage as low as 6 
volts. The insulation of the grid is unusually high, the grid 
current being less than 10~^® amp.^ 

^Phys. Rev., 36, 1489 (1930). 

® For details concerning some of the special precautions that must be 
taken in the amplification of pliotoelectric currents, the reader should 
consult the literature of the subject, notably a paper by P^ottingham in 
Jour. Franklin Inst., 209, 287 (1930). See also “Photoelectric Phenomena” 
by Hughes and DuBridge and Chapter X of ‘T’roccduros in Experimental 
Physics” by Strong. 




CHAPTER XIII 


PHOTOMETRY 

The term “photometry^' relates broadly to the meiiHurement 
of light. Visual measurements must always be by some 

sort of comparison method for reasons that were made clear in 
Chap. X. These measurements are fairly simple if the Hourct^a 
to be compared are of the same color; but if their colors am 
different, a special procedure must be followed, as will bo shown 
in the section on heterochromatic photometry. Physical phth- 
ioTTietry is the term used to designate photometric nujasurc'ineiit-H 
in which the eye is replaced by some physical device such as a 
photoelectric cell or a photographic plate. SpertrophoUmiHry 
is photometry in which the photometric apparatius is coiubiuetl 
with a dispersing system so that measurements are ma(l(^ wave 
length by wave length. 

The technique of photometry^ has been developed largc^ly 
at the instance of the illuminating engineer. The choice* of 
concepts and units has therefore been made to exi^editt' the 
problem of distributing light in bulk rather than to systcuuatizi* 
the subject. This condition results in perplexity for the student- 
o physics, who is accustomed to concepts that were rat ioniiliw'd 
long before they found an engineering application. Th<* tonu 

thmgs lUummation must be evaluated in terms of flux iier unit 
area; m the English system, the logical unit is the lumon k‘,- 

Z^actitudeTh ^ “ foot-candle is not in keeping wi( h 

h^xactitude that characterizes scientific nomenclature. 

pendlnTLtil TK fh^t only one is an iruk- 

contains an subject. It 
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Quantity 

Dimensions 

Unit 

1 

Symbol 

Flux. 

Lumens 

Lumen 

F 

Intensity (point source). 

Lumens per unit solid 
angle 

Candle 

I 

Brightness (extended source). . 

Lumens per unit solid 
angle per unit area 

Candle per 
unit area 

B 

Illumination. 

Lumens per unit area 

Lumen per 
unit area 

E 


——dj . ->j4..— d2 




S, 




Z' 




X 


N 


mental unit. The candle is an easier standard to maintain, 
however, because measurements of intensity are simpler than 
those of total flux. 

The present standard of luminous intensity is the international 
candle. This has been maintained since 1909, when it was 
established by agreement between the national standardizing 
laboratories of France, Great Britain, and the United States.^ 
In this country, the Bureau of Standards maintains the standard 
by means of 45 carbon filament lamps, which are operated at 
a temperature corresponding to 4 watts/candle. These lamps 
constitute the primary stand¬ 
ard, and reference and work- 
ing standards are derived 
from them. 

101. The Measurement of 
Luminous Intensity.—Since 
the concept of luminous 
intensity applies only in the 

case of a point source, measurements of luminous intensity are 
generally based on the inverse-square law. The method is 
illustrated in Fig. 130. If /t is the intensity of a standard source 
Sx, the illumination produced on the diffusely reflecting surface 
of the photometer head H will be 

T.7 _ 11 . 

Bcos t . 

In similar fashion, the sourceof unknownint<msity <82 will produce 
an illumination 

T.T J ‘i 

/^2 = 7 , cos ‘I . 

’ In (Jermany and some of hor <*.<)unt.ric'!H, the Hofnt^r lamp ia still the legal 
standard. Its intensity is 0.90 candle. 




I’Kj. 130. 
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The procedure for determining the intensity of the unknown 
source is to move the photometer head along the line joining the 
two som-ces until the two halves of the photometric field iip^>ear 
to have the same brightness. If the head is properly const.rucf<»d[. 
Ex is then equal to E^, and the above equations can be combined 
to give 


h-^Ii 


(204) 


Thus the intensity of the unknown source can be comput ed in 
terms of that of the standard source from a simple measurement 
of the two distances. 

In practice, no source can be a true point, but any soiaroo 
can be treated as a point if it is so small compared wit-b the 
distances involved that, if it were smaller, the same result would 
be obtained within the limits of experimental error. Tlie preci¬ 
sion of measurements of luminous intensity is such that, provitletl 
the greatest dimension of the source is less than one-twent.iet.h 
of its distance from the photometer head, the assumpt.ion t«hat 
it is a point is usually justified. This means that th<^ lengt h of 
the photometer bench should be made to suit the dimoiiHioiiH 
of the source to be measured. 


The a,ccuracy of visual photometric methods deperuis iiixm 
the ability of the eye to estimate the relative bright-noKH of 
the two halves of the photometric field. This ability is roUxUni 
to the contrast sensitivity, which, as shown in Chap. X, is about 
1.8 per cent. Photometric measurements are more accurate t han 
value would indicate because the procedure is to adiust. the 
photometer head until first one half of the field and then the ot.her 
appeam just noticeably too bright. This operation is r(^,><vit.ed 
se^ral times and a final setting is made at an estimated midpoint. 

Photometric settings depends to some 
brightness of the field and is a maximum for a field 
bnghtness of approximately 10 candles/meter^. To at, tain 

the two halv”« f ,h. 
“3^" r photenot:; head 

dark line do™ the cente^J^T/thT fiTd^h because it has a 

bten Photozneter heads of nuuzy 

on one oriemated T. common use are l>,usod 

ongmated by Lummer and Brodhun. ThU is shown 
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schematically in Fig. 131. Light from the two sources Si and 82 
falls on the opposite sides of the photometric surface P, which 
is made of some white diffusing substance, usually plaster of 
Paris. The essential feature of the Lummer-Brodhun head is 
the photometric “cube'' C. This consists essentially of two 
right-angle prisms, the outer portion of the hypotenuse of one 
being ground away before they are cemented together. Where 
the two prisms are in optical contact, light reaches the eye from 
the side of P that is illuminated by ^ 2 . Where they are not in 
contact, total reflection takes place and the side of the surface 
illuminated by ^Si is seen. The appearance of the field is shown 
at A, When the field is balanced, the dividing line practically 
disappears. Like all subjective observations, the accuracy 



Fig, 131.—Sketch showing the principle of Lummor-Brodhun photometer head. 

Aj the appcaniiKje of the field. 

depends to a great extent on the comfort and physiological 
condition of the observer, but, under the most favorable condi¬ 
tions, an experienced observer can attain an accuracy of 0.2 
per cent in the mean of a large number of settings. 

It should be noted that the eye compares the brightness 
of the two halves of the field, whereas the assumption underlying 
Fq. (204) was that the illumination produced by the two sources 
is the same. To avoid errors within the photometer head itself, 
such as might be due to a difference in reflectance between the 
two sides of the surface P, the customary procedure is to rotate 
the head on the trunnions T and to make half of the settings in 
the reversed position. This procedure is similar to double 
weighing on a balance whose arms are not of equal length. 
Averaging the two sets of readings very nearly eliminates the 
error caused by any dissimilarities in the photometer head. 
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Sometimes a substitution method is used, the unknown and the 
standard being compared successively with an auxiliary source. 
It need scarcely be mentioned that any stray light reaching the 
photometric surface P will affect the reading. This is avoided 
by means of baffles suitably located between the sources and the 
head. 

A very slight difference in the color of two sources is ojisily 
perceptible in a photometric field, and this circurnstanct^ inakoB 
it possible to match the color temperature of two sourc(*s with 
considerable precision. In incandescent-lamp practice, for 
example, the color temperature of one lamp can be made' equal 
to that of a standard lamp by adjusting the applied voltage 
until there is no color difference in the photometric field, the 
photometer head being constantly moved to maintain a bright¬ 
ness match. Under favorable conditions, the error in matching 
the color temperature of two sources is about 3°G. at the <>i)erat- 
ing temperatures of incandescent lamps. 

102. The Measurement of Luminous Flux.—The fact thal a 



Fig. 132 . 


source may be small enough to 
make the concept of inteiisity 
applicable does not imply that tlie 
intensity is the same in all <iir<*<*- 
tions. Since most light, H<»ur<H*n 
nowadays are used in some sort 
of diffusing globe or its etpiivalent, 
the total flux emitted by t he source 
is of more significance than th<* 
intensity in a single direction. 'fhe 


. ,, , wTiai nux can be tound indirect Iv bv 

® inte^ity ia a large number of direotione nn,l 
amount of Hux emanating in each. Bochuhc of tho 

procedure, it is seldom used, however * 
The apparatus in common use at the present time fur (he 

by lumpnTr ° 1892 

the reflection factor, f ^ connection with an investigat ion of 

perfectly diffusine the hnW.i t sphere whose wall is 

1- y omusmg, the brightness of every portion of the spl.ere 

Mgmeeriag. ® standard texts on photometry and illumi.inf i„g 
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wall due to light reflected from the remainder of the wall is the 
same. The proposal to use the sphere in photometry was first 
made by Ulbricht in 1900, and the theory and technique of 
photometry by the use of the integrating sphere have been studied 
extensively since that time. ^ 

The procedure most commonly used to-day is illustrated in 
Fig. 132. The light source is introduced at L within a sphere 
whose waU is coated with a diffusely reflecting white paint. ^ 
The screen S prevents the direct light from striking the window 
W, which is made of opal glass. Then, by Sumpner’s principle, a 
given amount of flux from the lamp produces the same illumina¬ 
tion on the window regardless of the direction in which it is 
emitted from the lamp. The illumination on the window is 
therefore proportional to the total flux emitted by the lamp, which 
can be readily evaluated in terms of the intensity of an auxiUary 
source by means of an external photometer bench. A standard 
lamp whose mean spherical candlepower has been previously 
measured by the point-by-point method is then substituted at L 

^ See, for instance, Bur. Standards Sci. Paper 447. 

® It is important that the paint with which the interior of the sphere is 
coated should be not only perfectly diffusing but also non-selective, so 
that the repeated reflections within the sphere will not appreciably alter 
the color of the light. The paint used at the Bureau of Standards contains 
zinc oxide for the pigment and is made by first preparing a lacquer as follows: 

Parts by 
Weight 


Denatured alcohol. 100 

Camphor. 16 

Celluloid (colorless, small pieces). 10 


The camphor is first dissolved in the alcohol, after which the pieces of 
celluloid are added. The mixture is stirred occasionally until the celluloid 
is dissolved, which usually rc(iuires about 10 hr. The alcohol lost by 
evaporation is then replaced and the paint is made up as follows: 

Parts by 
Weight 


Cellulose lacquer. 4 

Alcohol. 1 

Zinc oxide. 4 


This mixture is stirred until a smooth, thick paste results, which may require 
an hour or more. Then apj>roximateIy 2 parts of alcohol and 1 or 2 parts 
of water-white turpentine are added, the alcohol to thin the mixture and 
the turpentine to retard the drying. 
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for the unknown lamp; and the total luminous output of the latter 
is computed from the ratio of the values of the intensity of the 
window in the two cases. 



Fig. 133. —The Macbeth illuminometer. {By couHeay of Leeds and Northrup 

Instrument Company,') 


103. Xhe IN^easurement of Brightness.—Brightness is the 
only one of the four fundamental photometric quantities that 

the eye is capable of comparing 
directly.^ To make a bright¬ 
ness photometer it is, therefore, 
only necessary to replace the 
surface comprising one half of 
the photometric field by the 
surface whose brightness is to 
be measured. This could be 
done with the Lummer- 
B r o d h u n photometer head 
shown in Fig. 131 by placing a 
mirror over one surface of the 
plaster screen, the surface to be 
measured being so placed that 
its image is visible on looking 
through the cube. Where an 
accuracy of 2 to 3 per cent is 
sufficient, a portable photom¬ 
eter is more convenient. A 
photograph of such an instru- 
j. , ment is shown in Fig. 133 and a 

diagrammatic sketch of its construction in Fig. 134. Light from 

intensity of a point source can be estimated roughly, 
fb! K ^ measurements require a photometer head in which the eye estimates 
the brightness of an extended surface illuminated by the source 






PHOTOMETRY 


271 


the small lamp L illuminates the photometric surface JP, which is 
usually a piece of ground glass. This surface is seen through 
the outer portion of the photometric cube C, the center of the 
field being illuminated by light entering the front of the cube 
from the surface under test. The photometric setting is made 
by turning the knob K to vary the distance of the lamp from the 
ground glass, after which the reading is taken from the scale S 
on the rod supporting the lamp. 

Objects that are very bright can be measured by means of an 
instrument in which one of the photometric surfaces is the fila¬ 
ment of a small lamp. This is the principle of the optical pyrom¬ 
eter, which is used to determine the temperature of incandescent 
liquids and solids. The optical system of this instrument is 
shown in Fig. 135. The surface being measured is imaged by 


o 




the objective O in the plane of the lamp filament L. On looking 
through the instrument, the observer sees the filament outlined 
against this surface, the field appearing as shown at A. In 
making a setting, the current through the filament is adjusted 
until the downward-curving tip disappears against the back¬ 
ground. The instrument is calibrated to read temperature by 
noting the extinction point for a surface whose temperature is 
known, such as a metal at its melting point. To avoid any color 
difference between the filament and the surface under observa¬ 
tion, a red filter is introduced at F. 

The unit of brightness was stated in Sec. 11, Chap. I, to be 
the candle per unit of area, the area being projected on a plane 
normal to the direction in which the surface is observed. The 
brightness of a diffusely reflecting surface is the same for every 
angle of observation; and another unit, called the lamhertf is 
designed to take advantage of this circumstance. By definition, 
one lambert is the brightness of a perfectly diffusing surface 
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emitting or reflecting one lumen per square centimeter. The 
advantage of this unit is that the brightness of the surface in 
lamberts is simply the product of the illumination in lumens 
per square centimeter and the reflecting power of the surface. 
In other words, if a diffusing surface reflects all the light incident 
upon it, its brightness in lamberts is equal to its illumination 
in lumens per square centimeter. When the surface does not 
obey Lambert’s law, its brightness depends upon the angle of 
observation, and the chief advantage of the lambert disappears. 
In fact, the meaning of the term is difficult to interpret in this 
case. One is compelled to represent the brightness of such a 
surface in a particular direction by the number of lumens per 

-square centimeter that a perfectly diffusing 

surface of the same brightness would 
radiate. 

The relationship between a given bright** 

\ ness expressed in candles per squares cent i- 
^ j ^ meter and in lamberts is not immediately 

I fi-Pparent. It might be assumed at first 
j glance that, since there are 27 r solid angles 
/ in a complete hemisphere, a given brighlr- 
ness measured in candles per square ceiit i- 
meter should be 27r times as groat as when 
measured in lamberts. A more careful 
Fig. 136. ^alysis shows that this is not the case. 

J- 136, let the small source of area jS' 

in 

^ centimeter be represented by B The brivhtnoMw 

y anes with the angle 0 in accordance with the equation 

^ = BS cos d. 

i£TJ'r »' • '•••‘•ph..™ 

be found by integratinir thA -it area S can 

entire hemisphere Thf. ^ ill"“ifation over the area of the 

<Sviding the latte; into .ores^SS^^^ K 

element at S' about an <in revolving the surface 

a zone is ^^xmai uo /b. ihe area of such 


27 rr sin 6 ' rdd, 
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Therefore, the flux intercepted by the zone is 

I 

dF = ^ • 27rr^ sin 6 dd 

The total flux 


= TT ■ B S. (205) 

It is seen, therefore, that a source having an area of 1 cm^ 
will radiate ttB lumens; and consequently 1 candle/cm^ is 
equivalent to tt lamberts. 

104. The IMCeasurement of Illumination.—The illuminating 
engineer is more frequently concerned with the measurement of 
illumination than any other photo¬ 
metric quantity. Since the precis¬ 
ion required in such measurements 
is not high, they are usually made 
by means of a portable photom¬ 
eter like that illustrated in Fig. 

133. This instrument really meas¬ 
ures brightness, but it is calibrated 
to read directly in foot-candles 
when used with a standard test 
plate. The procedure is first to 
place an auxiliary unit, shown 
in Fig, 137, on the test plate P. This unit contains a small 
lamp that produces a known illumination on the plate for 
a given current. The photometer is sighted at the plate 
through the hole IT and is set for the proper value of 
illumination. The current through its own lamp is then varied 
until a brightness match is produced. In this way, the photom¬ 
eter and test plate are calibrated together. The illumination 
at any given point can then be found by placing the test plate 
at the point in question and sighting on it with the photometer. 

The unit of illumination that is used most frequently in this 
country is the foot-candle, which is numerically equivalent to 
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one lumen per square foot. An illumination of one 1 union per 
square meter is sometimes called a lux, and one luinon per nquaie 
centimeter has been called by Blondel a phot. T'ho mtlhphoif 
which is about the size of a foot-candle, is also soinetiinoH Ufied. 
For convenience, a table of conversion factors is present chJ liolow. 


Table XVIII. —Conversion Faotomh 


Quantity 

Brightness 


Illumination 


To convert m 


Candles /centimeter® 
Candles /centim eter ® 
Candles /centim eter® 
Lamberts 
Candles/foot® 
Candles/foot® 
Millilamb erts 
Candles/meter® 

Lumens/meter® 
(meter-candles, lux) 
Milliphot 
Milliphot 
Lumens/foot® 
(foot-candles) 
Lumens/centimeter® 
(phot) 


Into n 


Candles/meter® 

MiUilaml)(‘rtH 

Lamberts 

Candles/meter® 

Candles/met<‘r* 

Millilarnherts 

Can d 1 es / m et.er * 

I Cnndles/foot® 

Lumens/fo<)t“ 

Lu m ons /ni et,< ‘ r ® 

Lumens/foot® 

Lumeiis/ineter® 


Multiply r» by 


lO.(KK) 

3.142 

a 142 
3, IHil 

10 7IM 
3 3K2 
3 IK.*J 
0 0021) 

0 <M>20 

lO 

O 020 
lO 7«4 


lAiinens/meier® I (), (KK) 


consideration with that of a sta* intt iisity of f iio M(nr utiticr 
narrow the space h^ween theTwo "'^nitu.ie in known. 'r„ 

one image is sometimes used A m "■ P"«'“ < •>'“ <l<'vi,n«.H 

artificial star for c^p^'on '>«- «» 

eliminated in the eStocLn meir^ “"“'Parison star i« 

wedge is moved in the plane of +>. ° which an alworliiiig; 

invisible. None of the^ method**® 

A method devised 

photometers for measuriM the porlui.lo 

are very faint or very distLt “'»*■ 

• An instrument on this principle 



PHOTOMETRY 


275 


is shown diagrammatically in Fig. 138. An image of the source 
in question is formed on the pupil of the observer’s eye by the 
lens L, which consequently appears equally bright over its entire 
surface. The lens occupies one half of the photometric field 
and the other half is occupied by a mirror R, which reflects light 
from a piece of opal glass G. The comparison source S illuminates 
the opal glass, and the setting is made by adjusting the distance 
between the two. In this type of instrument, a sharp dividing 
line between the two halves of the field is obtained without the 
great sacrifice of light that would result if the light were allowed 
to fall on a diffusely reflecting surface, as it is in the conventional 
type of photometer head. 

Special instruments, known as exposure meters, have been 
developed for determining the proper time of exposure in photog¬ 
raphy. This can be done with 
a brightness photometer like 
that shown in Fig. 133. The 
procedure is to determine the 
brightness of the deepest shadow 
within the scene to he photo¬ 
graphed and then to calculate 
the illumination in the image 
on the plate from Kq. (223) of 
Cliapter XIX- This equation 
indicates that the illumination for a relative aperture of f/8 is 
very nearly of the brightness of the surface toward which 

the camera is directed. Given the lens opening, it is a simple 
matter to compute the shutter speed that will produce an exposure 
in the deepest shadow that is just slightly greater than the inertia 
of the photographic material. The principal difficulty in the 
application of this method is that the deepest shadow is some¬ 
times hard to recognize. An alternative procedure is to measure 
the brightness of the high light of the scene. Then, since few 
subjocls hliving a brightness range greater than 100 are encoun¬ 
tered, an exposure for t.he high light area equal to 100 times the 
inertia of the film is usually a<le(iuai.o. This method tends to 
make the density of the high light the same for all negatives and 
thus keeps the printing t.iinc approximately constant. Of course, 
the readings of the; photoirietor must be corrcicted to take account 
of the difference 1 ) 0 tween the spectral sensitivity of the eye and 
that of the photographic material. 
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Unfortunately, there is no compact instrument that moasurea 
brightness directly. A close approach to the ideal is realised 
in one developed by F. H. Norton/ which is shown schematically 
in Fig. 139. A glass plate O reflects light from the compariBon 
lamp S into the field of view. This plate is made of a lij^ht smoke 
glass so that the two reflected images of the filament «ire not of 
equal brightness. These images are placed at infinity l>y the 
lens L and are seen superposed on the scene being extiinine^d. 
In making a measurement, the current through tho lamp is 


Fromsu^^ -reflected images can b© 

seen against the fiehi while 
other is just invisibU’s. T‘ho 
calibration of the inst-rtiiiiont 
is in terms of the lamp current, 
as in an optical pyr<>in<*ter, but 
—iu this case the currtuit. is 
f o js indicated by tho setting of the 

rheostat. It should he n<>t<Hl 
Pio. 139 . that the instrument is ncdthi'r 

a photometer nor an optical 
pyrometer, but that the quantity measured is really th(' adai}ta<- 
tion level of the observer. Care should be taken, therc-fore, 
exclude all stray light from the eye. 

meters dei)en<la ui)<>n t lio 
• acuity with the level of illuniination. ThiM 

precise for photographic purposes. In most of these insl runientH 

rom the entue subject rather than from a selected port ioii of it 

distribution in the siihie + ■ ^ reliable when the hrlKlit 

caution for ^bjei of ^ n "•» *» 

A « ^ unusual character. 

action of light^'i^^sellSired****'’*'^'^ meters depends upon the 
to find the 5me“qS for I'-xmdtire is 

mined tint. These instruments ^h^ "• imedet-er- 

determining the proper exnnci,/ sufficiently accurate for 

owing to the failure of the re<^n ®J^t)ject to large arrora 

OpticalSoc.ASa.^^7rr^ differenoo 

ond Bev. So. In>trummta, M, 436 (1927). 
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in color sensitivity between the sensitized paper and the material 
used in the camera. They can be calibrated to determine the 
exposure by measuring either the light falling on the subject or 
the light reflected from it. 

106. Reflectometry.—In general, when light falls on a sub¬ 
stance, part of it is transmitted, part is reflected, and the remain¬ 
der is absorbed. Most substances of ordinary thickness are so 
opaque that the proportion of the light transmitted can be 
neglected. The proportion of light absorbed cannot be measured 



directly, but it can be inferred from measurements of the propor¬ 
tion reflected. The ratio of the luminous flux that is reflected 
to the flux that is incident is known as the reJiectancG^ of the 
substance, but the term is meaningless unless the conditions of 
illumination and observation are specified. This will be clear 
from Fig. 140. If the beam of light contained within the small 
solid angle do) is incident on the surface at an angle 0 with the 
normal, the amount of light reflected within anoi-her small solid 
angle dco' at an angle Q' with the normal and an azimuth angle 4> 
depends upon the character of the surface. When the surface 

^ In licni of any general agreement on the nso of the terms ^‘reflectivity’’ 
and “reflectance,” the former is use<l in (’hap. VIII in connection with the 
total amount of energy reflected hy a surface, and the latter in the present 
chapter to indicate the amount of visihle liglit that ia reflected. 
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is smooth like a mirror, the reflected flux is zero except when 
e’ = 6 and ^ — 180°. To measure the reflectance in such 
a case, therefore, one has only to compare the intensity of a 
point source viewed directly with that of its reflected image. 

When the surface is rough in comparison with the wave 
length of light, the phase relationship between the elementary 
wavelets that is necessary for specular reflection is destroyed. 
In the limiting case, every element of the surface acts as an 
independent source, and the reflection is said to be completely 
diffuse. This is the case represented by Lambert’s law of 
reflection discussed in Sec. 67, Chap. VIII. According to this 
law, the amount of flux reflected per unit solid angle is propor¬ 
tional to the cosine of 9' and is independent of 9 and 4>. No 
substance obeys Lambert’s law exactly, and the consequence is 
that, in general, the proportion of the flux reflected in any given 
direction is a function of 0, 9', and It usually depends also 
upon the wave length of the light, but this is ignored for the 
present. 

It is impossible, of course, to find a single constant that will 
give complete information about the reflection characteristics of 
a material. For this reason, certain standard methods of 
illumination and observation have been adopted in the deter¬ 
mination of reflectance. The results obtained by these methods 
are significant if the conditions are representative of the usual 
modes of illuminating and observing the materials. For example, 
in measuring the reflectance of photographic papers,^ the 
standard method is to illuminate the sample by a small solid 
angle of incident flux at 45° from the normal, and to observe it 
through a small solid angle along the normal. This method is 
chosen because it corresponds closely to the conditions under 
which photographic prints are ordinarily viewed. Such a method 
is not applicable to very rough surfaces, like textile fabrics, 
because the reflectance depends to such a marked extent on the 
azimuth angle. An average value can be obtained in such 
cases, however, by rotating the specimen in its own plane while 
the measurements are being made. A still greater averaging 
effect may be produced without rotating the sample by using 
diffuse illumination, which can be provided by means of an 
integrating sphere, such as is shown diagrammatically in Fig. 141. 
Light enters the sphere through the hole X and strikes the inner 

^ See Sec. 95, Chap. XI. 
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wall at Y. This wall is coated with a white, diffusely reflecting 
material having as high a reflectance as possible. ^ Because of 
this high reflectance, the multiple reflections within the sphere 
produce an almost perfectly diffuse illumination on the sample. 
There is, of course, a slight excess of illumination from the direc¬ 
tion of the bright spot Y and a deficiency from the directions of 
the holes at X and Z, but this is ordinarily of slight importance. 
An incidental advantage of using a paint of high reflectance for 


Y 



coating the inside of the sphere is the very great increase in 
illumination on the sample. Suppose that an amount of flux 
F enters the sphere. If the reflectance of the sphere wall is 22, 
an amount of flux FR is diffusely reflected from the bright spot, 
'^rhis flux is finally absorbed on the area A of the sphere wall 
after a series of multiple reflections. Assuming that the area of 
the sample and the holes together is negligible, 

^ A i)r<)<i<Mlur(^ that haw rofroimnoiiclt^d i.s to paint tho wnll white and 

then '“smoko” it with inuf>;n<\sinm oxich^. 'i'ho smoking is done by placing 
a amall ])il<^ of magnosiiim shavings ou a refractory plate and ignitin^r them 
with a blow ton^h, the surface to bo coated being held a few coTitimetera 
above the; pile. "I’bis oixiriition should be repeated \intil the entire surface 
is well coate<l. Thti pile of shavings shook! not bo too larges because of tho 
danger of forming magiu^sium nitrides, which is yellow. The work sho\ild 
lx; <lone under a ventilated hood, and the operator should protect his eyes 
from the large amount of ultraviolet light emitted during the cornhustion. 
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FR == EA{1 - R), 

where E is the illumination of the sphere wall. By Sumpner’s 
principle, E is the same everywhere except at the bright spot Y, 
and its value is 

JpJ? 

^ "" A{r- R) 

from the equation above. If a material could be found having a 
reflectance of unity, it is clear that the illumination on the sample 
would be infinite. Even when the wall is coated with a material 
like magnesium oxide, having a reflectance of 0.97, the illumina¬ 
tion is more than thirty times as great as it would be if there 
were no multiple reflections within the sphere. 

One method of using an integrating sphere for reflectance 
measurements is, first, to measure the normal brightness of the 
sample by means of an external photometer through the hole ai- Z. 
The sample is then replaced by a standard whose reflectance 
is known and the measurement of brightness is repeated. If b 
represents the observed brightness of the sample and H the 
brightness of the standard, the reflectance of the sample relative 
to that of the standard is given by the ratio h/B, This subst itu¬ 
tion method is open to a serious objection, as has been shown by 
Hardy and Pineo;i because, if the window at is of apprecialfle 
size, the illumination within the sphere when the sample is being 
me^ured is very different from what it is when the standard 
IS being measured. Even if the error from this source is negli- 
^ble, there remains the difiiculty of finding a suitable standard, 
^e most satisfactopr one known at present is magnesium car- 
the form of a block. It is readily available, and a fresh 
prepared by scraping with a straightedge. For 

abou798p’^Snh°°’ *** unidirectional reHectance i.H 

abSute mlhL®' standard is avoided in the so-calle.l 

olute methods of reflectometry. Such a method is illust rai ed 
diagrammaticallv in Pie- 14 *> v. • ux as iuusT.rat ( <i 

rt 3 ^ AC is placed between 

sample. This screen should be so constructed thai. 

“S'- i r 

Jour. Opt%cal Soc. Amer.y 21, 502 (1931) 



PHOTOMETRY 


281 


of an unscreened portion of the sphere wall such as W. I^et the 
absolute reflectance of the sample be r. Its brightness h is given 
by 

h — re t 

where e is the illumination on the sample. Similarly, the bright¬ 
ness B of the sphere wall at W is given by 

B = RE, 


Y 



where E is its illumination. A photometer situated outside the 
sphere measures the ratio h/B, which is 

h _ re 
B ~ RE' 


The illumination ^ at TF is given by Kq. (206). The illumination 
e of the sample is less than this by an amount corresponding 
to the illumination produced by light that is once reflected from 
the bright spot, whence 


_ FR FR 

® X(1 - R) A ' 


(207) 


From Fqs. (206) and (207), the ratio e/E = R. Therefore, 
h/B = r. In other words, this method of comparing the bright¬ 
ness of the screened sample with that of the unscreened sphere 
wall gives the absolute rejiectance of the sample for diffuse illumina¬ 
tion and normal observation. By the principle of reversibility 
of the light path, this quantity also represents the proportion 
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of light diffusely reflected when the incident b'ght is a unidirec¬ 
tional beam normal to the surface. 

The method here described is only one of a number thiit. have 
been used, and the reader should consult a paper by McNicholas‘ 
for a comprehensive treatment of the subject of reflectance 
measurements. It may be worth while to mention, howewer, 
that the above method is often modified by substituting one or 
more small lamps for the bright spot. The results are sui)- 
stantially the same if the direct light from the lamps is scre<>ne<l 
from the sample. 

A single value of the reflectance of a surface gives no indicat ion 
of its gloss.2 There is probably no other term in common use 
that conveys such a concrete idea and yet is so difficult to dt^fine. 
The reason is that a definition which is satisfactory for one tyi)e of 
material may be quite misleading when applied to some ot lu’ir, 
Thus the definition of gloss used in connection with photographic 
papers is inadequate to express what the painter moans l)y t he 
gloss of a painted surface. In the painter’s mind, gloss is an 
intrinsic property of the paint and it should therefore ho. inde¬ 
pendent of the pigment, which is added merely to pro<luce t!i<‘ 
desned color. Since the pigment affects the diffusely r<‘fi<‘ctt‘d 
component to a pronounced degree and the specularly refl<'cteti 
component but slightly, it is clear that any definition that, 
involves the diffuse reflectance is unsatisfactory. Possibly 
the best procedure in specifying the gloss of a painted surface 
IS to measure merely the intensity of the specular component. 
^ i^trurnent devised by Pfund^ that operates on this prin<dpU‘ 
has been found to yield results in keeping with the common 
conception of gloss in this connection. 


Ha * ^ complete specification of the gloss of a surface is 

? oompeUed to use a gonio-photometer. In prin¬ 
ciple, this instrument consists simply of a photometer arranged 
to measure the brightness of the surface for any angle of incidence 
Md observation. A simple apparatus was used by .Jones- 
m fte measurement of the reflection characteristics of photo¬ 
graphic papers and motion-picture projection screens. It 

' The aubi^5 ir'' ^ (Aeeeorci Pap..r 3). 

me subject of gloss was discussed briefly in Sec 12 rbnrv i « i 

m connection with photographic papers in Chap XI. ’ 

Jour. Optical Soc. Amer., 20, 23 (1930). 

Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 6, 140 (1922) 
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will be obvious that, if the unidirectional reflectance is known 
for all angles of illumination and observation, the reflectance 
under any set of assigned conditions can be computed. 

107. The Measurement of Transmission.—The general prin¬ 
ciples discussed in connection with reflectometry hold also 
in the measurement of transmission. ^ An optically homogeneous 
material, such as a piece of glass or a solution of copper sulphate, 
corresponds to a plane mirror; and its transmission can be meas¬ 
ured by comparing the intensity of any convenient source of 
light with the apparent intensity as seen through the material 
in question. The procedure can be carried out on an ordinary 
bar photometer, but this instrument has the disadvantage of 
requiring two sources that must be maintained at a constant 
intensity. Instruments designed primarily for transmission 
measurements therefore usually contain a single source. Two 



beams are derived from this source, one passing through the 
specimen and the other around it, so that fluctuations in the 
intensity of the source do not affect the results. 

Since the proportion of light transmitted by an absorbing 
material depends upon its thickness, the beam should ordinarily 
be collimated at the point where the specimen is introduced, as 
shown in Fig. 143. For the same reason, the dimensions of the 
source should be small compared with the distance from the 
collimator. It is clear that the value of the transmission obtained 
in this way is a maximum because the light path within the speci¬ 
men is a minimum. In the case represented, the material is a 
liquid contained in a coll having plane-parallel faces. A solid 
material is prepared for measurement by grinding the opposite 
faces plane and parallel. 

' The ratio of tho amount of light transmitted by a material to the amount 
incident upon it was dtsfinod in Chap. I as “transparency.” Although this 
term is used as a measure of the blackening of photographic materials, the 
term “transmission” is more common in other eonneetions. 
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A material that is non-homogeneous, such as a piece of ground 
glass or a photographic plate, corresponds to a diffuse reflector, 
and its transmission obviously depends to a great extent upon t he 
conditions of illumination and observation. The most genertilly 
useful single value for the transmission of such a mat-erial is t hat 
obtained by illuminating the sample by completely diffuse 
light and measuring the transmission in a direction norniiil t<> 
the surface. This is equivalent, of course, to allowing a colli¬ 
mated beam of light to strike the material normally and meas¬ 
uring all the flux transmitted. An integrating sphere ciin 
used to obtain the diffuse light, but a simpler procedure is to 
place a piece of opal glass in contact with the specimen on the 
side toward the source. A simple test for the completeness 
of the diffusion is to determine whether adding a second piece of 
opal glass alters the results. It cannot be emphasized too 
strongly that the transmission of a non-homogeneous material 
that is to be part of an optical system should always bo measui'ed 
in situ or in some manner that is optically equivalent. 

The advantage of expressing the absorption of a material in 
terms of density rather than transmission is obvious in t he caso! 
of photographic deposits. Thife procedure is also advantag(H>us 
with other materials because of the nature of the laws governing 
the variation of transmission with thickness (Bouguer’s law) 
and with concentration (Beer’s law). It will be seen that the 
density of absorbing materials is directly proportional to Ix^th 
the thickness and the concentration of the absorbing substance. 
Furthermore, if two absorbing substances are inserted in the samo 
beam, the resultant density is simply the sum of the individual 
densities, whereas the resultant transmission is the prodxict. of 
the individual transmissions.^ 

The problem of measuring the density of photographic deposits 
occurs so frequently that special instruments have been develoix'd 
for the purpose. As a class they are known as densitometers, 
but it is clear that there is no essential difference between t-hom 
and other types of photometers. Since compactness is desirabk^ 
these instruments rarely operate on the inverse-square principle. 
Instead, diaphragms or wedges are sometimes used for varying 
the intensity of the comparison beam; but most of the commercial 

^ statement is subject to the qualification that, when two Rubstanees 
are inserted together, the inter-reflections between their faces may slightly 
modify the results. 
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instruments operate on a polarization principle devised by 
Martens. He developed his original instrument for determining 
the polarization of sky light, but it has proved to be extremely 
useful as a photometer. A photograph of a modern type is 
shown in Fig. 144. The essential elements of the optical system 
are a Wollaston prism and a Nicol prism, the rotation of one with 
respect to the other producing a known variation in the relative 
intensities of the two beams. The transmission can be computed 
from the azimuth of the Nicol prism before and after the specimen 
is introduced.^ 

108. Spectrophotometry.—It has been assumed up to this 
point that the two beams of light involved in the photometric 



Fio. 144.—Tho Murtcus photoinotor as made by Franz Schmidt and Haonsch. 

comparison have the same color. The comparison of two beams 
of different color is called hderochromatic photometry. This 
particular branch of photometry will be treated in the next sec¬ 
tion, and it will suffice to state here that the difficulties involved 
are formidable. They are avoided, however, in spectropho¬ 
tometry,^ wherein the two beams are dispersed into spectra and 
compared wave length by wave length, the photometric field 
being homochromatic, of course. Spectrophotometry may 
nevertheless be considered as a type of heterochromatic pho¬ 
tometry in the sense that it accomplishes the same result. 

Spectrophotometry bears the same relationship to photometry 
that spectroradiometry bears to radiornetry; it is distinguished 
from spectroradiometry by giving results that are relative instead 

^ This instrument ia doac.ribod more fully in Sec. 215, Chap. XXIX. 

2 The subject of spoctrophotomotry is treated at length, in a report 
of the Committee on Spectrophotometry of the Optical Society of America, 
Jour. Optical Soc. Amcr. and Rev. Sci. Instruments, 10, 169 (1926). See 
also a paper by Gibson, Jour. Optical Soc. A tner., 21, 664 (1931). 
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of absolute. Thus a spectrophotometric comparison of two light 
sources ^ves the energy distribution of one source relative to 
that of the other, whereas a spectroradiometric analysis can be 
made of either source without reference to the other. A spectro¬ 
photometer IS therefore more useful in connection with the 
measurement of transmission or reflection characteristics of 
ma eria s an in the examination of light sources. The first 
spectrophotometers were visual instruments, but nowadays they 



Fig. 146. The Konig-Martens spectrophotometer 

and Haensch. 


as made by Franz Schmidt 


physical detector of radia- 

IZmuct as the oh “ photographic plate. 

• 7 observations are always made with lieht of n 

are ^IZndent*^’/>h that 

are mdependent of the spectral sensitivity of the oarticulsr 

detector of radiation that is employed. particular 

Tht. spectrophotometer for visual use is shown in Fig 145 

This mstrument was devised by KSnig, who combined a prifmatic 
^persmg system with the Martens polarizing photometer The 
persmg pnsm forms two adjacent spectra at the eye point, 
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one from the source under investigation and the other from the 
comparison source. The instrument is so constructed that the 
observer views a homochromatic field in monochromatic light 
of the wave length to which the instrument is adjusted. The 
field is balanced by rotating the Nicol prism, as with the Martens 
photometer. 1 When the Konig-Martens spectrophotometer is 
used for the examination of opaque materials, it is customary to 
mount the sample and the standard side by side and illuminate 
them by means of an integrating sphere. Light reflected from 
the sample enters one end of the slit and fills one half of the photo¬ 
metric field; light from the standard fills the other half of the 
field. In the case of liquid specimens, such as dye solutions, a 
dummy cell containing the solvent is often placed in the compari¬ 
son beam.^ 

The difficulties in visual spectrophotometry are many. In 
the first place, the optical system contains a large number of 
air-glass surfaces that are likely to cause the field of view to be 
filled with stray light. In the Konig-Martens instrument, thin 
prisms are cemented to the collimator and telescope lenses to 
deflect the stray light originating at these surfaces. An unavoid¬ 
able difficulty in visual spectrophotometry results from the low 
visibility of radiation near the ends of the spectrum. This 
difficulty is especially pronounced in the violet because the 
incandescent lamps that are commonly used as a source of 
illumination emit so feebly in this region. Visual spectropho¬ 
tometers have not been widely used, partly because of the 
tlifficulty just mentioned but more because of the time required 
for the complete analysis of a single specimen. Ordinarily, 
observations should be made at no fewer than 30 points through¬ 
out the spectrum, and at least four settings should be made at 
each point. Even an experienced observer requires upwards of 
half an hour to make all these settings. 

A photoelectric spectrophotometer that aims to expedite 
the determination of spectrophotometric data has been described 
by one of the present authors.* The instrument is designed 


^ A inoro (ixictusivo (h^sdription of tho iuHtniinont is to btJ found in Chap. 
XXIX. 

® For an extensive <l(?Heription of the use of the Konig-Martens spectropho¬ 
tometer, tho reader should consult a paper l)y McNicholas, Bur. Standards 
Jour. Research, 1, 793 (1928) (^Research Paper 30). 

^ Jour. Optical Soc. Arner. and Rev. Sci. Instruments, 18, 96 (1929). 
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primarily for use with opaque materials, but transparent homoge¬ 
neous materials can also be accommodated, and a modified 
form of the instrument could be used for light sources. The 
optical system is shown in Fig- 146. The sample to be measured 
and a standard surface of magnesium carbonate are illuminated 
normally from opposite sides of a ribbon-filament tungsten 
lamp. Beams of light reflected at 45° from the sample and the 
standard are admitted alternately to the entrance slit of a pris- 



PiG. 146.—The principle of operation of a photoelectric spectrophotometer 

employing the null method. 

matic dispersing system by means of a glass flicker disk, the 
alternate sectors of which are silvered. The exit slit isolates a 
10-mM band of the spectrum formed by the prism, and this band is 
allowed to fall on the photoelectric cell. When the amount of 
light reflected from the sample is different from that reflected 
by the standard, a pulsating photoelectric current is produced. 
This current is amplified, and the alternating component is 
applied to the field coils of a small motor. The frequency of the 
pulsation is 60 cycles/sec., and, hence, when the armature is 
supplied also from a 60-cycle source, the motor is caused to 
rotate. This motor operates a shutter placed between the lamp 
and the standard, and the direction of rotation is always such 
as to balance the two beams. When the balance point is reached, 
the pulsations in the light cease and the motor stops. A ijen 
moving on a rotating drum records the position of the shutter, 
while the rotation of the drum changes the wave length. In 
this way, a complete spectrophotometric curve for the entire 
visible spectrum is traced in about two minutes. Figure 147 
is a photograph of the commercial model of this instrument. 
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A photographic method of spectrophotometry is generally 
used in the ultraviolet or whenever the light is weak. The laws 
connecting the density of the photographic deposit with the 
intensity of the exposing light depend on so many factors that, 
unless a null method is used, the precautions to be observed are 
very formidable. The assumption underlying the null method 
of photographic photometry is that, if two small contiguous 
areas of an emulsion are exposed for the same length of time to 
light of the same wave length from two different light sources, 
the sources may be judged equal if the resulting densities are 
equal. If these conditions are fulfilled, errors due to the failure 



of the reciprocity law, variations of gamma with wave length, or 
variations in sensitivity from point to point in the emulsion are 
avoided. An instrument that fulfills these conditions has been 
proposed by L. A. Jones.^ 

A rough but simple method of photographic spectrophotometry 
consists in placing an optical wedge over the slit of an ordinary 
spectrograph in such a manner that the intensity of the light 
transmitted by the slit varies according to a known law from top 
to bottom. The wedge can be made of gelatin dyed with a 
neutral dye or it can bo a piece of black glass ground into the 
form of a prism.^ The method will be obvious from the wedge 
spectrograms shown in Fig. 148. The upper spectrogram was 

> Jour. O'pticalSoc. Anier. and Rev. ScL Inutrunuinlft, 10, 561 (1925). 

2 Noitihor typo of wodge is ever tndy non-soloctivo in. its absorption, and 
to overcome this fault, O. E Miller has devised an instrument in which a 
template is used instead. See Rev. Sci. Instruments^ 3, 30 (1932). 
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made with a panchromatic plate without a filter, and the lower 
was made with a Wratten K-2 filter in the beam, the time of 
exposure being the same in both cases. The steepness of the 
wedge can be measured optically and an intensity scale can be 
placed on the spectrograms to indicate the approximate value 
of the absorption characteristics of the filter. Such an instru¬ 
ment is known as a wedge spectrograph. 

It was tacitly assumed in the two preceding sections on the 
Tnftfl. ,c inr ftTn ftnt of reflectance and transmission that the specimens 



Fig. 148. —Wedge spectrograms of Eastman supersensitivo panchronmtiiJ 
cine film showing its spectral sensitivity witnout a hi tor and with a \Vratt<>iii 
K-2 filter. 


were non-selective as to wave length. Now it is clear that the 
results of a spectrophotometric analysis are express!l^Je in terms 
of the reflectance at each wave length in the case of an opaque 
material, or in terms of the transmission at each wave lengt h in 
the case of a transparent material. Whether the sample is 
selective or non-selective is obviously of no consequence, Some 
consideration must be given, however, to the method of com¬ 
puting the total reflectance or total transmission from spect.ro- 
photometric data. For convenience, the case of a transparent 
material will be selected for illustration, but the same procedure 
is applicable in the case of an opaque material. Let the function 
expressing the variation of the transmission of the specimen 
through the spectrum be T Then if E\ represents the energy 
distribution of the source, and the spectral sensitivity of t.he 
radiation detector, the total transmission of the specimen in 
the language of the integral calculus is 
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Ordinarily the radiation detector is the human eye, and the 
quantity ^Sx is then the visibility function- It cannot be empha¬ 
sized too strongly that a mere statement of the transmission of a 
material is meaningless unless both functions JS'x and /Sx are 
specified. This probably causes the most confusion in connection 
with the so-called ‘‘filter factors" of the filters used in photog¬ 
raphy. The factor of a filter depends, of course, on the type 
of photographic material, the spectral quality of the illuminant, 
and even the color of the object. 

109. Heterochromatic Photometry.—Although the meaning 
of this term refers broadly to the comparison of two beams of 
light of different color, it is generally used in a somewhat restricted 
sense to mean the direct comparison of the two beams without 
resorting to the wave-length-by-wave-length comparisons that 
are characteristic of spectrophotometry. If the two halves of a 
photometric field are illuminated by light of different color, the 
eye is seriously embarrassed in making an equality-of-brightness 
match. For example, if one half of the field is red and the other 
green, there is no point at which the two halves can definitely be 
said to have the same brightness. Settings can be made which 
appear to be fairly reproducible when judged by the average 
deviation from the mean; but if the experiment is repeated by 
another observer, or even by the same observer at a subsequent 
time, a very different result may be obtained. In other words, 
during the course of a single experiment an observer adopts an 
artificial criterion for equality of brightness. 

One method of avoiding the difficulties of making a hetero¬ 
chromatic setting is to employ a color filter to produce a color 
match in the photometer. Gelatin filters for this purpose are 
available from the Eastman Kodak Company for use in the 
inter-comparison of light sources, but glass and liquid filters have 
also been used advantageously.^ In every case, the transmission 
of the filter must of course be known. It can be computed from 
the spectrophotometric curve of the filter by the method outlined 
in the preceding section, or it can be found experimentally by 

1 A series of liquid filters especially designed for this purpose is described in 
Bur. Standards Misc. Pub. 114. 
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measuring the intensity of a source both with 
filter in the beam. The latter method involves all the difficulties 
of comparing the two sources directly, but it has the advantage 
that the transmission of the filter can be determined once and for 
aU by several observers. Subsequent comparisons of the two 
light sources by a single observer are, therefore, nearly as precise 
as though many observers had cooperated. 

A procedure that is sometimes used in the photometry of 
incandescent lamps operating at different color temperatures 
is to divide the color difference into small steps by means of 
auxOiary sources. This is the so-called step-by-step or cascade 
method. For a single observer, the end result of this procedure 
is no more accurate than a direct comparison in the presence 
of the whole color difference, but the day-to-day consistency is 
found to be better. The ideal procedure, of course, is to cali¬ 
brate a series of standard sources operating at various color 
temperatures, so that an unknown source can be compared 
directly with one approximating it in color; but this method is 
applicable in general only to incandescent sources. 

The flicker method of heterochromatic photometry is ordinarily 
used when the color difference is large, the procedure being to 
expose the eye to light from the two sources in rapid succession. 
This method depends upon the experimental fact that a fre¬ 
quency can be found at which the color difference disappears, 
but the flicker due to the brightness difference remains. The 
photometer head is then adjusted until the brightness flicker 
disappears altogether or is a minimum. There is no a priori 
justification for this method, and at first the experimental results 
obtained by it did not agree with those found by the direct- 
comparison methods. The discrepancies led Ives^ to study the 
flicker photometer extensively, and he formulated cefrtain 
conditions for its use. Chief among these is that the photometric 
field should subtend an angle of not more than 2° to insure that 
its image will lie entirely on the macula. When the flicker 
photometer is used under the prescribed conditions, the repro¬ 
ducibility of the readings is high and the results are in good agree¬ 
ment with those obtained by other methods. In addition, it is 
found that inexperienced observers have considerably less 
difficulty with the flicker method than with direct-comparison 
methods when a large color difference is involved. 

1 Phil. Mag., 24, 149, 352, 744, 846, 863 (1912). 



PHOTOMETRY 


293 


110. Physical Photometry.—Since most photometric measure¬ 
ments are designed to evaluate the effect of light on the human 
retina, it follows that the light-sensitive detector in a physical 
photometer should have the same effective sensitivity as the 
human eye. Ives and Kingsbury^ attacked the problem by 
using a thermopile and a galvanometer in conjunction with a 
suitable filter. This filter consisted of a 2-cm thickness of a 
solution made up according to the following formula: 

Cupric chloride (CuCl 2 ). 60.0 grains 

Cobalt ammonium sulphate [Co(NH 4 ) 2 (S 04 ) 2 l. . . 14.5 grams 

Potassium chromate (K 2 CrO 4 ). 1.9 grams 

Water, to make. 1.0 liter 

In addition, at least 4 cm of water should be used to absorb the 
infrared. Instead of using a filter, the light to be measured could 
have been dispersed into a spectrum and then passed through a 
template so fashioned that the amount transmitted at any wave 
length is proportional to the visibility of the eye at that wave 
length. 

The chief difficulty with the thermopile and similar instru¬ 
ments is the necessity of measuring very small electric currents. 
A galvanometer of suitable sensitivity is subject to mechanical 
disturbances, drift of the zero, and lack of proportionality 
between the deflection and the current producing it. These 
difflculties make it seem unlikely that the thermopile can ever 
replace the eye in photometric determinations. 

The selenium cell has been used in photometry, but it suffers 
from a disadvantage common to all selective detectors of radia¬ 
tion—namely, that the spectral sensitivity varies so much from 
one cell to another that the amount of labor necessary to And a 
suitable filter is unjustified. Furthermore, the sensitivity of 
even a single cell is far from constant. Although the photo¬ 
electric cell is vastly superior to the selenium cell for photometric 
purposes, it suffers to a considerable extent from the same faults. 
If devices of this character are to compete successfully with the 
trained human eye, it appears that a null method must be 
adopted.'-^ The conditions that must be fulfilled by the optical 
system of a photometer based on the null method are as follows: 

1 Phyn. Rev., 6, 319 (1915). 

* A mill method for the photometry of ineandescent lamps has been 
described by Sharp, Trans. Ilium. Eng. Eoc., 23, 428 (1928). A null method 
for spectrophotometry is described in Sec. 108. 
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1 . The two beams under comparison must have the same spectral quality 

and state of polarization. , 4 ^ i ♦ 

2. The same area of the active surface of the cell must be illuminatetl at 

the same angle by both beams in rapid succession. 

3 Tiie transition from one beam to the other must take j)lace without iin 

intervening dark period. 

If these conditions are satisfied, the beams are obviously of 

equal intensity when there is no variation in the cell current. 

The null method is simple of 
application because of th 
ease with which rapid varia¬ 
tions in the cell current can 
be amplified. Furthermore, 
there is no limit to the preci¬ 
sion of the method that corre¬ 
sponds to the limit set for 
visual methods by the con¬ 
trast sensitivity of the ey<\ 
The ultimate limit to the precision is set only by the *‘shot” effect 
in the cell and the associated cir¬ 
cuit, but this limit is far beyond 
the most exacting requirements of 
present-day photometry. 

A special method of connecting 
a photoelectric cell to a vacuum 
tube has been found useful in con¬ 
nection with the null method of 
photoelectric photometry. This is 
shown in Fig. 149, where the cath¬ 
ode of the cell is connected directly 
to the grid of the vacuum tube. If 
precautions are taken in operating 
the tube so that the reverse grid 
current is negligible,^ a given frac¬ 
tional change in the cell current 
produces the same change in grid potential regardless of the 
magnitude of the cell current. This is shown in Fig. 150, which 
is plotted from the same data as Fig. 129. When this method of 
connection is used, the precision of a setting is almost independent 
of the level of illumination within wide limits, a characteristic 
also possessed by the human eye (Fechner’s law). 

^ See Sec. 100 of the preceding chapter. 



Flo. 160.—Grid onrront. of 
UY-224 tube as a function of tlin 
grid potential. Tljo dutiL are the 
same as for Fig. 129. 
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a basis of physical photometry, The only practical methods of 
this type involve the use of a photographic plate, which sulers 
from faults analogous to those of light-sensitive cells and from 
many others in addition, as shown in Chap. XL The only merit 
of photographic methods is that they can be used in some cases 
where others cannot. In the photometry of weakly fluorescent 
materials, for example, the ability of a photographic plate to 



CHAPTER XIV 
COLOR 

The term ''color'' is used in three different senses. To the 
chemist, a color is simply a material such as a dyestuff. 1 o the 
physicist, "color’^ is practically synonymous with "light.,' and 
both are described in objective terms by the spectral distribution 
of energy in the radiation in question. To the psychologist, on 
the other hand, the term "color" denotes the subjective sensation 
produced in the brain of a human observer, generally the result 
of a physical stimulus. This triple meaning of the terni may 
easily be the cause of confusion because it may be used in all 
three senses in even a single sentence. One might properly say, 
for example, that the sensation of color is generally the result of 
the color stimulus produced when white light is reflected from 
a colored object. Such an ambiguous use of a term is inconsist ent 
with the exactitude that characterizes science, but it is typical 
of the whole body of color terminology. Most of the terms used 
by color technologists are household words which, for want, of 
suitable substitutes, have been given a restricted technical 
significance. This has happened so recently that even technical 
workers in the field do not always agree among themselves; and it 
will probably take some time to evolve a systematic nomenclature 
that will win universal recognition. For a striking illustration 
of the chaotic condition of color nomenclature, the reader should 
examine the replies to a questionnaire that was distributed by t.he 
Optical Society of America to a large number of workers in the 
field of color. ^ 

During the past decade, the problem of measuring and specify¬ 
ing color has become one of extraordinary importance. This has 
been due in part to the more liberal use of color that has come 
mto vogue since the war. A more cogent reason, however, 
is the rapid spread of methods of quantity production, which 
require a uniformity in the product that would otherwise bo 
unnecessary. Hence the subject of color, instead of being of 

1 Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 13 , 43 ( 1926 ). 
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interest only to those who manufacture or use dyes, paints, inks, 
and other coloring materials, is of great significance in connection 
with practically every article of commerce. Indeed, there is 
every indication that the subject of color will become one of the 
most important branches of applied optics. 

The measurement of a color in the objective sense is accom¬ 
plished by means of either a spectroradiometer or a spectro¬ 
photometer. The former is more convenient for measuring the 
color of light sources, and the latter for measuring the color of 
transparent and opaque materials. Some typical spectrophoto- 
metric curves for objects whose colors are well known are shown 
in Fig. 151. If these curves, or the data from which they are 
100 
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illuiinnutofl at 45® and viewed normally. 

plotted, are doterniinod with sufficient precision, the color of the 
object in question is adeciuately specified in the objective sense. 
Of course, unless t.he material reflects diffusely, the color depends 
to a great, extent upon t.he angle of illumination and observation. 
In other words, a glossy surface exhibits, in general, an infinite 
number of colors. This means t.hat a single spectrophotometric 
curve can represent the color of a surface only under a single set of 
specified condit.ions. 

111. The Sensation of Color..It is a fact of common experi¬ 

ence that the eye is incapabk^ of analyzing a complex stimulus into 
its spectral components.^ Those whose business it is to mix 

‘ In this r<\spn<it tlu^rc! is a fiindamontul diffonnion b<'!twoc’!n thci response 
of the eye and that of tlui ear, because the latter can, with proper training. 
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colors sometimes believe they can see in the resulting mixture 
the components which they have added, but this effect is due 
simply to judgment based on experience and not to any analytical 
powers possessed by the eye. Because of this lack of ability to 
analyze radiation, there are in general an infinite number of color 
stimuli that will evoke the same sensation. Thus the objective 
method of specifying colors by means of spectrophotornotric 
curves may be misleading in the sense that it fails to indicate 
whether two colors having different curves will appear alike or to 
what extent they will appear unlike. It is necessary, therefore, 
to investigate the effect produced by a complex color stimulus 
on the visual apparatus of a normal human observer. 

The mechanism of color vision is but partially understood at 
the present tim e* and, although many theories have been pro¬ 
posed, none accounts for all the known phenomena. From the 
standpoint of applied optics, the most important problem is the 
interpretation of spectrophotometric data, and, for this purpose, 
the Young-Helmholtz theory provides a satisfactory solution. 
This theory is founded upon the experimental fact that any color 
stimulus can be matched visually by a mixture of the proper 
amounts of three arbitrarily chosen stimuli, which are called 
primaries. Let it be assumed that one half of a photometric field 
is illuminated by a stimulus which may have any desired 
energy distribution. This stimulus produces a sensation that, 
can be exactly matched in the other half of the field by the 
proper amounts of the three primaries, which may likewise be of 
any arbitrary spectral quality or may even be monochromatic. 
Let the amount of each primary required for a color match 
be represented by Aj 5, and C respectively. Then, regard¬ 
less of the manner of choosing the primaries, a unique set of 
values for Aj By and C can always be found to satisfy the relation 

E\ = A B C. 

These quantities may have negative values, in which case the 
primary in question must be added to the half of the field that 
is illuminated by the unknown stimulus instead of the com¬ 
parison field. 


analyze as complex a stimulus as the music of a symphony orchestra intc) 
the ^mponents produced by the various instruments. 

equality is used here to indicate that the sensations are equal 
rather than that the stimuli are equal. 
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All the basic facts of color mixture can be determined from one 
simple experiment. Such an experiment will now be described, 
not in the form in which it is usually conducted, but in a slight 
modification that is more easily comprehended. One half of a 
photometric field is illuminated by monochromatic light, the 
energy of which is held constant as the wave length is varied. 
The other half of the field is illuminated by measurable amounts 



Wdvc LemgfH {^rryxy 

Kkk 1512. ('olor inixt.uro djif n for nionoi^hroiniitir. priiiiarios of loiiKtfi 

450 nl^t, f>5() in/x, aiul 020 iii/x. 

of t hroe inonoehroinnl ic primaries, which, for the sake of con- 
crel(‘ii<\ss, will be }issume<l to be at. 450 in/Uj him? and 620 mAt. 
'^riu^ ap|)n.rM( us is jissuiikmI t.o })e so d(^signed t hat these primaries 
can be t ninshirre^d w'hf'in necessary (o the oj^posito side of the 
photoinc't ric field. d^he first- st(‘p in the exp<u*iine:iit is to make 
the wiivo length of t he; monochromatic stimulus the same as that 
of oM<^ of thet primaries, say t.h(^ onc^ at. 4.'>() m^i. Tl^o match this 
stimiilus, only t.lu^ 4r>()-m/i {primary is reejuired, and the scale on 
which t his one is m(*asured can bc^ set arbitrarily at 100 as a 
matter of convcmiiuice. By rej)eat.ing this operation with the 
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monoohromatie field set at 550 and 620 m,. in turn, the scales 
on which the other primaries are read can be arbitrarily e® 
likewise. With these preliminary adjustments made, the 
monochromatic field is set at other wave lengths throughout the 
spectrum in turn, and the values of a, /3, and y required to pro¬ 
duce a color match are determined. The values that would bo 
obtained if such an experiment were performed by a normal 

observer are shown in Fig. 152. ... u 

The Young-Helmholtz theory of color vision interprets these 
curves by assuming that the eye contains three independent, 
selectively-responsive detectors of radiation. On this assump¬ 
tion, the curves can be regarded as representing the individual 
spectral sensitivities of the three receptor mechanisms. *1 bo 
negative values are explained by assuming that the sensation is 
inhibited at certain wave lengths instead of being stiinulate<i. 
Although this interpretation suggests a visual mechanism whost^ 
behavior is easily comprehended, there are several serious objec¬ 
tions to it. In the first place, there is no anatomical evidence 
for the existence of three sets of receptors. A more serious 
objection is apparent when it is remembered that the choice of t.he 
primaries on which these curves are based was entirely arbitrary; 
thus, if different primaries had been chosen, a different set of 
curves would have resulted. In fact, it is easily shown that the 
three functions a, /3, and y can be transformed algebraically int.<^ 
a new set of functions a', /3', and y' by means of the linear 
transformation: 

a' = K^oc -f + K^y , (2()9a) 

-h Xfiid + lUy , (2095) 

and 

y' = Ktoc + Xg/S -H K^y . (209r) 

The quantities, Ki, K 2 , . . . Xg, are constants whose values may 
be chosen quite at random.^ By substituting the values of «, (i, 
and y at each wave length in the above equations, the new set 
of functions thus derived is as adequate an expression of the fact s 
of color mixture as any other. If the eye does contain throe 
sets of receptor mechanisms, it is clear that color-mixture dat a 

^ Subject only to the restriction that the determinant >{ K^K^Kn ^ in\iat 
not equal zero. 
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alone are insufficient to determine explicitly the form of their 
sensitivity curves. 

Konig and Dieterici experimented with dichromats—that is, 
observers with abnormal color vision whose mixture data can be 
interpreted on the basis of two excitation functions instead of 
three. It seemed natural to assume that such observers lacked 
one of the three receptor mechanisms possessed by normal 
trichromats and that the missing function should represent the 
sensitivity of one of the normal receptor mechanisms. Although 



4.00 450 500 550 600 650 700 

Wave Leng+h (m/ji) 


Fkj. l.W. 'riio (>x<ntn('i(>n riinrlioiiH ro(i<>niinot»(lo(l l>.v the 1<.>20 Optic-.iil Society 
«»f Amcri«-n, (on (^)loriij»otiry. The valiu^H aro for an o<iual-enorgy 
spectrum, but t.hc rciiit ivc muKuitudcH of the threse functions have been chosen 
so that the areas under the curves are enual for mean noon sutdiKht. The data 
for the curves are niven in Table .XIX. 

those oxperinKMits are of intp(T(^st. in i.he understanding of the 
niochanisiii of vision, the present, tendency in colorimetry is to 
rcigard l.het mixture curves for no more t han t hey are worth and to 
select t.heni j)urt^ly wit h n^ferenco to their convenience in reducing 
spcctrophotomet.ric data. 

One set of e.xcit.ation funct ions that has been used more widely 
than any other was given in a report of t he C-olorirnetry C/ommit- 
toe of the Optical Society of America.^ These curves are repro- 

^ Jour. Optical Soc. Amer. and Rev. Sci. I ns lrume.nl a ^ 6, 527 (1922). 
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rive^f ^’■® plotted are 

given m Table XIX. The curves are for an eaual-enerirv 

Sos^’ that a® functions have been 

suSt extil the T “oon 

g s the three receptor mechanisms equally. This 

Recommended by the 1920 Com- 

ON CODORIMETRY OF THE OPTICAL SOCIETY OF AMERICA 

Thfx^lItir^IgituZT^h T^’ “ equal-energy spectrum, 

mean neon sunlight the areas Ldeythe”eu^^aTeef,t? ^ 



’n°:™°“= 6m;z/:-5r97T~v6r 

rr .3 “T” “ >■■“« ■«»- 

presently. Unfortunately these which will be discussed 

obtained by Kbnirand Vbnfv ""T d^ta, 

W. D. Wright' and J. Guild^^+h’ '^oent investigations by 

that some of the values may have”to'^brrt^ed^'’T^*“® indicate 

importance that this subject has assumed, it 'is disable that 

Trans. O-ptical Soc. {London). 30, 141 nqsa ^Qoo^ -j 
1930). (1928-1929); idem, 31, 201 (1929- 

* Phil. Trans. Roy. Soc. London, 230, 149 ( 1931 ) 
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an international agreement be reached on a specific form of the 
excitation functions.^ 

For the interpretation of spectrophotometric data, it is unneces¬ 
sary to make any speculations whatever concerning the mecha¬ 
nism of the visual process. Curves like those of Fig. 153 indicate 
directly the amount of each of the three arbitrarily selected 
primaries that must be added together to match a given mono¬ 
chromatic stimulus of any wave length. If the unknown stimu¬ 
lus is not monochromatic, the computations can still be made 
on the basis of these curves. By representing the energy 
distribution in the stimulus by Exy it is clear that the amount of 
each primary required for a color match can be found by multiply¬ 
ing the value of at each wave length by the corresponding 
values of and y, and summing the results. In mathematical 
symbols, these operations arc represented by 

A = (210a) 

B = (2106) 

and 

c - ^’‘yE^dX. (210c) 

Any other stimulus Ex' will obviously evoke the same sensation 

as Ex if 

= A = J^^^ocExdX, 

£"°PE^'d\ = il = ^'‘fiEydX, 

and 

£'‘yE^’d\ = C = /^"yE^dX. 

It is evident, therefore, that the quantities A, B, and C, although 
not nec(\ssa.rily a, measure of the visual sensation, are sufficient to 
indicat.(^ t h<> conditions under which two stimuli that are different 
in the objective sense will evoke the same sensation. 

The stimuli Ex and Ex' may represent the direct radiation from 
primary sources of light, but more frequently they represent 
radiation t,hat is reflected or transmitited by a material whose 

' Sin<'.<^ thiH chapter was written, Mui International Commission on 
lllninination, meeting at Cainhritlge, lOngland, has adopted a standard 
Hct of excitation fnnci.iona. A comprehenHive treatment of this subject will 
be found in an article by Judd in Jour. Optical Soc. Amer.^ 23, 359 (1933). 
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color is to be measured. Taking the case of reflected light as an 
example because it is more common, let Rx represent the reflect¬ 
ance of the material as a function of wave length, and Ex the 
energy (hstribution of the source by which the material is illu¬ 
minated. The excitation values in this case are evidently 

A = f^"aRxExd\y (211a) 

^ ~ Jo (211b) 

and 

c = ( 211 c) 

It appears from this that a material whose color is specified 

objectively by Rx = /(X) (that is, in terms of spectrophotometric 
data) evokes a sensation that is adequately specified by A, and 
C. The values of these quantities obviously depend upon the 
quality of the illumination Ex» Two materials specified objec¬ 
tively by different functions Rx may therefore appear of the same 
color under one particular kind of illumination. If the quality of 
the illumination is changed, the colors will, in general, no longer 
match. This fact hardly requires comment for it is well known 
that many materials that match well under daylight fail to match 
at all under artificial light, although the difference in spectral 
quahty is relatively small. This may be summarized by stating 
that if two materials are to match in the objective sense, their 
spectrophotometric curves must be identical; and, in this case, 
they will always match regardless of the spectral quality of the 
source by which they are illuminated or the peculiarities of the 
observer's visual apparatus. Two materials having different 
spectrophotometric curves may match in the subjective sense 
for one observer and one type of source, but they will, in general, 
fail to match for an observer with a different color sense or a 
source of different spectral quality. 

112. The Representation of Colorimetric Data.—One of the 
commonest complaints among the industrial users of color 
is the diflSculty of keeping color records in a systematic manner. 
For example, a paint manufacturer may easily have fifty thou¬ 
sand or more formulae in his file. If this file is to be useful, the 
colors must be arranged by some sort of system, preferably with 
a number assigned to each. One obvious method of assigning 
such a number is to decide arbitrarily that the color of a white 
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standard, such as magnesium carbonate, when illuminated by a 
source having an equal-energy spectrum shall be represented by 
A — 100, B = 100, and C = 100. On this basis, a light neutral 
gray under the same illumination might be represented by 
40-40-40, and a light green by 13.1-51.4-35.3. By arranging the 
file according to these numbers, it is evident that all colors that 
look alike will be filed together. When a new sample is to be 
matched, its color can be measured with a spectrophotometer and 
the values A, B, and C computed. With this information, one 
can quickly turn to the formula producing the closest approxima¬ 
tion to a color match. That such a practice has not been already 
universally adopted is due simply to the lack of suitable color¬ 
measuring instruments. 

A graphical representation of colors is obtained by plotting 
the values of A, B, and C in some three-dimensional system of 
coordinates. This procedure is not very convenient, and it is 
therefore desirable to find a method of representing the maximum 
amount of information about a color on a two-dimensional plot. 
Suppose that, instead of taking A, B, and C as the parameters, 
the following ratios are used: 

A 

A -i~ B ~\- C 


and 


A-h B + 'C’ 


A B A- C 

Only two of these quantities are independent since the sum of 
the three is always equal to unity. By plotting these three 
fractions in trilinear coordinates—that is, as distances from the 
three sides of some arbitrary triangle—one obtains what is known 
as a color triangle. It is usually more convenient to select a right- 

A 

angle triangle and to plot two of the ratios, such as ^ B + C 

Q 

and - 3 —i——i—in ordinary Cartesian coordinates. A color 
A “h -o -h 

triangle of this type is shown in Fig. 154, and the usefulness of 
such a triangle will be discussed later. 

It is clear that the above procedure of dividing each of the 
excitation values by the sum of the three eliminates as a para- 
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meter the total amount of light present in the stimulus. In 
other words, if the stimulus is a primary source of light, the above 
ratios give no indication of its intensity but merely indicate wimt. 
we may call its chromaticity. To specify the color of a material 
completely, it is necessary to give not only the ohroinaticit-y but 
also the luminosity. As was shown in Sec. 11, C^hap. I, the 
luminosity of a primary source is obtained by determining the 



distribution and the visibility 
of a transparent material is generally 
xp..essed m relative terms by its transmission, which can bo 
computed by means of Eq (208) in the preceding chapter! In 

that^^^a'^^^rf* t1 opaque material relative (o 

ihS, o'; tT”"""* ‘ 
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If the primaries are monochromatic, their luminosities are given 
by the ordinates of the visibility function at the wave lengths 
of the primaries. If the primaries are not monochromatic, their 
relative luminosities can be obtained by integrating the energy- 
distribution curve of each primary by the visibility function. 
In this way, it is possible to find coefficients by which each excita¬ 
tion value can be multiplied to yield its contribution to the 
luminosity of the stimulus. For the O.S.A. curves given in 
Fig. 153, Judd^ has found the values to be. respectively 0.01,® 
0.54, and 0.45. The luminosity of a given stimulus is therefore 

L = 0.01 A 4- 0.54 J5 -h 0.45 C. (212) 

Judd® has also shown that the excitation functions can be so 
transformed that the luminosity coefficients of A and C are zero. 
The /S-function then has the form of the visibility function, and 
the value of B indicates the luminosity directly. 

One shortcoming of the method of representing colors by their 
excitation values is that the parameters do not correspond to 
the fundamental psychological attributes of a color— hv>e, 
saturation, and brilliance. The meaning of these terms will be 
made clear by attempting to arrange a collection of colored 
objects—cards, for example—in some sort of orderly classifica¬ 
tion. The first step, after segregating the gray cards, is naturally 
to arrange the remainder in groups according to hue, in terms of 
which they may be described as being red, orange, yellow, green, 
blue, violet, or the non-spectral hue, purple. These hues can 
be arranged most conveniently in a circle, purple being placed 
between the red and the violet. The gray cards can be arranged 
on a brilliance scale headed by white at one end and black at the 
other. The cards of any one hue can also be arranged according 

^ Jour. Optical Soc. Amvr. ami Rev. t^ci. I nstru7n.iinLii, 10, 635 (1925). 

“ It iw worth whih^ to noto that, although radiation in the violet region 
(•(jutril^utes very litihi to the luminous sensation, Fig. 153 shows that it 
(u>ntrihut.('S grcally +<> t,h<! color sciusation. This parndox is the cause of a 
fundamental <liiTiculty in visual sp(Kd.roi)hotoinetry. The visibility of 
radiation Inflow 440 lu^t is so low that oiio is Unnptod to assume that spectro- 
photoinctric observations at shorter wave lengths are of little importance. 
'Phti })oint. is that an amount of violet radiation that would be almost 
invisihle aloiu' has a< proIl(>un(^<^d cdTtMjt on the color of a stimulus to which it 
is aflded. ()n<^ of t.h(^ <^hief advantages of photoelectric spectrophotometry 
is that HMidings can b(^ (H)ntinu<^<l as far as may he necessary into the violet 
end of the spiiet.ruin. 

® Bur. Slandarde Jour. Research, 4, 640 (1930) {Research Paper 163). 
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the s^STw’-/ ^ identify radiant energy with 

parameters that truly^riTOndtoth?"'^ there are no objective 
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same sensation as the st^fl P^hnaries that produce the 
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photometric field is illuminated by the color to be matched and 
the other half by a mixture of controllable amounts of mono¬ 
chromatic light of adjustable wave length and white light of some 
definite spectral quality. The three adjustments—namely, 
the wave length of the monochromatic light, its intensity, and 
the intensity of the white light—provide the means for matching 
every color except purple.^ The dominant wave length is, of 
course, read directly from the instrument in terms of the wave 
length of the monochromatic radiation. The luminosity is 
simply the sum of the luminosities of the monochromatic radia¬ 
tion and the white radiation. The colorimetric purity is the 
ratio of the luminosity of the monochromatic radiation to the 
total luminosity. 

A color specification in terms of three excitation values, A, 
By and C, can be converted into terms of dominant wave length, 
purity, and luminosity. The most obvious method is to con¬ 
struct a color triangle, which has been done in Fig. 154 from the 
data of Table XIX. Some of the details of this procedure would 
be out of place here, but it will be apparent at once that the line 
representing spectral colors can be constructed by simply 
assuming monochromatic light of various wave lengths and deter- 

A C 

mining the values of | q \ ~ (j A \ B \ C Table 

XIX. Likewise, the white point corresponding to radiation 
of some assumed quality can be located. In this particular case, 
the excitation functions were so chosen that equal amounts 
of the primaries produce the same sensation as mean noon sun¬ 
light, and hence the white point occupies the position where 


A _ B _ C 
A-\-B-{-C A-^B + C 


33.3. 


Between the line representing the spectral colors and the white 
point at the center lie all the colors whose purity is between 
zero (white) and 100 per cent. The purples are represented on 
the opposite side of the white point from the spectral colors 
in accordance with the artifice previously described. It is 


^ Sinco purple cannot be matchod by a mixture of any single monochro¬ 
matic radiation and white light, the converse procedure ia adopted, mono¬ 
chromatic green of the proper wave length Ixung added to tlio purple to be 
match(^d. TIk' intensity and wave huigth of the green are adjusted until the 
green-purple mixture matches the white in. the comparison, field. In other 
words, the purple is specified in terms of its complementary. 
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clear that once the triangle has been constructed, the dominant 
wave length and the colorimetric purity of any stimulus can be 
determined from the values oi A, and C by locating the points 


A 

A+B + C 


and 


C 


The color triangle is, of course, 


incapable of showing the luminosity, but this can be found 
readily by means of Eq. (212). 

The monochromatic method of colorimetry can be further 
elucidated by an examination of the Munsell system of color 
specification. This system is based upon ten hues and nine 
degrees of brilliance {value in the Munsell notation). Each 
of the hues is represented by as many different degrees of satura¬ 
tion {chroma in the Mimsell notation) as is feasible. These 
quantities are represented in cylindrical coordinates as shown in 
Fig. 155. The vertical axis is taken to represent brilliance. The 
hue is then represented by the azimuth of a radius vector normal 
to the vertical axis, and the saturation is represented by the 
length of the vector. 

113. Colorimeters.—The difficulties associated with the use 
of spectrophotometers and the interpretation of their results 
have led to many attempts to devise instruments, called colorim¬ 
eters,^ for measuring colors subjectively. Various instruments 
have been described from time to time in which the color to be 
measured is matched by a mixture of three arbitrarily chosen 
primaries. One early form was the “color-patch” apparatus 
used by Abney^ in his researches on color vision. In this instru¬ 
ment, the primaries were spectral colors isolated by means of 
three slits in the plane of the spectrum, the relative proportions 
in the mixture being varied by altering the width of the slits. 
Other instruments have made use of primaries obtained with 
color filters, a well-known instrument of this type being due to 
Frederick E. Ives.® 


An instrument of the monochromatic type has been described 
by Nutting"^ and an improved model of it has been described by 


^ Instruments called colorimeters are used by chemists to determine wheii 
two solutions have the same color. As these instruments usually have only 
a single adjustment, generally the depth of one of the liquids, they are not 
properly termed “colorimeters^’ but should be called color comparators 
instead. 

® “Color Measurement and Mixture,” London, 1891. 

3 Trans. Ilium. Eng. jSoc., 3, 627 (1908). 

* Bur. Standards Bull., 9, 1 (1913) (-Sci. Paper 187). 
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Priest.^ This instrument matches the color under test by a 
mixture of white Hght with monochromatic light produced by a 
dispersing system. 

An instrument operating on the so-called subtractive principle 
has been described by L. A. Jones.® This instrument contains 
red, yellow, and blue filters in the form of long wedges whose 
density increases uniformly from one end to the other. By 
inserting different thicknesses of the various wedges in the path 
of the comparison light, the color of the latter can be made to 
match the color under test. Obviously, colors of high satura¬ 
tion cannot be matched on such an instrument, and it suffers 
from a further drawback because of the doubtful reproducibility 
of the wedges and the complexity of the process of converting 
the arbitrary scale of the instrument to any fundamental basis. 

The inherent disadvantages of all colorimeters are not apparent 
until one actually proceeds to use them. It must be remembered 
that in all these instruments, the quality of the light used as a 
source must be carefully maintained. If the source is a tungsten 
lamp, not only must careful control be applied to the voltage 
at which it is operated but frequent tests must be made to insure 
that it has not aged perceptibly. This difficulty is perhaps not so 
serious as that of obtaining an observer having what may be 
called normal color vision. In fact, oven if an observer has nor¬ 
mal vision in the sense that his mixture data are normal, it does 
not follow that his visibility curve is normal. Since both 
conditions are necessary, a truly normal observer is well-nigh non- 
existent. In view of these facts, it seems likely that the measure¬ 
ment of color will be effected not by means of these colorimeters, 
simple as they are in theory, but by the more indirect method of 
spectrophotornetric analysis and the subsequent computation 
of the sensation values based upon data to be universally agreed 
upon as repressenting a normal observer. It has been proposed 
by one of the present authors® to combine an integrating attach¬ 
ment, shown in Fig. 156, with the recording spectrophotometer 
shown in Fig. 147. By moans of this attachment, the sensation 
values arc computed while the spectrophotornetric curve is being 
traced, the cams that operate the attachment being so fashioned 
as to represent the excitation functions of a normal observer for 
light of a given quality. 

^ Jour. Optical i^oc. Amur, and Rev. ^ci. Instrumentst^ 8 , 173 ( 19241 . 

^JovT. Optical Soc. Amer., 4 , 420 ( 1920 ). 

^Joxjr. Optical Soc. Anier. and Rev. Sci. Instrumenta, 18 , 116 ( 1929 ;. 
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A vast amount of work remains to be done in the field of cole 
even apart from establishing an adequate theory of color vinio, 
Assuming that spectrophotometers of sufficient precision ur 
ease of use can be constructed and that adequate mixture dal 
are available so that the dominant wave length, colorinudr 
purity, and luminosity of a color can be computed, fiiorc? sti 
remains the problem of determining the precision requir<*iiu‘n 1 
of these quantities. For example, a given change in dominai: 
wave length is more readily perceptible in some portions of th 
spectrum than in others. The method of determining t he Icmis 



field by light *7° f “ photoinotri.! 

the difference Umen for spectral ^ the ordmat.os give. 

The curve obtained by Jones^ is at each wave lengt h, 

curve it can be found that ^ tlds 

distiBguiBhable hue ®n “iL 

eenativity (small difference limen) in thT® n“'”‘ 

m/i) and in the blue-green r490 m \ • yellow region (080 

merely looks at a spectrum.^ ^ apparent wlum on<. 

^Jour. Opttcal Soc. Amer., 1 , 63 ( 1917 ). 
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The least perceptible variation in colorimetric purity has 
been investigated by Jones and Ijowry,i and curves representing 
their results are given in Fig. 158. In this figure, the ordinates 



Fia. 157.—The Ime-soiiBitivity curve of a iiormiil oljserver aticorciiiig to Jones. 
This curve indicates the least perceptible dilTorenco in wave loiieth as a function 
of wave length. 

represent purity and the abscissae, wave length. Each curve 
is the locus of points representing a certain value of the least 
perceptible variation in purity. Although it is clear that the 



400 500 600 700 

WoiV« Lenoj+h (tvI/M.'J 

I'lo. 15«S.-- ('urves showing tlie colorimetric inirity for which the least porceptihlo 
variation has certain values. The data arc from Jones and Lowry. 

observational errors are considerable, as might be expected 
in the determination of such a quantity, the more pronounced 
trends are unmistakable. When more data are collected, the 

^ Jour, Optical Soc, Amcr, and liev, iScL InttlrumerUitj 13, 25 (1926). 
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details of the curves may be expected to become more systematic 
in nature. The difference in sensitivity between one part ot 
the spectrum and another is noticeable. Jones and Lowry found, 
for example, that at 575 m/x only 16 purity steps between zero 
and 100 per cent are distinguishable, whereas at the ends of t iie 
spectrum the number is 23. 

The least perceptible change in luminosity was discussed in 
Sec. 82, Chap. X, and the curve was given in Fig. 91. It will 
be remembered that the ratio of the least perceptible cluuige to 
the absolute value of the luminosity (Fechner’s fraction) is 
sensibly constant over the entire range within which tlic eye is 
usually called upon to function. 

114. The Practical Applications of Color Science. C\>lor 
has been used for decorative purposes since the Mapsdalenian 
period, but it is only within the last century that its scit'idific 
basis has been investigated and still more recently that e.olor- 
measuring instruments have become available. As would be 
expected, the information possessed by those who deal wit h tlie 
practical applications of color consists largely of CMiipirical 
“laws” concerning the behavior of mixtures of coloring inat t‘rials. 
For example, the artist’s dictum that “blue and yellow produce 
green” is true for pigments and dyes, although the color triangh‘ 
(Fig. 154) indicates that mixing a blue stimulus with a y(‘llow 
stimulus produces a combination^ that appro.ximates whit <‘. 'The 
color of a mixture of pigments is evidently det.erinin<‘<l by a 
different set of principles from those that apply to a uiixturt‘ of 
stimuli. This fact is emphasized even more forcibly by coloring 
the two halves of a disk with a blue and a yellow pignumt. jiikI 
spinning the disk at such a speed that the colors fuset. TIk' 
disk then appears to be approximately white, showing that, colors 
combined in this manner obey the laws governing t.he addition 
of stimuli. This is therefore called the additive met hod of 
combining colors, while the ordinary procedure of mixing i>ig- 
ments produces colors by the subtractive method, as will b(‘ ch*ar 
presently. 

The simplest example of the production of color by t he sub¬ 
tractive method is represented in Fig. 159. These curve's indi¬ 
cate the transmission of a dye solution as a function of t.li('^ wavt^ 
length, each curve being for a different concentration of t he'; dy(’. 

^ The point in the color triangle indicating the rosulta,nt stimulus obviously 
lies on the line joining the points representing t.he individual stimuli. 
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This particular dye has marked absorption bands at about 400 
m/4 and 655 m/x. With increasing concentration, the transmission 
in these regions decreases more in proportion than it does in 
regions where the transmission is higher. As a consequence, the 
dye appears a pale blue-green in dilute solution and becomes 
darker and more saturated in color as the concentration is 
increased. The variation in the chromaticity of the solution 
can be determined quantitatively by computing the values of 
A, Bf and C and then finding the dominant wave length and 
colorimetric purity as described in Sec. 112. The luminosity 



Fia. 159.—Spcctrophotoriiotrio curves of a pirooii dyo showing the effect of 

increasing the c.oncoiitration- 

factor is best represented in this case by the transmission, which 
can be computed by means of lOq. (212), with a clear solution 
as the standard. These data specify the color of the solution 
under the conditions assumed in establishing the excitation curves 
—namely, that the observer has normal color sense and that the 
source of light is an equal-energy spectrum.^ Under these condi¬ 
tions, the color of the dye in the various concentrations is as 
shown on the next page. 

The behavior of this dye is typical in that the transmission 
decreases with increasing concentration. At the same time, there 
is a decided increase in the purity and ii slight shift in the domi¬ 
nant wave length. However, there arc some dyes whose charac- 

^ The values for any other type of sourcts bo obtained l)y multiplying 
the oxe-itation. curves by the spectral-distribution curve of the source before 
computing Aj B, and C. 
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teristics are such that changing the concentration produces 
a pronounced change in the dominant wave length. Kor 
example, a dilute solution of cyanine appears blue and a con¬ 
centrated solution, red. This effect is known as dtchroisni. 


Ck)ncentratioii 
of dye, per cent 

Dominant wave 
length, xxxjM 

Colorimetric 
purity, per cent 

1 

TranHinission 

0.25 

503 

33 

0.90 

0.50 

510 

48 

0.79 

1.00 

514 

65 

0.64 

2.00 

520 

85 

0.44 


If two or more dyes that do not react chemically are premuit 
in the same solution, each has the same absorption charactorist i<?H 
as before. The case is analogous, therefore, to placing two pi(‘cc*H 
of colored glass in the same beam of light. The transmission of 
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transmission of a typical blue dye and curve B that of a typical 
yellow dye. The mixture of the two dyes, represented by curve 
C, is obviously green, the rise at the red end of the curve lying 
in a region of the spectrum where the eye is relatively insensitive. 

The behavior of mixed coloring materials when applied to 
opaque objects is more complex, and one must first form a mental 
picture of the behavior of light when it is 
reflected by an aggregate of transparent 
particles. To do so, consider what hap¬ 
pens when light falls upon a layer of 
freshly fallen snow. From the fact that 
large ice crystals are almost perfectly 
transparent, one can assume that this is 
also true of the small crystals of which 
snow is composed. When light strikes 
these crystals, some is reflected, some is refracted, and some 
is totally reflected within the crystals. It would, of course, 
be quite impossible to determine precisely what takes place 
at each individual crystal, but it is fairly simple to deter¬ 
mine the combined effect produced by a very large number 
of crystals. In Fig. 161, let a beam of light containing F, 
lumens be incident on the upper surface of the snow, and let the 
snow be divided into n imaginary layers of arbitrary thickness 
as shown. In a similar manner, let Fa represent the flux entering 
the second layer, F 3 that entering the third, etc. Without mak¬ 
ing any assumption regarding the cause of the reflection, let 
Rif Ri, Rs, etc., represent the amount of flux reflected by the 
layers I, II, III, etc. If no light is absorbed by the crystals, 
the amount of light entering the first layer from both directions 
is equal to the amount that leaves, or 

Fi "b R2 — F2 ~ 1 “ Ri- 

For the second layer 

F 2 “1“ R 3 = F 3 “|— R 2 • 

Now Ri clearly represents the amount of flux reflected by the 
entire thickness of the material. From the first equation, 

Ri = Fi R2 — Fa, 

but from the second, 

R2 — Fa = Rr F3. 

Setting up similar equations for all n layers and adding them, 
one finds that 
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= F^ + Rn - 


But Bn and approach zero as a limit for large values of n, and 
hence it follows that, if the material is thick enough, all the 
incident flux is eventually reflected back into the original 
medium. 

The same argument applies to all white materials because 
they consist of an aggregate of minute transparent parti(d(^s 
surrounded by a medium having a different refractive^ inelex. 
In the case of a white cloth, the white color is due to the reflection 
from the transparent fibers. A white paint behaves similarly 
because it consists of minute transparent particles of ])ignieiit. 
suspended in some sort of vehicle having a different in<Ie-x. If 
the index of the vehicle were the same as that of the particles, 
the paint would be transparent like ice instead of white like snow. 

Similar considerations apply to a colored paint, since the i)ig~ 
ment in this case is merely a finely divided substance i hat 
absorbs selectively in the visible region. As a consofiiKUicc', 
the only part of the incident light that is not altered in sp(*'ct I’al 


composition is the relatively small fraction that is reflect( m 1 
at the first surface. The strength of the color depends upon the 
depth to which the light penetrates before being reflected, and 
thus the color can be enhanced either by using a vehicle hji ving an 
index similar to that of the pigment or by using a coarse pigment. 
In any case, the greatest proportion of light is reflected from b(‘lo\v 
the surface of the paint, and it is therefore evident that a mixt ur<^ 
of pigments should act upon the light like a series of filtcu’s. 
The fact that a mixture of blue and yellow pigments apj)ears 
green shows that this conclusion is warranted qualit,at.iv(‘Iy, and 
a quantitative investigation by F. F. Rupert^ shows tha,t, mix<‘<l 
pigments do indeed obey the laws governing the subtraef ivi’s 
process. The same is true, of course, for fabrics colonui with 
m^ed dyes, provided the dyeing process is properly coiiductt'd. 

The utilization of color-measuring instruments by industry 
m m its iiffancy. With the present tendency of industrial leaden's 
to ^scard rule-of-thumb methods, it seems inevitable that t h(‘ 
control of color processes will eventually be taken over by m<m 
possessed of an accurate knowledge of the subject of color and 

suitable instruments. Most of the practical 
apphcations of color mvolve the mixing of pigments or dy<‘s, 

^ Jour. Optical Soc. Amer.^ 20, 661 (1930). 
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OPTICAL GLASS 

The materials used for lenses, prisms, and other optical part s 
must possess five characteristics—transparency, homogonoity, 
reproducibility, durability, and workability—and this combina¬ 
tion is possessed by a remarkably small number of substances. 
Most of them are natural crystals like quartz, but an artificial 
mixture, called glass, is the one most commonly used. Many 
kinds of glass are manufactured but almost all of them are 
essentially mixtures of silicates in supercooled solution. Optical 
glass differs from ordinary window glass both in its composition 
and in its freedom from small amounts of impurities that would 
impart undesirable characteristics. It also requires a very 
different treatment throughout its manufacture—from the mixing 
of the batch to the preparation of the final blank that is put on 
the grinding machine. 

The demand for glass of optical quality was created l)y the 
invention of the achromatic lens in the middle of the eight.(>enth 
century. The father of the optical glass industry was Ouinand, 
a Swiss. It was he who first overcame the chief defect of ordiiuiry 
glass—namely, streaks of varying index produced by improp<n- 
mixing. He later moved to Germany and became as8ociat.(‘d 
with Fraunhofer, with whom he made lenses as large as 11 in, 
in diameter. His sons established the industry in France, whence 
it was introduced into England in 1848. 

AU the optical glass used in the United States was import(‘d 
until about 1912, when certain firms made desultory attempts to 
manufacture some of their own. No earnest endeavor to estab- 
hsh the industry was made until 1917, when the ent.ry of th(‘ 
country into the war made a domestic supply of glass imperat ivi*. 
Then the problem was attacked so vigorously that, despite tlu^ 
secrecy that had traditionally surrounded the process of gliuss 
making, over 300 tons of usable glass had been produced by t.he 
time the armistice was signed, 19 months later. This achieve¬ 
ment was made possible by a systematic investigation, as a 
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r6sult of which the manufacturG of optical glass has boooniG a 
matter of factory routine instead, of a jealously guarded art ^ 

115. The nVCanufacture of Optical Glass.—The basic com¬ 
ponent of the mixture or batch that is melted together to make 
optical glass is almost always silica in the form of sand. To 
this is added either sodium or potassium carbonate and nitrate, 
or a mixture of the two. Salts of other elements, such as calcium, 
barium, lead, and boron, are often added to impart special 
properties. These raw materials must be exceedingly pure, 
because a trace of impurity often has a pronounced effect on the 
transparency. Ferrous iron is the commonest impurity and 
imparts a green coloration to the glass. The best optical glass 
contains less than 0.02 per cent of Fe 203 ; as little as 0.05 per 
cent produces a noticeable color in layers of moderate thickness.® 

The first step in manufacture is to weigh out the proper 
amounts of the raw materials of a previously tested degree of 
purity. These are thoroughly mixed, either by hand or by 
machine, and are then ready for the melting pot. 

The quality of the finished product depends quite as much on 
the excellence of the pot as on the care taken in preparing the 
glass itself. Since an appreciable amount of the pot goes into 
solution at the high temperatures to which it is subjected, it is 
made of a clay that is as nearly pure kaolin as can be found. 
Pots are commonly made to hold either half a ton or a ton of the 
raw materials. A half-ton pot is about 36 in. in outside diameter 
and 36 in. high, the inside diameter and depth being about 27 in. 
each. The wall of the pot is thus about in. thick and, 

although the pot looks strong, it is extremely fragile and must 
be handled with care. Formerly, pots were laboriously built 
up by hand, but methods of casting them have been developed 
within recent years. After a pot is made, it must be dried very 
slowly to avoid forming cracks. From two to six months are 
required for this process. 

^ Tyici infonnation gathered during this investigation has been published 
ill a conlp^<^h(^Il.sivc•: monograph, *‘The Manufacture of Optical Glass and 
Optic.iil Wysticuns,” C)T(i'H(i7ice Dept, Doc. 2037. See also papers by J. "W. 
Prcnch, I'-rtina. Optical Soc. (Londo7i), 17 (1915—1916), 18 (1917—1918). 

** For chcai) glussos, manganese salts arc sometimes added to oxidize the 
ferrous iron to the ferric state. The ferric iron alone imparts a pale yellow 
color, whi<di is largidy neutralized by the purple color produced by the man¬ 
ganese. This procedure reduces the transparency, however, and therefore 
is not permissible in the manufacture of optical glass. 
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When a pot is to be used, it is placed in a small furnac<* ciilled 
a pot,arch in which it is preheated for three to five days. At the 
end of this time, it attains a temperature of about 1()()()®(^ It 
is then removed by means of a pot wagon, which consists of ii 
mammoth pair of tongs mounted on wheels, and is placed in 
the furnace. 

The type of furnace commonly used is large enough for but 
a single pot, which is heated by the hot gases passing up from 
the furnace chamber below. The floor, or siege, on which the pot 
is to be placed is made as smooth as possible and then covered 
with sand to form a level base. The pot is inserted and hc*at<Ml 
slowly until it attains a temperature of approximat ely 14r>()“< ’., 
which causes the clay to sinter together. The pot is then alio wet i 
to cool to 1300°C. before it is charged. 

The first step in charging a pot is to add waste glass from 
previous melts in 50-lb. lots at intervals of half an hour. It- will 
be seen shortly that only about 20 per cent of the contents of a 


pot is of usable quality, but the waste glass, called cullet, can h(' 
salvaged in this manner. In addition, this cullet serves to pr< )t oc1 
the walls of the pot from the action of the fused alkali. SonH‘- 
times as much as 50 per cent of a melt may consist of culh't 
although good glass can be made without any. 

charged, the temperature is raistui to 
00 C. This causes chemical reactions to take place in which 
carbon dioxide and nitrogen pentoxide are expelled, leaving a 
solution of silicates. The bubbles of gas given off at this stage 
must be entirely removed, a procedure known as fining. It 
IS accomplished by stirring the melt with a clay rod fastem'd to 

stirring rod is always k(‘pt, at- 

streX'if vT'™® material from the pot which would itdroduei- 
. . lymg refractive index if stirred into tlio inelt. The 

Sthe charged and more slowly iifier 

melt either coking, which consists of introducing in(<> ( ho 

materi^s evX‘'i “H nil e. These 

.... 

24 to 48 fiuing operation, which may require from 

-d tfit fenlce" -- sMnmiod off 

is allowed to cool to about 1000®C. The pot 
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is then pried loose from the siege and is removed from the furnace 
with the pot wagon. Any material that has slopped over the 
outside of the pot is blown off with a blast of air. 

The ensuing operations depend upon the quality of the glass 
required. The best optical glass is obtained by allowing it to 
solidify within the pot. This procedure is expensive and 
requires much care, but it must be adopted when the glass is to 
be used in instruments of the highest quality. The pot is first 
allowed to cool in the open for about half an hour since there is 
no danger of introducing strains while the melt is still liquid. 



Fig. 162 .—A pot of optical glass partly broken up. (By courtesy of Bausch 

and ibomh Optical Company.) 


Infusorial earth is thrown on the surface of the melt and a blast 
of air is played on the. bottom of the pot during this period to 
make the rate of cooling uniform. The bottom of the pot is 
much hotter than the top when the pot is removed from the 
furnace, and, if this temperature difference were allowed to 
continue, the convection currents within the melt would produce 
stre.'iks of varying index. The pot is then placed in a pot arch 
and cooled to about 6()0°C. in a period of approximately 24 hr. 
From this temperature, it is gradually cooled to room temperature 
in about a week. Tliis is the crucial period because the tempera¬ 
ture difference's within the pot are greatest and, since the glass 
is on the point of becoming solid, strains are readily produced. 
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Nevertheless, it has been found possible to dispense with the 
pot arch by placing a large heat-insulating cover over the pot 
until it attains room temperature. 

When the pot is cool, it is broken open as shown in Fig. 162. 
As can be seen in this figure, the glass is found in chunks of 
assorted sizes having approximately plane faces. These chunks 
are broken up further if necessary and are then either sawed into 
pieces of the right size for the grinding and polishing operat ions 
or molded into plates about 1 in. thick to facilitate inspect ion 
and handling. 



caUed a lehr, which is hot at,^h***^®! passed through an oven, 
ture at the exit M ^ entrance and at room tempo,-a- 

this lehr, andTtherit1rtVpier?m/°’' 

car°l!^lfdTvrrrdtvtrrm''“ b™so the pot 

because most of the melt i^ uLwe^^^H^ twenty times, and alHo 

composed of material from aU narts^f^vT®*^’ 

uniform index of refraction ^elt, it is not of 

caUed striae, and the rolling different index aro 

ronmg flattens these striae so that they are 



OPTICAL GLASS 


325 


parallel to the surface, in which shape they are known as ream. 
This defect makes rolled glass unsuitable for lenses having steep 
curves and lenses of which sharp definition is required. Rolled 
glass is perfectly satisfactory for spectacle lenses, however, and 
is often used for photographic objectives. It is entirely unsuit¬ 
able for prisms because, in this case, the light does not traverse 
the layers of ream in a direction even approximately normal and 
hence the injury to the definition of the image is pronounced. 

Lenses and prisms are commonly ground from blanks that 
are made by pressing the glass into approximately the finished 
form. If the glass has been rolled, a sheet of suitable thickness 
is cut into squares of the proper weight; if the glass has been 
allowed to cool in the pot, the pieces are cracked or sawed out 
of the large chunks. In either case, the pieces are softened in a 
small furnace and then placed one at a time in a hot mold into 
which they are squeezed by means of a die. The surface pro¬ 
duced in this way is fairly smooth but is pitted with the clay 
blown up from the floor of the furnace by the hot gases. Never¬ 
theless, the amount of material to be ground away after this 
operation is much less than it would be otherwise. The press¬ 
ings, as the blanks thus prepared are called, are annealed for a 
length of time depending upon the size—condenser blanks, for 
example, requiring about a week. The subsequent operations 
of grinding and polishing will be described in the next chapter. 

116. Types of Optical Glass.—Since the time of Fraunhofer, 
optical glass has been specified according to its index for the 
sodium line (/li?) and the value of the ratio 


V 


Ui, — 1 
tXp Xl'C 


(213) 


which is a restatement of JOq. (154) in Ohap. VI. It is the 
custom nowadays to furnish also the partial dispersions ri/, n^t/. 


etc., 


and the partial dispersion ratios 


tin — tlA' 
-, 

71 tic 


etc., 


to allow 


th(’) amount of secondary spectrum to be estimated. 

Prior to 1886, only two types of glass were known- -ordinary 
crown and ordinary flint. The basis of both is a mixture of 
sodium and potassium silicates, but the former contains calcium 
in addition and the latter contains lead. With so little variety 
in the choice of optical glass, it was impossible to satisfy all 
the conditions of achromatism discussed in feec. 56, Chap. VI. 
The need for new optical materials was recognized by Abbe in 
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1880. In that year he and Schott/ aided financially by the 
Prussian government, began experimenting at Jena. They tried 
the effect of adding compounds of boron, barium, fluorine, 
phosphorus, and other elements. Some elements did not impart 
new properties and others made the glass soft or cloudy, but a 
few were found to impart desirable optical properties to the glass 
without injuring it. After six years of research, they placed 
on the market optical glasses in which the j^-values did not go 
hand in hand with the index and in which the dispersion varied 
with wave length in such a manner that something approximating 
complete achromatism could be achieved. 

The designer has now a wide choice in the selection of optical 
glasses, which can be conveniently divided into series named from 
their characteristic constituent. Other constituents having 
little effect on the index or dispersion may, of course, also be 
present. For example, arsenic may be used to clear the glass 
from bubbles and make it transparent, while aluminum and zinc 
are sometimes added to reduce the likelihood of crystallization. 
Aluminum also makes the glass tough, and zinc makes it easier 
to work in the furnace. The important series of optical glass are: 
(1) ordinary crown; (2) borosilicate crown; (3) fluor crown; (4) 
barium crown; (5) ordinary flint; (6) baryta flint; (7) borate 
glass; and (8) phosphate glass. These will be described in order. 

1. Ordinary Crowns .—Calcium is the characteristic constitu¬ 
ent of these glasses. They all have an index for the Z>-line of 
about 1.52 and a v-value of about 60. 

2. Borosilicate Crowns .—These resemble the ordinary crowns 
with the exception that some or all of the calcium is replaced by 
boron. The index varies from about 1.50 (r = 65) to about 

I. 52 {v = 60), and the value varies from about 54 {no = 1.52) 
to 65 {no — 1.50). Hence they are not very different optically 
from the ordinary crowns, the greatest difference being that the 
dispersion in the red end of the spectrum is relatively greater for 
the same total dispersion. 

3. Fluor Crowns .—These glasses are characterized optically 
by very low indices and r-values. They are but little used. 

4. Barium Crowns .—This series contains relatively large 
amoxmts of barium and a little boron at the expense of the silica. 

The significance of the work of these men can be understood better from 
Hovestadt’s *‘Jena Glass,” which has been translated into ^English by 

J. I>. and A, Everett. 
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The indices are slightly higher and the j»-values slightly lower 
than for ordinary crowns, although the rate of change of disper¬ 
sion through the spectrum is about the same. The indices 
range from about 1.54 (v ==: 60) to 1.61 (y — 69), and the j'-values 
range from about 54 {nj, = 1.68) to about 61 {nr> = 1.59). 

5. OvdiruiTy Flints. The characteristic constituent of this 
series is lead, which raises the index and lowers the j'—value. 
The dispersion in the blue end of the spectrum relative to that 
at the red end is much greater for this series than for crowns. 
It will be recalled from Eq. (150) in Chap. VI that to achieve 
complete achromatism in a thin cemented doublet, the ratio 
of the dispersions of the two elements must be constant through¬ 
out the spectrum. The variation in the ratio is the reason 
for the imperfect achromatism of an oijdinary crown with 
ordinary flint. The optical properties of the ordinary flints 
range from about = 1.52 {v = 57) to rij, = 1.96 {v = 20). 

6. Baryta Fli^its. —In this series, barium is added at the expense 
of the lead. These glasses have a higher index for the same 
i^-value than the ordinary flints and a relatively greater disper¬ 
sion in the red. They range from = 1.55 (v = 53) Un = 
1.63 {v = 39). 

7. Borate (Rasf^es. —In these glasses, the silica is replaced by 
boric acid. Aluminum and sometimes lead may also be added. 
They range from Hd = 1.51 {v = 60) to = 1.67 (v = 39). 

8. Bhofi'phale (Hawses. —In these glasses, the silica is replaced 

l)y a ph<)si)hat.e, and some barium and a little boron are added. 
They range from Uu = 1.52 (v = 70) to rin — 1.59 = 64). 

In of their desirable dispersion relations, they have been 

almost entirely discarded because of their instability. 

I'lie nuiiu'rical values given above for the index and i^-values 
furnish merely an idea of the range covered by the various 
glasses of the respective series. Glass makers are constantly 
changing their lists of glasses, adding new ones for special 
|)urpos(‘s and dropping others because of their instability, the 
small demand, or the difficulty of reproducing them. European 
innkc’srs ofTc*r a greater variety of optical glass than American 
makers because the conditions in this country are such that only 
the t.ypc\s t hat are widely used can be produced economically. 
The list of t he Bausch and Lomb Optical Company, the largest 
American maker, is reproduced by permission in Table XX. 
One type of crown, which is made for condensers, is not listed. 
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because it is not used when critical definition is required. Its 
index for the D-line is approximately 1.513 and its v-value, 59. 

117. Reproducibility.—Manufacturers of optical glass usually 
give indices in their catalogues to five decimal places and occa¬ 
sionally to six. Although the partial dispersions may rcnnain 
constant from one melt to another to within a few units in fift h 
place, the indices themselves vary in the fourth place or o<;ca- 
sionally in the third place. From the standpoint of the purchaser 
of optical glass, the best procedure is to specify the vahif> of 
n to ±0.001 and v to ±0.2. Under these circumstances, the 
optical system cannot be finally computed until the part.i<nilur 
lot of glass destined for it has been measured, but to specify 
closer tolerances may increase the cost or cause delay. If pot 
glass is required, pieces of the right size may not be in stocik iii 
sufficient quantity, or the manufacturer may refuse to rcaluce 
his stock of large pieces by breaking them into smaller on(»s. 
Optical glass is sold by the pound, the price ranging ui>wants 
from about $1.50 per pound for spectacle crown to $7.50 for 
types that are especially difficult to manufacture. For ol>vious 
reasons, unusually large pieces may command a higher price. 

It is often desirable to have a stock of glass of identical oi>iicaI 
characteristics so that a lot of instruments can be consf.ruct-ed 
with identical mechanical parts and scales. For exami)le, in 
manufacturing spectroscopes having a wave-length scale, the 
amount of labor involved in preparing the wave-lengl h scales 
makes it undesirable to calibrate each instrument sei)araiely. 
In such cases, an entire melt is often set aside for use in tlie con¬ 
struction of a particular kind of instrument. 

118. Dispersion. The variation of index with wave l(>ngt h i.s 
best represented by an empirical formula proposed by Hartmann 
This formula^ is 


n = Uq 


(Xo - X)i-2 


( 21-0 


where n„ e and are constants for a given glass. It is (o bo 
re^tted that the catalogues of the glass manufacturers <1<> not 
list the valu^ of the constants in Hartmann’s formula as 

“hat^re ^U discovery of simple rela(i<,n.s 

T 7 T proximate form of this relation was given bv Eo n ^ ; r n 
or another dispersion formula, see Eq. (218) in Chap. XVllL 
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119. Defects.—The possible defects of optical glass are many. 
Even though its index and dispersion may be correct, it may 
contain striae, bubbles, ‘^seeds'’ (minute bubbles), or stones 
(undissolved material). It may also be milky, colored, or 
in a state of strain due to improper annealing. The harmful 
effect of these defects cannot be estimated without knowing 
the function that the completed part is to perform in the optical 
system. For example, a few bubbles in the elements of a photo¬ 
graphic objective merely reduce the transmission by a negligible 
amount. On the other hand, the field lens of a Ramsden ocular 
must be free from both bubbles and seeds because it lies in the 
plane of the image which is seen magnified by the eye lens. 
For obvious reasons, glass that is cloudy (a fault that sometimes 
appears when chlorine or sulphur is present in the batch materials) 
is of little use in image-forming instruments. Mechanical stresses 
produced in the glass by improper annealing are especially serious 
in instruments employing polarized light because of the bire¬ 
fringence they produce. Pronounced stresses may be indirectly 
important also in systems requiring the formation of critically 
sharp images, because they may deform the piece while it is 
being worked, or even afterward. Stones, which are due to 
solid material from either the melt or the pot, are objectionable 
because of the stresses and the striae they introduce in the sur¬ 
rounding glass. 

Optical glass is inspected frequently during the process of 
manufacture, the object being to do the minimum amount of 
work on pieces that must ultiitiately be rejected. Pot glass is 
inspected for bubbles, stones, and striae as soon as the pot 
has been broken by simply looking through the separate pieces 
at a diffusing glass covered with dark bands or spots. The 
defects can be more easily detected against the half-shadow 
formed by the dark areas than against a clear illuminated 
area. Siriac are easily observed by immersing the piece in a 
liquid of the same refractive index, such as a mixture of carbon 
disulphide and benzol, but this test is not used in commercial 
plants because the fumes from the licjuid are harmful to the 
workers. 

After the opposite faces of a piece have been polished, striae 
are readily detected by a modification of Topler’s shadow method. 
In Fig. 164, >S is a source of light; D, a diffusing screen of fine- 
ground glass or flashed opal; and //, a pinhole in the first focal 
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plane of the achromatic collimator Li, whose focal Ien#<th is 
300 mm to 750 mm and whose diameter is 50 rnm to 130 inrii. 



The plate to be inspected is placed at P; behind it is the nelir.>- 
matie field Iras Z,, which should have a focal lenKth of about. 
300 mm to 400 mm. A pinhole aperture, or, better, a cross-slit, 

as shown at A is placed at B 
in the second focal plane of this 
^ lens. The aperture is ludd in 

clips so that it can bo shift<‘d at- 
—. . The eye E is movc'd until 

'“‘“8“d“o-i-gtheplateacrot"theMd“" "" 

ment like that shown in Fie w an arranRo- 

reflect and deflect the impuSinc particles in the Kla.ss 

eye of the observer- thus each fsrf i roach the 

of light that is readUy vLfbfe 

great as possible, the plfte under c ^ contrast as 

dull black sheet and sLuld he I- 
The background “th^ d^k anttht 

out brightly. ® illuminated point.s stari<l 

As will be described°i!*Chap^S5x h-^ ^“■®^™gonoo they caiiso. 
of spUtting light into an o^^ii^^H 

traveling in the birefrineent “,®*^*^®'°*'dinary ray, one 

The amount of stress^can be other. 

tees can be measured by determining 
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the path difiference between the two rays. This can be accom¬ 
plished by placing the glass in a beam of polarized light and 
studying the dark patterns seen in the analyzer as the latter is 
rotated. The dark lines of each pattern correspond to positions 
of equal path difference. Specimens that are noticeably bire- 
fringent are returned to the glass plant for reannealing. 

120. Transparency.—Optical glass is generally so transparent 
to visible light that the absorption can be neglected except when 
the pieces are very thick. Even in optical instruments con¬ 
taining a large amount of glass, such as range-finders and peri¬ 
scopes, the losses due to reflection at the air-glass surfaces 
generally exceed those due to absorption. Of course, all glasses 
absorb in the ultraviolet, the position of the cut-off depending 
upon the composition of the glass. In general, the position 
of the cut-off moves toward longer wave lengths as the index of 
the glass increases. Most dense flints are yellow for this reason, 
the violet and some of the blue being completely absorbed, even 
by relatively thin pieces. 

The transmission of a slab of glass with plane-parallel faces is 
easily detorinined by the method discussed in Sec. 107, Chap. 
XII I. This method measures the losses due to both absorption 
and surface reflection. Although the latter can be calculated 
by means of Fresners formula, Eq. (16), a somewhat better 
inetliod is to measure the transmission of two pieces of the same 
material having different thicknesses, since from these data the 
reflection losses can be eliminated by computation. The absorp- 
t.ion of visibh’i light by optical glass varies from about 0.5 per 
cemt. per cent imeter in light crowns to about 3 per cent in flints. 

121. Stability.—Home glasses have very desirable optical 
proi)(^rt.i<^s but are affected by air, water, and gases. For 
example, glasses high in alkali content are hygroscopic, and the 
phosphiite glasses are notoriously unstable. Others, like dense 
barium crowns and the borate glasses, are fairly stable but 
lartiish if ('ixposed. They are used, however, by cementing them 
Ix^t.ween more stable glasses. 

To dtd.ennino the stability of a glass in the laboratory is very 
<lilHc\ilt. Jri use, the glass may be exposed to any one or more 
of such injurious agents as water vapor, carbon dioxide, finger 
perspiration, bacteria, and minute plant organismsj and labora¬ 
tory tests of the resist ance t.o all these agencies are impracticable. 
About the best that can be done is to determine the effect of the 
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most common agent, water, and even for this one agent a suitable 
test must be conducted over a long period of time. IVTeans for 
accelerating the reaction may be adopted, of course, but it is 
doubtful that this procedure really simulates the effect of pro¬ 
tracted use. 

Perhaps the best quantitative test for stability is the iodoGoain 
test of Alylius. ^ A freshly fractured piece of the glass under 
examination is immersed for 1 min. in a test solution at 18°C. 
consisting of a saturated solution of water in ether to which 0.5 
gram of pure iodoeosin CC 20 H 8 I 4 O 6 ) is added for each liter of solu- 
tion. This attacks the glass, and the smaJI quantity of alkaJl 
that IS set free enters into combination with the iodoeosin to 
foim a r^ alkane salt. Since this salt is insoluble in ether, 
precipitated on the glass surface. After the specimen has 

it is plunged quickly into ether 

excent ^ aUowed to dry, and the surfaces, 

reshly broken one, are wiped clean with a cloth. 

and dissolved in a smaU amount of water 

against a^standa^d1od**'’™“*f colorimetricaJly by matching it 
surffcrfn tl T”"-,? alkalinity of the 

per square meter of milligrams of iodoeosin thus absorbed 

weather alkalinity as follows: the basis of their 



Table XXI 

Class 

! ~ 

Type of glass 

Weather 

alkalinity, 

mg/meter® 

I 

II 

Practically insoluble 
Hesistant 

0-5 

III 

Hard 

5—10 

IV 

Soft 

10-20 

V 

Poor 

20-40 
Over 40 


Example 


Silica, glass 
Jena Gerate, Pyri'x 
Flints, best crowns 
Ordinary crowns 


. iptical^glasses should have a weather alkalinity of less than 40 
122. The Care of Glass PaWc t 

lully clear and polished when thev^?^*^ ®'i'® beauti- 

■ Ordnance Det,,. D^. 2037 , p. 220 . 
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for any length of time. Since in most cases the function of the 
optical part—namely, the transmission of light—does not injure 
it in any way, we must conclude that its useful life depends 
entirely on the sort of care it receives. It is needless to state 
that a cemented lens may be ruined by heat because, even if it is 
mounted so that it will not fall apart when the cement softens, 
bubbles may form in the cement and ruin the definition of the 
image. But there are more insidious causes of damage. If 
the part is not protected, dust containing deleterious chemical 
agents may collect upon it, or fumes in the atmosphere may 
attack it. In the tropics, bacteria may collect and grow, thus 
covering the surface with a scum. The simplest (but all too 
uncommon) method of protecting glass parts when not in use is 
by a closely fitting cap. This does not entirely prevent damage 
because fumes from the lacquer and grease within the instru¬ 
ment may still have access to the part, but it does very greatly 
retard the deterioration of the polished surfaces in addition to 
protecting the part against mechanical injury. Unmounted 
parts should be wrapped in tissue paper and placed in small 
boxes stuffed with cotton batting. 

If a polished surface is touched with the fingers, the grease 
that is deposited should be carefully wiped off immediately 
or a permanent marking may result. Dampness should also 
be removed as soon as possible because it accelerates crystalliza¬ 
tion and tarnishing. A clean piece of linen or lens paper is 
suitable for the purpose. If dust has been allowed to collect 
on the surface, it should be removed gently with a camel’s-hair 
brush before the surface is wiped. The glass should never be 
rubbed vigorously because, if it is one of the soft varieties, it will 
certainly be scratched. If a surface has begun to crystallize, 
it may be wiped under water. The water will usually dissolve 
tiie crystals whereas, if they were removed by hard rubbing, they 
would surely produce scratches. A polishing agent, such as 
rouge, should not be used, not only because it might alter the 
ligure of the surfa,ce but also because, unless very pure, it is 
likely to contain coarse particles that would scratch the glass. 
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THE MANUFACTURE OF OPTICAL PARTS 


The art of working optical glass is unique. In the first place, 
glass is so brittle that the ordinary methods of fabricating; wood 
or metal objects cannot be used and a special technique has, of 
necessity, been developed. In addition, the precision required 
of optical parts transcends that required of any other manu¬ 
factured article. This is an inevitable consequence of the short 
wave length of light because, as shown in Chap. VII, the ft)rinn- 
tion of images of the highest quality requires that the optical 

path along every ray be the same within one-fourth of a wave 
length. 


The art of working optical glass can be acquired only by long 
experience. Nevertheless, some knowledge of the procedure is 
essential, even for those who intend to have their optical work 
done by others. Optical firms constantly receive orders which 
they are unable to fill because the specifications are either ridic¬ 
ulously strict, hopelessly vague, or even contradictory. The 
liter^ure of the subject is meager, but much valuable inforimitioii 

can found in the Ordnance Department Document mentioned 
in the preceding chapter. 


eparing the Blank.—The first operation in the con¬ 
struction of any optical part is the preparation of a blank having 

f finished part. The most economical 
p ure is to make a pressing as described in Sec. 115 The 

e^TI ‘•'at ‘•'e blank is a trifle larRor in 

ly dimension than the finished part. In lenses, from 2 mm 

for ° diameter, and about 1 mm is allowed 

Pot glass must be used for work of the finest it 

Tch^^Tthe ^ procedure is to select 

a gh^saw ATynfors' T ® 

sists of a circi^aiX^of brl r “ 

aisk of brass copper, or soft iron, which is 

ooo 
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charged with diamond dust mixed with thick oil. A saw 5 
in. in diameter is usually about He thick. The chunk of 
glass is pressed against the edge of the disk, which is rotated at 
a speed of about 1000 r.p.m. At this speed, a 5-in. saw will 
cut about H ill’ per minute. Kerosene or some other light oil 
is squirted into the cut to keep the glass cool. Glass can also 
be milled by using as a tool a cylinder of brass, copper, or soft 
iron charged with diamond dust. Such a tool may be from 2 in. 
to 4 in. in diameter and 3 in. to 6 in. long. 

In preparing lens blanks from pot glass, plates having approxi¬ 
mately parallel faces are first sawed out. The corners are then 
nipped off the plates, which 
are stacked in a column, one 
on top of the other, with oil 
between. The column is then 
clamped together in a lathe and 
rotated against a revolving 
carbo riindum wheel. This 
operation grinds the plates into 
circular disks of the proper 
diameter. When only one lens 
is required, an alternative pro¬ 
cedure is to fasten the plate 
on the bed of a drill press and 
cut out a disk of the required 
diameter by means of a hollow 
cylindrical tool of copper or brass charged with diamond dust or 
carborundum.^ A more primitive way is to chip the corners 
off the plate, mount it in a lathe, and turn the edge down with 
either a diamond point or a hardened-steel tool. In every case, 
a stream of kerosene or turpentine is constantly played on the 
glass. 

124. Grinding and Polishing.—From a manufacturing stand¬ 
point, thcu’c are two general classes of optical goods. The first 
class, which includes ophthalmic lenses, goggles, and condensers, 
is characterized by low precision and large volume of production. 
To rtiecd. price compet ition, optical goods of this class are usually 
made by machines tended by unskilled workmen. The other 
class of goods includes such precision instruments as telescopes, 

‘ ^’hia rrmthotl ia also tisod to drill a hole in glass. If the hole is very small, 
a. solid drill ixiay be used. 



Fio. 166 .—A glass saw in operation. 
The plate of glass above the saw is 
to i)roto<r.t the workman from the flying 
abrasive. courtesy of S-pencer Lena 

Oomjyany.) 
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microscoi)es, photographic objectives, and projection objoctiv^^ 
These are usually manufactured in relatively small <itiantiti^ 
to high standards of precision. The essential oporiit ionn are 
same for both classes, the principal distinction heinj^ in 
method of polishing. We shall identify these classes by t he ten^ 
spe(Uacle qtiality and precision quality respectively. 

The procedure in preparing surfaces of spectacle quality 
best illustrated by describing the method of matnifactuiin^ 
ophthalmic lenses. When these are made individually to tb^ 
customer’s prescription in the shop of the local o|>ticinn, th^ 
starting point is a pressed blank of rolled glass. Thin blank 
cemented with hot pitch to what is known as a block iiijjc tool Oj* 
block, which is usuaUy made of cast iron. The expose*! surface 
of the blank is then ground by holding it against anoth<*r tool^ 
called a lap, which has previously been given the prnpor radius 
of curvature. The lap is rotated at a moderates sp€‘<»<l on ^ 
vertical shaft and is fed with a mixture of coarse emery and 
water, block is secured to a lever arm and is h,-!.! n«ainst 
e ap y t e optician, who moves it constantly over the lap 
a 26 t e wear on the latter. When the surfaxie irregu- 

removed and the blank has acquir<Ml 11»- same 
from removed and carefully wash.-il free 

finer erad^^i^ “ ^ntmued, several chansos to su.uaNssively 
o. ' • j made from time to time. Frequentlv t 1 h‘ fine 

SSdtog becZte°drf the lap us.vl V„r r<,ugh 

grinding operation has a velvety 

ordinary criteria hnf t+ • ^ finish and is smooth by all 

wave length of li^t ^Vh ^^'^Sh in comparison with the 

required to removranv 

rather to cause a flow of ^o«nt of ma(.oriaI but 

left by the fine grinding. For soralches 

® done against a felt surface chLged w-tb^°“®r’ 
a vep. fine grade of red ferric o^d^ ^ ^ ("“'■•'■lly 

on the first surface, which has reo a comploto.s tho work 
^ The first surface Wng 

from the blocking tool. Thi * blank is removed 

stream of cold water against tl^ by dirocting a 

tt to crack away from the blank” The cooling cauning 

oiank. The blank is then turned 
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over and mounted on another tool, and then the second surface 
is worked in a manner similar to the first. Some little care is 
required in mounting the blank this time because it must be 
finished to a definite thickness. Consequently the film of pitch 
holding it to the block must be thin to enable the lens to be gauged 
for thickness without being removed. After the second surface 
is polished, the lens is cut to the proper shape and fitted to the 
spectacle frame. The method of cutting will be described in the 
next section. 

It is a widespread custom among small opticians to keep in 
stock blanks with one surface finished, and to work only the 



1(>7. .V vi(‘\v ill tlio loiis-Kriti<liuK room of the BauHcIi and Lomb Optical 

Company. 

second surface'! acc<)r<ling to the customer’s prescription.^ At 
tlie factory, where lensCvS are made in quantity, the procedure is 
the same as has just beeui descril>ed except that many lenses 
are workcul at, oncet. This is done by mounting them on large 
blocking tools, calhnl shells. The grinding and polishing opera¬ 
tions are perfornuMl by aut.oinalic machines. These rotate the 
grinding or polishing tool about a vertical axis while the shell is 
moved over th<’! surface of the tool in a random manner. In 
this way, the sphtuical form of the tool is maintained although 
wear dotjs cause! a slight change in t he radius of curvature. The 

* Som(U,iiii<!s t.ho Umih ih (>btaiin!<l from tlio Factory with, both surfaces 
finiHluid and nnitly to bo out to fit tho fraino. 
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operation is well shown in Fig. 167, which is a photograph of tho 
lens-grinding room of a large factory. 

The abrasives most commonly used for lens grinding aro 
emery and carborundum, although crushed steel is sornelimeo 
used for the preliminary roughing. The coarse grinding is done 
with 90-mesh abrasive; then the surface is smoothed successively 
with 150-mesh, 200-mesh, and 600-mesh abrasives. lOach grade 


is used until the scratches produced by the preceding have lx>en 
entirely eliminated. As each change is made, the preceding 
abrasive is washed from the block very thoroughly so that no 
coarse grains will remain to cause grooves during the siiccee<iing 
operation. For smoothing-'^he last fine-grinding opor^at ion--^* 
the abrasives are selected according to the length of time roc|uired 
for them to settle from a tank of water. For the final finishing, 
emery that remains in suspension for 10 min. but settles at the 
end of 60 min. is commonly used. This emery is select‘ 0 <i from 
the emery worn down during the grinding operations. No 
sma part of the worker's art is to keep the abrasive properly 
wet If the abrasive is too wet, all the air is excluded from the 
worfong surfaces and the load is increased so much that partich^ 
of the abrasive may become embedded in the glass. If the 
^^iveis oo y, umps may form that behave in the saMK> way. 
dioDtL ophthalmic lenses arc known as 

toale^ tW ^ dioiXora' 

Lrh ophthalmic lenses are so 

^ntar oonsjdered equivalent to two plane lenses 

diopter iloon^^ K® ^ -6.00-diopter and -h!).()()- 

One curious feature to be remlmtered’whir 

in diopters is that +hA + i when curves are orclorod 

.w r”""”* “ rowT 

of 1.523, which is the standflrrir. *he glass were 1.530 in.stead 
tool has a radius S ^f Toor +S-6«-th<.ptor 

of -1-4.94 diopters to an infinitely thin ™Parts a power 

modem spectacle crown gl... t 1 „ “ P^oo-couvex lens made of 

tools are limited in nunfur. ’ in®!?? ^ 

by one-eighth of a diopter 'bevonrl. ^opters, the tools vary 
and finally one-half of a diopter The one-quarter 

strongest that is made reguUrL- .^°-60-diopter tool is the 

»b«e one diopter is the power of a iens 
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While a lens is in work, its power is tested by checking the 
radius of curvature with a gauge, which is simply a piece of metal 
having a curved edge of the proper radius. When the lens is 
finished, its power is tested optically by means of instruments 
that will be described in the next chapter. The usual tolerance 
in power for ophthalmic lenses is one-sixteenth of a diopter except 
for very strong lenses. The usual tolerance in thickness is 
±0.2 mm. For condenser lenses, which are manufactured like 
ophthalmic lenses, the usual tolerance in thickness is ±1 mm. 

Although lenses of spectacle quality have a beautiful polish, 
their figure is far from perfect. This is due to a number of causes. 
In the first place, they are usually allowed to run hot during the 
grinding and polishing operations and their figure changes slightly 
when they become cool. Moreover, polishing on felt tends to 
destroy the figure. For lenses of precision quality, therefore, 
the operations are performed with more care, although they are 
the same in principle. The lapping and blocking tools are worked 
together with abrasive to attain exactly the correct curvature 
instead of being merely milled to shape. Also, the change in 
curvature during grinding, which is negligible for an ophthalmic 
lens, must be taken into account by the precision optician. 
In general, the upper surface tends to become more concave and 
the lower surface, more convex. This tendency is so pronounced 
that it is allowed for in preparing the tools. It can be overcome 
and even reversed by suitably adjusting the stroke of the blocking 
tool on the lap while the lens is being worked, but it demands 
constant attention from the operator. However, as was men¬ 
tioned previously, the chief feature that distinguishes precision 
optical goods is the method of polishing. This operation is done 
on a tool coated with pitch that is charged with rouge. The pitch 
surface, being hard, does not tend to deform the figure of the lens 
as felt does. The preparation of the polishing tool is clearly 
described in the Ordnance Department Document mentioned 
previously: 

The polishing tool is prepared by melting clean strained Norwegian 
pitch to which a little rosin has been added, and pouring the viscous 
liquid on a horizontal iron tool to a depth of one-fourth of an inch. 
Strii)s of wet paj)er arc phiccd around the edge of the tool to prevent 
the j)itch from overflowing. In cold weather, a little pine tar is added 
to the pitch to soften it slightly. After the layer of pitch has become 
cold, two series of parallel grooves, mutually perpendicular, about 
one-eighth of an inch wide and one inch apart, are cut into the surface. 
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The pitch is then reheated sufficiently to soften this siirface, upon which 
is pressed a cold tool of the opposite curvature. This tool is moistened 
with a creamy mixture of water and rouge or dilute glycerin to prevent 
its sticking to the pitch. This imparts to the pitch surface the exact 
negative of the surface of the iron tool. The iron plate may be pressed 
against the pitch surface directly after the first heating if desired, and 
the grooves cut afterwards. 

The amount of labor involved in producing an optical part 
depends upon the permissible variations in its dimensions and 
the perfection demanded of its various surfaces. There is almost 
no limit to the accuracy with which a part could be constructed 
by a skillful workman if he were allowed sufficient time. How- 



Fig. 168.—Testing the surfaces of prisms with an optical flat. The prisms 
are mounted in plaster of Paris cast in. a metal ring, (,By coixTtcsy of Sauach and 
Lamb Optical Company,) 

ever, the cost of production rises entirely out of proportion 
as the tolerances are narrowed. In ordering optical parts, 
therefore, the tolerances should be made as liberal as the required 
performance of the completed instrument permits. Thus a 
reasonable tolerance for radius of curvature is 1 part in 10,000 
if the radius is less than 200 mm, and 1 part in 3000 if the radius 
is greater. One method of specifying the tolerance in radius 
and surface quality results from the method used to test the sur¬ 
faces. During the grinding, the surfaces are checked for curva¬ 
ture with a gauge, but, after a surface has been polished, an 
interference method can be used. This consists in comparing 
the surface with a test glass of known curvature, as shown in 
Fig. 168, and noting the resulting interference fringes. The 
method of formation of these fringes will be described more in 
detail in Chap. XXVIII. It must suffice here to state that, 
of the light passing through the test glass, some will be reflected 
at the lower surface of the test glass and some at the upper sur- 


THE MANUFACTURE OF OPTICAL PARTS 


343 


face of the object being tested. Whether these two beams 
reinforce or annul depends upon the separation of the surfaces. 
If the surfaces are in contact at only one point, the familiar 
Newton’s ring system of alternate bright and dark rings will 
be formed around the point of contact.^ If the surface of the 
test glass is known to be accurately flat or spherical, the deforma¬ 
tion of the rings indicates a deformation of the surface being 
tested. The quality of surface desired can be specified by the 
number of rings exhibited. The best quality is, of course, an 
exact fit so that no rings appear. A surface exhibiting only one 
or two wide rings is of high quality, and, for most purposes, a 
three- or four-ring surface is satisfactory. If a surface is to be 
cemented, as many as eight or ten rings are often permissible. 

The tolerance in thickness also affects the cost to a marked 
extent, as might be surmised from the description of the method 
of grinding and polishing. A reasonable tolerance for a lens 
upwards of 3 in. in diameter is ±0.1 mm. For small lenses, it 
is sometimes necessary to reduce this to ±0.05 mm, and a 
tolerance of only ±0.01 mm may be required in a lens for a high- 
power microscope objective. Occasionally a tolerance as small as 
±0,005 mm may be necessary, as in a standard filter for a photom¬ 
eter, although it is very expensive to work to such close limits. 

126. Edging and Centering.—After the surfaces of a lens 
are finished, the next operation is to cut the lens to size and 
finish the edge. On lenses of spectacle quality, this operation is 
known as centering to dot or edging. The lens is placed in a 
rotatable holder, and the operator observes through an ocular 
an image of a target formed by the lens. The lens is moved 
in the holder until the image remains stationary, whereupon an 
arm is brought against the lens to make a dot on its surface 
at the exact center. This dot serves as a guide for placing the 
lens on the edging machine, which may be of either of two types. 
In one type, the lens is cut to size with a diamond, after which 
the rough edge is smoothed against a grinding wheel. In the 
other type, the lens is held firmly between two rotating rubber- 
capped spindles so that its edge is brought against a grinding 
wheel. A template of the size and shape—circular, oval, 
octagonal, or what not—to which the lens is to be edged is 
mounted on one of the spindles to stop the grinding when the lens 
has reached the proper shape. A reasonable tolerance in diam¬ 
eter for an edged lens is ±0.2 mm. 

^ Sec pp. 674ff- 
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If the lens is to fit loosely in a cell, or if it is not to be mounted 
at all, it can be left with the edge that results from the pressing 
operation. In this case, it is clear that the lens may be markedly 
wedge shaped, one side being thinner than the other. Condensers 
for stereopticons are commonly left this way, a difference of 
thickness of 1 mm between one side and the other being per¬ 
mitted. The variation in diameter to be expected in small 
lenses with pressed edges is about ±0.2 mm, and in condensers 
about ±0.5 mm. 

In precision optics, the operation analogous to edging is termed 
centering. A spindle slightly smaller than the lens and with a 


Si 



Fio. 169. 

depression in the end is mounted in a lathe, and the lens is 
cemented to it with shellac. The shellac is then softened by 
heating the spindle with a small flame while it is in rotation, and 
the lens is manipulated by means of a soft wooden stick until 
the image of a distant lamp reflected in the lens surface remains 
stationary. Figure 169 illustrates the principle of this operation. 
When the lens is in the position shown by the solid lines, the image 
of the source S appears at S^. When the spindle has made half 
a revolution, the image appears at and thus the image seems 
to rotate in a circle of diameter 8x82. When the lens is centered, 
the image remains stationary at some mean position. For the 
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very finest work the image should be truly stationary, but usually 
there is sufficient play in the lens cell to make a slight shift of 
the image permissible. After the lens is centered, it is turned 
to the proper diameter, either with a hand tool or with a diamond- 
charged milling tool or grinding wheel. If there are many lenses 
in the lot, a template is fitted to the spindle so that the grinding 
is stopped automatically when the lenses are reduced to the 
specified diameter. A precision of ±0.1 mm in diameter can 
easily be attained. 

126. Working Prisms and Flats.—Prisms and flat plates, 
frequently called simply flats, are treated much like lenses except 
for the obvious modifications required by the difference in shape. 
Flats are cemented to a plane block and worked against a plane 
lap. Prisms are either cemented to a block having grooves of 
the proper shape or embedded in plaster of Paris, as shown in 
Fig. 168. The chief difficulty is to maintain a true surface 
figure. In addition, prisms must be constantly checked to 
insure the accuracy of their angles, and flats must be checked to 
prevent them from becoming wedge shaped. 

A flat worked to spectacle quality is likely to be disappointing. 
It will doubtless be polished well enough, but more often than 
not it will be found to taper toward the edges. This can be 
detected by examining the image of a window formed by reflec¬ 
tion at nearly grazing incidence. A piece of polished plate, or 
even selected window glass, usually has a flatter surface. If 
spectacle quality is required by reason of expense, it is well to 
have a large blank prepared and then to trim off the outer por¬ 
tions. Even then the piece may be wedge shaped, varying in 
thickness by as much as 0.2 mm in a hundred. 

Round flats are edged exactly like lenses but rectangular 
ones are edged somewhat differently. If the glass is thin, the 
edge left by the glazier’s diamond may be untouched. Such 
an edge is not satisfactory if the plate is more than about 4 mm 
or 6 mm thick because it is likely to be too irregular. It is 
almost certain to be unsatisfactory also in any pot opal, which 
cracks very erratically. A cheap way to edge the plate is to lay 
each edge in turn on the flat face of a grinding wheel. The 
tolerance demanded in a cut edge or an edge ground in this 
manner should not be closer than ±0.2 mm for a plate 2 mm 
thick. By the more refined methods of the precision-lens shop, 
a flat can be edged to ±0.1 mm without difficulty, and ±0.05 
mm may reasonably be demanded. 
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The angle between the two faces of a flat or prism made to 
precision quality can be held within ±2" for the most exacting 
purposes, but this is very expensive. A common tolerance is 
±1'. Ophthalmic prisms are specified in 'prism dioptersj 1 prism 
diopter being the power of a prism that deviates a ray by 1 cm 
at a distance of 1 meter. The customary tolerance is Ke 
diopter. 

127. Cementing.—Two optical parts can be brought into 
optical contact most conveniently by cementing them together 
with some substance of approximately the same refractive index. 
The cement that is most commonly used is Canada balsam, which 
is a mixture of turpentine and resins. For cementing glass, 
the balsam is freed from its turpentine by heat and cast into 
sticks. The removal of turpentine should be especially thorough 
if the cemented parts are to be subjected to heat in use. 

The cementing should be done in a room as free from dust as 
possible, and cardboard covers should be used as a further 
protection. After the parts to be cemented have been thoroughly 
cleaned with alcohol and dusted with a camel's-hair brush, they 
are placed on a sheet of clean paper on an electric plate and heated 
slowly. A stick of balsam, is then rubbed over the surfaces to 
be cemented, which should be in a horizontal position so that the 
molten balsam will spread evenly. It is important that the parts 
be brought to the right temperature to avoid discoloring the 
balsam. Ordinarily the balsam is light yellow, but it darkens 
if it is allowed to become too hot. In addition, a high tempera¬ 
ture may cause bubbles to form that are not easily pressed out. 
Indeed, the greatest difficulty in cementing is to squeeze out all 
the bubbles and to prevent others from forming. If the proper 
temperature is maintained, the small bubbles that always form 
will usually migrate to the edges and disappear. 

When the two surfaces have been covered with liquid balsam, 
one part is lifted from the plate and placed upon the other. In 
the case of lenses, the convex surface is placed upon the concave. 
The two are then pressed and rubbed together to squeeze out 
as much of the excess balsam as possible. Finally, the combina¬ 
tion is set aside to cool, after which it is cleaned with kerosene or 
alcohol and ether. 

If the combination is a lens, it must be trued. This can be 
done by heating it slightly and pressing it against an angle block. 
A better method is to mount the concave element in a chuck and 
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center it, the convex element being then moved about until the 
image of a distant source remains stationary. 

For cementing gelatin filters between glass plates, the balsam 
is used in its natural condition because the gelatin film would be 
ruined if heated sufficiently to melt the hard balsam. Cemented 
filters are baked for a long time, a matter of weeks, in a very cool 
oven to evaporate the turpentine. The edges of cemented filters 
should be painted with enamel to prevent the entry of liquids 
that would injure the balsam. This is a wise precaution in all cases. 

Canada balsam and similar cements are not suitable for joints 
that become hot in use. Fusing the parts together in the ordi^ 
nary manner would destroy the figure of the surfaces. However, 
it is possible to join two surfaces that have been worked to a 
close fit by holding them in contact for some time at a tempera¬ 
ture slightly under the annealing temperature. In fact, if two 
surfaces that exactly match each other are brought into contact 
at ordinary temperatures in such a manner as to exclude the 
air, they will adhere firmly. The chief difficulty in performing 
this operation is in removing the dust from the surfaces. Moffitt 
has described a technique in which distilled water is sprayed 
against the surfaces during the operation. The thin film of 
water that remains between the surfaces after they are slid into 
contact is adsorbed by the glass within a few hours. 

128. Aspheric Surfaces. Dropping.—Any surface having 
other than a plane or spherical form is said to be aspheric, but, 
in practice, such surfaces are usually either paraboloidal or 
ellipsoidal. 1 Aspheric surfaces are used to reduce the spherical 
aberration and thus increase the permissible relative aperture. 
They are seldom used except in instruments designed to cover a 
small field, which, curiously enough, represent the opposite 
extremes of image-forming requirements. On the one hand, 
relatively crude aspheric surfaces are used for searchlight mirrors 
and motion-picture condensers, where the image-forming require¬ 
ments are not very severe. On the other hand, they are also 
used for the mirrors in the great astronomical telescopes, which 
represent the highest type of image-forming system. 

Searchlight mirrors and mirrors used in motion-picture pro¬ 
jectors are made by what is known as a dropping process. The 
stock is plate glass of the proper thickness and diameter, which is 

^ Usually they are known by the incorrect terms "parabolic” and "ellip¬ 
tical.” 
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laid on the top of a hollow mold curved on the inside to t he figure 
of the desired reflector. The mold and glass are place<i in a 
furnace and heated until the glass becomes soft, whereupon it. is 
sucked into the mold by pumping out the air. The piuiiping in 
stopped just as the glass touches the mold because a firm contiict 
would cause pits on the surface. The dropping, as it is now 
called, is cooled, annealed, and edged to the required diam<»ter. 
It is always made considerably larger in diameter than the 
finished reflector because the outer portions are not true to figim'. 
The surfaces are cleaned on a buffing wheel and then the out side* 
surface is silvered, coppered, and backed. The versatility of 
the dropping process can be inferred from the fact that it is uh<m1 
alike for stereopticon reflectors 3 in. in diameter and 3 mm t-hick 
and for searchlight mirrors 5 ft. in diameter and 1 in. thick. 
The chief importance of the process is in the manufacture of 
aspheric mirrors, of course, but it is also used for spherical ixiirrorn 
because of the economy of time and material that it. effe<dH. 

The surfaces of dropped mirrors are somewhat unev<*n, jih 
might be expected. Spherical mirrors can be improved by griml- 
ing and polishing in the orthodox manner. Paraboloidal mirrors 
can be ground with a template by a special process. ''I'his j)roc‘<‘HH 
is based on the property of a paraboloid that its intersect ion wit h 
a plane parallel to its axis is a parabola whose form is indt'pc'udtuit. 
of the distance of the plane from the axis. The template' is an 
extremely hard metal blade about 3^^ in. thick, one edg<^ of which 
is cut into a parabolic outline. The dropping is rot.nt<*d on a 
vertical spindle while the template, fed with abrasive and lu'ld 


in a vertical plane, is moved sidewise in a direction p<u’p<'iidicular 
to its own plane. The same process can be used for figuring a 
lens, such as a motion-picture condenser, except that f.h<': sur¬ 
face is previously rough ground with ordinary spherical tools. 
Another method is to grind by hand, testing constantly with a 
parabolic gauge. The demand for aspheric surfaces is so limit t'd 
and the art of producing them so specialized that only a few firin.s 
are equipped to do this kind of work. 


The figuring of mirrors for reflecting telescopes is very different 
from any other branch of the optician's art,i not only because t he 

W 5 w Telescope, the Making and Teeting of Opii.-al 
to KnowMae ^ “ Smithaonian Gontribut.iona 

w ^uec. ^ and 31, 1904; and Jan. 7, 14, and 21, 1906). 
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mirrors are so large but also because an almost perfect surface 
is required. If a mirror is to be more than two feet in diameter, 
the difficulty of casting a disk of glass that is well annealed, suffi¬ 
ciently homogeneous to retain its figure, and free from defects 
near at least one face is considerable. Most of the large disks, 
including the 100-in. disk at Mount Wilson,^ have been cast by 
the celebrated firm of St. Gobain in France. After the disk has 
been cast, the first operation is to grind and polish the two sides to 
permit inspection. One side is selected to be the face of the 
mirror, and the grinding of this side proceeds in the orthodox 
manner with metal tools mounted on counterbalanced arms, 
the disk lying on a platform under the tools. Frequently the 
center is ground almost to the finished depth with a small tool 
first and the working of the outer zones deferred until later. The 
fine grinding is done with a full-sized tool unless the mirror is 
more than two or three feet in diameter, in which case tools 
smaller than the disk are used. The polishing is done with a 
wooden tool covered with soft rosin cut into squares as described 
previously. This tool is shaped by pressing it on the mirror 
itself. It is operated by hand, two men grasping knobs on its 
back and giving it a peculiar motion over the rotating mirror. 
When the polishing is completed, the mirror is tested by means 
of the Foucault knife-edge test to be described in Sec. 135 of the 
next chapter. The last operation—parabolizing—consists in 
removing material from the center of the disk so as to shorten the 
radius of curvature at that point. It can be accomplished either 
by cutting away rosin from the outer portions of the polishing 
tool or by using a small tool and working harder at the center 
of the disk than at the edges. An idea of the delicacy of the 
operation can be gained by noting that the amount of glass 
removed at the center of the 60-in. mirror at Mount Wilson, 
which has a focal length of 25 ft., was only 0.015 mm. 

The early makers of reflecting telescopes did not realize the 
necessity for parabolizing, hlvcn Newton figured mirrors blindly 
until he obtained one that was satisfactory. Not the least 
of the difficulties of the operation is to prevent the disk from 

^ An extensive deseriptk>n of this instruniont, which is the largest in the 
world, is not available, but a brief description will be found in the Sci. 
Amer.^ Aug, 11, 1917. A detailed description of the 72-in. reflector at the 
Dominion Astrophysical Observatory, Victoria, 13. O., has been given by 
the director, J. S. Plaskett, in Dom. Astrophys Ohs. Pub., 1, 7, (1922). 
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heating because it changes its shape when it becomcR cool. 
Changes in temperature affect its figure when it is in xiho also, and, 
to prevent this effect, fused quartz is proposed for future refleciorn. 

^though the preparation of large mirrors is exceedingly 
difficult, a reflecting telescope can be constructed quit<^ easily 
by an amateur provided he limits himself to a 6-in. or a l()-iii. 
mirror.^ The procedure for such mirrors is somewhat diffi^renf. 
Two disks of heavy plate glass are used, one for the mirror an<l 
one for the tool. They are worked together with abrasive unf i! 
the upper disk, which is to be the mirror, has become coneH%^<’ 
to the requisite extent. The lower disk is then covered wit h rosin 
cut into squares as usual and the mirror is polished and parab¬ 
olized on it as described above. In this case, the parahoioi<laI 
figure is readily attained by lengthening the stroke of the mirror 


on the tool to grind the center more than the edges. 

,129. Marking Glass.—There are three ways of marking 
glass—stamping, engraving, and etching. Stamping (consists 
in applying an ink by means of an ordinary rubber stamp and 
then baking the stamped article. The base of the ink is albumin, 
which is coagulated by the heat and so binds the pigment, to the' 
glass. This method is rapid and fairly permanent, but it. trail not. 
be used for such things as scales, where accuracy is t'sHtuitial 
Engraving consists in scratching the article with a diamtiml 
I>oint. As compared with etching, it will make a finer lintr liut. 
the width of the line cannot be controlled readily. latching 
consists m coating the article with a thin layer of wax, iiiMcrribing 
the design m the wax, and then subjecting the article j.o t.h<> a<rt i<m 

etched characters are usually tilled 
x^th black or colored pigment. A surface that is to ho' vMuhI 
should be polished on beeswax rather than on pitch because* tlii^ 
aci acts more uniformly on a wax-polished surface. Tho tools 

and engraved character, are cerd r., -d 

cSraet^dS^d a large atencil „f , 1... 


to fo™ aSncTctl^ diamond set in a metal handle 

^ pencil can be used. Such a diamond pencil should he 

134, February and directions in SaC. A rnrr., 

most fascinating pastime. ’ See also ^ embark upon thin 

by Ingalls and published by the Scient^ A Making," edited 

y tne bcientific American Publishing Company. 
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This reducing solution should be made up in advance and‘kept in stock 
because it improves with age. If it must be used at once, it can be 
improved by boiling, the addition of the alcohol being delayed until it is 


cool. 

B. Distilled water. 300 cc 

Silver nitrate. 20 grams 

C. Distilled water. 100 cc 

Potassium hydroxide. 10 grams 

D. Distilled water. 30 cc 

Silver nitrate, approximately. 2 grams 


To prepare the silvering solution, add strong ammonia gradu¬ 
ally to solution B until the precipitate first formed just disap¬ 
pears; avoid an excess of ammonia. Then pour in solution C, 
whereupon the mixture will turn dark brown or black. Again 
add ammonia, stirring constantly until the solution just clears 
a second time. It should now be a light brown or straw color 
but transparent. Next add solution D slowly, stirring con¬ 
stantly, until there is quite a little suspended matter that the 
solution refuses to take up. Finally filter the solution through 
absorbent cotton. 

When ready to silver, add about 130 cc of solution A and pour 
the resulting mixture at once upon the mirror without pouring 
off the water that was left to cover it after it was cleaned. At 
all times during the operations the solutions should be kept 
below 18®C. (64°F.), preferably about 15°C. (60°F.). While the 
silver is being deposited, keep the solution in motion so that 
the sediment will not settle on the silver coat. Very light swab¬ 
bing with loose absorbent cotton will be found advantageous for 
large mirrors. 

The silvering process requires from 3 to 8 min., and during 
this period the surface should not be exposed to the air for more 
than a second or two at a time. When the process is completed, 
the solution should be poured off and the surface rinsed thor¬ 
oughly, being swabbed lightly with absorbent cotton if there is 
much bloom on it. 

The volume of solution required in the silvering operation 
depends both upon the size of the mirror and the thickness 
of the coat desired. For most work, 1 gram of silver nitrate 
for each 40 cm^ (or 6 sq. in.) of surface is ample; for thicker 
coats, such as are put on astronomical mirrors, 1 gram to each 
27 cm® (or 4 sq. in.) may be used. In every case, the amount 
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of solution A to be used should be in the ratio of 6 cc per gram of 
silver nitrate. 

Second-surface mirrors are backed with some sort of protective 
coating. Cheap mirrors are backed with a gray' paint, but most 
of those made in optical factories are backed with a tough black 
enamel. Mirrors that are to be subjected to extreme heat, 
such as the reflectors in stereopticons and motion-picture 
projectors, are backed with a heat-resisting material that is 
baked on. The composition of this backing is a trade secret. 
Several coats are applied, the result being a thick, rough, white 
coating. Another kind of backing, used where mechanical 
strength is required, consists of a thick layer of paint in which is 
embedded a sheet of wire mesh. Mirrors are frequently plated 
electrolytically with copper before the backing is applied. 

First-surface mirrors are more difficult to protect because the 
light must traverse the protective coating. Lastina and Zapon 
lacquers are used for the purpose, as also is collodion. The diffi¬ 
culty in using such a coating is that, if it is too thick, it will dry 
in streaks and waves, and thus bring to naught all the care 
expended on figuring the surface; whereas, if it is too thin, it will 
exhibit interference patterns. If the mirror is so located in the 
optical system that these patterns are of no consequence, a 
commercial lacquer thinned six to one and carefully applied 
in the ordinary manner is satisfactory. If the mirror is located 
where these interference patterns would be visible, the lacquer 
can be thinned two to one and the mirror rotated while it is 
drying. Mirrors that are used only occasionally, like those in 
radiometric instruments, can be kept in a desiccator containing 
vessels of phosphorus pentoxide and potassium hydroxide. 
Coblentz states that a mirror preserved in this manner will 
retain its finish for years. 

Mirrors can be half silvered by any of the slower processes 
for full silvering, but a process devised by Twyman^ especially 
for the purpose is undoubtedly preferable. In this process four 
solutions arc prepared according to the formulae on the 
next page. The object to be silvered is placed in a dish, cleaned 
with strong nitric acid swabbed over the surface with a bit of 
cotton or wool on the end of a rod, and then is placed in solution 
D for 5 rnin., after which it is rinsed in running water. The silver¬ 
ing .solution is prepared by adding to 20 cc of A enough ammonia 

* Trans. Optical Sac. {London), 24, 203 (1922—1923). 
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to redissolve the precipitate that fonnw at firnf, nf!i*r whirh aitliitbt 
amount of silver nitrate solution is added unt il I in'* afttitmnlAcmJ 
solution becomes a faint straw color. "rh<*n Hh* latter in rriitcic* up 
to 100 cc with water and the object is susf7<*n<leal in if either facet 
upward or face downward. The redueinjf solut icm, wliirh is piv- 
pared by mixing 5 cc each of Band C, is t h<*n ad<led Inf he silveriiiK 


A. Silver nitrate. 

Water, to make. 

B. Pormalia, 40 per cent solution. 

C. Granulated sugar. 

Alcohol. 

Nitric acid. 

Water, to make. 

Allow to stand two weeks. 


lU grnaiA 
HKJ re 


grttiiiii 

'JtH) vr 

to IT 
2000 IT 


L/. uhronne acid. 

Q , , . .,. KrniHn 

Sulphuric acid. I />| H) , •, • 

elution while the resulting mixture is stirr<‘<I cousimK Iv 
the mixture becomes reddish, it is poum.I .,(T „u.| „> , j,.. 

^emg solution, unmixed with reducing .. j.s ..n 

poured’off^n^ minutes. 'I'he Ii,,„i,i i,., h.-n 

^TV/T^^ “ object IS rinsed and dric^d 

Utem“mr”and lec^LSTr de”' ■" 

available.1 For^amut t malerial.s are 

and dark miners r T*""” 

131. The Buming-ia ProcesJ * ■"" ""'l’*"'''- 

platinized by coatino- if -fi, Platinizing, (tlas.s ran In* 

containing platinum salts + 1 .^ Jwixfuro of ()rgfini<* niatrrialM 
have been^esoribed btt tW ^'Hrious n.wh.nl. 

produced by mosW ‘hT-Hir. 

-quently not suitlltf'^^^^^^^^ 

this drawback, Rheinbere^ Pi^rpoHt'.s, In <iv<‘rroiiio 

the important feature annearq <»f whudi 

the mixture evaporate at nearly the s ^ f‘t>nij>onrnf s of 

deposit is uniform A tvmn i -p rate ho that the result iiii/ 

‘ An exteaaive 2 T" f""-- 

brie^er*buf® ‘■'i’b.- Matiag 

iSt Wblioeraph7,^ h°‘’,*‘™'"f ''">..1...., ,* 
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Parts by 
Volume 


Collodion in methyl alcohol, 6 per cent solution. 3 

Chlorplatinic acid (H 2 PtClfl) in denatured alcohol, 6 per cent 

solution. 3 

Denatured alcohol. 3 

Bismuth chloride, 1 per cent solution in alcohol. 1 


The last-named solution is made from a 5 per cent solution of bismuth 
chloride in denatured alcohol to which 5 per cent of hydrochloric acid is 
added. It is diluted to the proper extent with alcohol just before use 
because very weak solutions of bismuth chloride will not keep for any 
length of time. 

The characteristics of the deposit are described by Rheinberg 
substantially as follows: At first, the collodion film chars and 
completely volatilizes, leaving the reduced platinum in an 
exceedingly fine state of division. With continued heating, 
the deposit becomes adherent although soft, but eventually it 
becomes wholly incorporated within the surface layer of the 
glass and is then exceedingly permanent. In fact, nothing that 
is not hard enough to damage the glass itself will damage the 
mirror. Neither will any chemical that does not attack the 
glass itself affect it, except aqua regia after prolonged immersion. 
The surface layer of the glass in which the platinum is incor¬ 
porated is extremely thin, perhjxps 200 m/x thick, so it may 
gradually be worn away, if, like a dental mirror, it is subjected 
to rough treatment. 

132. The Electrical Deposition of M!etals.—A glass surface 
can be coated with metal by bombarding it with atoms of the 
metal moving with a high velocity. These can be obtained 
from a metallic cathode in a gaseous discharge at low pressure 
and high potential, or by direct evaporation from a heated 
electrode in a vacuum. The first process, which is known as 
spxdteringj is illustrated in Fig. 170. The cathode, which 
should be somewhat larger than the object to be plated, is placed 
about, an inch from the surface of the latter. In the figure, a 
lot of prisms mounted in a clamp are shown in position for 
plating. A potential difference of about 1000 volts is employed 
and the chamber is evacuated until the (‘dge of the Crookes 
dark space almost coincides with the surface to be plated.^ 

The position of the edge of tbo <birk spjtco is of groat irn jjortance. If it 
is not close enough to tho surface, tlu'; dc^posit, is soft; if it is beyond the sur- 
facits the deposit may blister. 
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The pressure is of the order r»f n oak 

gold, silver, and nickel can he” mercury. Platinum, 

process. plated satisfactorily by this 

of the plated 

deposition is slow enoua-h tn a ^ plating, but the rate of 

controlled. Thus it is^a f * process to be accurately 

» 

r\ 



'“s.^zz S’ sn;'r '““"iithT-”'"- 

been described by StuhlmaM,Ms*IocZ^oh h "'hich haa 

^apparatus like that sketched in Fig m l eonveniently by 
to be deposited carries an electric cu^ent wh- t 
descence The surface to be Xtedlfh 

chamber being held at approilmitri; n ‘he 

during the operation. The wire can K mercury 

1, 78 ( 1917 ) Th means of a 

m ExperimentarPhySs.”'^ Chapter IV of'Sng^I‘‘Irocedur^s 
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crank passing through a ground-glass joint in the base of the 
chamber or by means of a clockwork within the chamber. For 
depositing silver, a wire of about B. and S. No. 24 gauge made of 
an alloy of 85 per cent silver and 15 per cent platinum has been 
found by the present authors to be satisfactory. The function 



of the platinum is principally to impart stiffness to the wire at a 
temperature at which the silver evaporates freely. Because the 
ends of the wire are cooler than the center, the wire must be 
somewhat longer than the surface to be coated. Metals with a 
low boiling point, like zinc or tin, can be deposited by this 
process from their alloys, brass and bronze. 










CHAPTER XVII 


THE TESTING OF OPTICAL PARTS 


Optical parts are subjected to many tests and inspections dur¬ 
ing the course of their manufacture because a single (l(*f(‘etive 
unit may impair the performance of the entire system, Mniiy 
of these tests are so fundamental that the user of optical inst ru- 
ments occasionally finds it desirable to perform them for himself. 
In presenting the subject in this chapter, the emphasis has l)c*(*n 
placed on the underlying principles rather than on the details of 
the methods followed by any particular manufacturer. The 
methods may therefore be taken as typical, and they can usually 

be varied to suit the purpose required and the apparatus that is 
available. 


IM. Visual Inspection.—Some idea of the qualify ot ii,(> 
workmanship in an optical part can be gained by n.oro visual 
iM^ction. If the part is examined with a magnifier, Uio fn-edom 
opts surface from pits, scratches, grayness, insufficient polisli. 
edges, and cracks can be easily verified. Some KurfiH-<. 

Srefed'el'Jrr^®'^’ -d wavineas, can 

Sometimes striim, 2ncH 
the LkeTeye^^^-r can be scon will,’ 

particles of dirt or fuss within the baIsL. 

fiJum'T" Watufie'l^hed 

a photographic Objective and /rf being tested, 

1 ctive, and JC a screen on which an cnlurgmi 
“ described in detail in £ur. Standar,!^ 
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image of L is formed. Faint striae can be made visible by 
closing the diaphragm of the objective and shifting the lens or 
the collimator to obtain oblique illumination. Of course, the 
screen and photographic objective can be replaced by a camera to 
make a permanent record of the results of the inspection. 


K 



134. Index and Dispersion.—The index and dispersion of a 
sample of glass can be measured by means of a spectrometer 
as described in Sec. 201, Chap. X,XVII. This method is tedious, 
however, and has the further disadvantage that the sample must 
be fairly large and in the form of 
a prism. For ordinary measure¬ 
ments, special instruments called * 
rofractometers, based on the criti¬ 
cal-angle principle, are generally 
used instead. The type best suited 
for measuring the index of glass is 
due to Pulfrich. Th(^ principle on 
which it is based can be under¬ 
stood by r<^f(a*enc(’! t.o Fig. 173, where 
the sample, which has an index n, is shown in optical contact 
with a prism of index N and refracting angle A. A beam of 
monochromatic light from a source <S> passes into the sample 
and through the prism to emerge from the second refract¬ 
ing face of t.ho latttu'. The ray incident horizontally on the 
interface bet.woen the samj^lo and the i^rism emerges from the first 
fac(^ of t.h<‘ firism at an angle a to the normal, and from the 
H(K*()n<l fa.ee at an angle /3. lOvidently, incident rays making an 
angh’! less than 90° with the normal to the first prism face will 
emerge from the second face below this first ray, but no rays can 
emerge above this one because such rays cannot enter the prism. 
Thus a telescope directed at the second face of the prism will show 
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a bright band of light terminated at its iipf)er side by a sharj 
boundary. 

Working formulae for the instrument can bo derived from tin 
relations 

sin (ex — A) _ 1 
sin J3 N 

and 


N 


= sin a. 


which can be combined to give 

n = sin A — sin^ /? + cos A sin (21 A) 

For most types of Pulfiich refractometers, A = 90° and, eoiisi*- 
quently, 

^ — sin^ 13. (210) 

The instrument is shown diagrammatically in Fig. 174. 
sample should be 15 or 20 mm square and at least 1 nini in thick- 
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to fewer than three and these are made parallel to the direction 
of the light. Under these circumstances, the sample makes a 
negligibly small angle with the plane of the prism. With the 
sample in position, the arm of the tangent screw is clamped 
and the telescope is turned to bring the cross hairs into coinci¬ 
dence with the upper edge of the bright band. Inasmuch as 
the index is commonly specified for the £)-line and the disper¬ 
sion as a function of the difference between the C- and i^-lines, it 
is convenient to use a sodium flame and a hydrogen tube succes¬ 
sively as the source. The index for the Z)-line is determined 
by reading the divided circle, which can be done to a precision 
of 0.5' by means of a vernier; the dispersion is determined by 
reading the drum on the tangent screw for the (7-, Z)-, and Z’-lines, 
which can be done to a precision of 0.1'. By this procedure, 
the computed dispersion is accurate to one or two units in the 
fifth decimal place, although the index for the D-line may be 
accurate to only five or ten units. Tables are generally supplied 
with the instrument to facilitate the computations. 

This instrument is very rapid and easy to use but several 
precautions must be taken. The two faces of the sample 
through which the light passes must be flat and well polished, 
the bounding edge must be truly sharp, and the angle at this 
edge must be close to 90°. The faces must be pitch polished 
because a felt polisher rounds them so much that only a rough 
determination can bo made. The sample must be free from 
striae because a very slight amount will make the C- and J^-lines 
so hazy as to be unreadable. The hydrogen tube must be in 
good condition, or the ZMine will be hazy and weak. The 
visibility in the blue end of the spectrum is so low that an excellent 
tube is required if the rr'-line is to be measured. 

The instrument itself is subject to numerous sources of inac¬ 
curacy,' of which five in particular should be emphasized: 

.1. 'rim divided ^ir(d<^ inuHt oh<wk<Ml for occu^ntricity and a calibration 
<Mirv<^ rnad(r, if 

2. 'Tho t.atiK<Mit Hcniw nnist ho a<ljuHt<Ml so that the micrometer indicates 
l.hc same angular ditTcrciiicc-fs Ix^t.wocn the C.'- and /'-lines at all parts of the 
scale. 

Th(‘ refracting ariKlt* of the prism must be within 10'^ of 90°. When the 
upp(^r fac(^ b<‘<x)ni(\s seriously sc^rahdiod it must rcifinisluid, and this is the 
maximum toh^ramxi that should bo allowed in the op(?ration. 

^ See a pnp<‘r l)y (hiild, Proc. Phys. Soc. (Lomion), 30, 167 (1918). Re¬ 
printed in Nal. Phya. Lab,, Collected Researches^ 14, 273 (1920). 
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illuminating the cross hairs wit , . ^g cross Imirn 

prismP a^d moving the tel-cope nntd ....t will, .ho 

tL autooolhmation method d.^erihed i.. 

n“w«h‘:“?h2:-pf^autions, the " ^ —n r.He’de 

prisma may be different and t e> ^ “tLause the partieiilar ... of glnsM 

were cut may 

table for each pri^ can ^..c_ «md,.. 

.- ••<• ... 

by slightly altering the angle of the prism. 

A liquid can be measured by cementing a cylinder on t he prmm 
as shown at A in Fig. 174, and putting the liquid in the cup 



Fig. 175.—Diagrammatic sketch of the Abbe rofriu'tonic'ier. 

thus formed. The cylinder and prism must be well fit t iMl so 
that the layer of the cement—Canada balsam, gum anibie, or 
whatever is appropriate to the liquid to be measured—will h<^ 
thin. 

Figure 175 is a diagrammatic sketch of another rofractoiu«‘(<*r 
operating on the critical-angle principle. It was invontt'd by 
Abbe, and its chief merit is that it is more rapid than the Pvilfricii 
instrument. It is suitable for both solids and liquids having 
indices from 1.3 to 1.7, and is precise to about two units in the 
fourth decimal place. The essential features are a telescope, a 
refractometer prism JP, and two Amici compensating prisms 
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Ki and K.^ so arranged that they can be rotated simultaneously 
in opposite directions by means of a knob. These prisms 
disperse light without deviating it so that, by varying their 
relative positions, any amount of dispersion can be produced 
from zero to a maximum. Their function is to neutralize the 
dispersion of the sample and thus permit white light to be used. 
The observer looks into the telescope and rotates the arm carrying 
the prism until a boundary between a light and a dark area 
appears. He then adjusts the compensating prisms until the 
system is achromatized and the boundary appears sharp. ^ 
When the boundary is coincident with the cross hairs, the index 
is read directly on the scale to the third decimal place and by 
interpolation to the fourth place. 

The Abbe refractometer was designed primarily to measure 
the refractive index of liquids, and as shown in Fig. 175 it is in 
the proper position for this purpose. The sample is placed 
betw(ien the refractometer prism P and an auxiliary prism P' 
made of the same glass, the separation of the two prisms being 
approximately 0.1 mm. Light enters the instrument from the 
reflector li, which may be a sheet of paper, a piece of ground 
opal glass, or, if more light is necessary, a mirror. Some light 
enters at grazing incidence, and the principle of the instrument 
can therefore be undersl.ood by following an ai’gument similar to 
that for the Piilfrich refractometer. If the sample happens to 
be a solid, the inst rument is swung about until the face of prism 
P is iippernujsf., t he prism P' being moved out of the way. The 
sample is them plac(Mi on P as described for the Pulfrich refrac- 
tonuder. A felt, polish of good quality is satisfactory for the 
face of the saini)I(‘ that, is in contact with the prism. The 
adjacent fac<i, on wliich the light is incident, need not be polished, 
but t he Cidge^ bet w(‘en t he t wo faces should be sharp. 

'^rwo ot.h<‘r ty[)es of rcdractometers may bo mentioned in this 
conn<‘ct.ion, although they are rarely used for inspecting optical 
parts. ()n<^ is t he; crystal refractometer, which is similar to the 
Pulfrich exe(‘i)t t ha.t, instea.d of having a prism, it has a hemi¬ 
sphere ma<le! of glass whose index is about 1.9. It is equipped 
wit h an amalyz(‘r so that, the indices for the two rays of doubly 
r(‘frac.l,ing cryst als can be measured. Anot.her important type is 
th(^ dipping refract.oineter, which is us(h 1 for measuring the index 

• '’I’hi.s boundary will havo a HliKbt. violet <*olnra.tion (^xtcauling into the 
dark area, but tbi.*^ iw not r^spcaually annoying. 
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of liauids having a smaU range of index. It consists (rf a t ubo. 
at one end of which is a glass cylinder with a sloping face 1 hat 
acts as the refraotometer prism. The observer looks into the 
opposite end of the instrument and, immersing the prism iii t he 
liquid, reads the index directly by noting whore t he boundary 
between the light and dark areas intersects a scale in the ocular. 
Several prisms of different index are supplied so that any indi-x 
from about 1.3 to 1.7 ceil be measured. 

The contact liquid commonly used in critical-angle refract oiii- 
eters for samples having an index less than 1.658 is 
bromnaphthalene. For samples having an index greater thar* 
this but less than about 1.7, methylene iodide is satisfactory. 
With the Pulfrich refractometer, samples having a soinewhaf 
higher index can be measured by using methylene iodide in which 
sulphur has been dissolved by heat (see page 406). 

One of the disadvantages of the Pulfrich and the Abbe refract oru- 
eters for measuring solids is that the sample must be groun<l 
and polished in a particular manner. This means that tlu* 
object to be tested must usually be mutilated and a (U'rtain 
amount of shop work must be done to prepare the saiiii>le. If 
it is not allowable to mutilate the object or if the fa.ciliti<‘H ff>r 
working optical surfaces are not at hand, an immersion niet hotl 
can be used to determine the index. 

The immersion method consists in finding a liquid having (In' 

same index as that of the sample and then measuring the ind<*x 

of the liquid. This method is extensively used by mineralogi.sta, 

who can thus determine the indices of crystals to a few units in 

the fourth decimal place. The customary procedure is t-o plnc<* 

the specimen in a cell containing a liquid on the st.age of a 

microscope and then to judge from the appearance of the crystal, 

as the microscope is racked up and down, whether the index of 

the liquid is too high or too low. Usually after about t<‘n trials, 

a liquid is found that matches the index of the crystal to thr<M' 

decimal places, and somewhat greater accuracy can be obtainc‘<i 

If necessa^. For large specimens, such as lenses and pi(‘c(‘s of 

glass, a nncroscope is not needed and examination with the nake<l 

eye ^ sufficient. A more refined procedure for such specimens 
has been described by Cheshire.^ ns 

Curvature.—Instruments for measuring 
rad 2 us of curvature of a surface are called spherometers. 

^ Phil. Mag., 32, 409 (1916). 


t h<‘ 
bMgnre 
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176 is a sketch of a type designed by Abbe that is commonly 
used in the laboratory. It consists essentially of a ring on which 
the surface to be measured is placed, and a plunger concentric 
with the ring that is pulled upward by the counterweight until 
it just touches the surface. The ring is carefully ground to a 
cross section as shown at A., so that a concave surface makes 
contact with the outer rim and a convex surface with the inner 
rim. The procedure in measuring a radius of curvature is first 
to place a glass fiat on the ring and determine the position of the 
plunger by means of the scale and the reading microscope. The 
flat is then replaced by the surface to be tested and the scale 



170.—llinKniinniatic. skcitdi of tho Ahbo sphoroniotor. A, an enlarged 
ciroHS-HoctionHl view of a ring, allowing tlie sliapo of the edge. 

is road again. The radius of curvature of the surface can be 
coinputod from the difference of the two scale readings and the 
diameter of the ring. If r is the radius of the appropriate rim 
of the ring and h the difference in the readings of the plunger, 
tho radius of curvature of the surface is 

" = U + S • (217) 

The diameter of t.he rims of a spheroineter can be measured on 
a comparator to ±0.01 mm and the position of the plunger can 
he determined to ±0.001 nim.^ It is easy to compute on this 
basis that the error in measuring the radius of curvature of a 

‘ This pr<i<asiou is miianingl(>.s.s, however, unless the errors of the scale are 
known. For inc'tluxhs of (Ic^k’^rrniiiing these errors, soo Martin’s '‘Optical 
MciUsurinK rnst.ruiiieiits,” Chap. III. 
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surface having a radius of 200 mm and a diamotor of 100 nun 
is approximately 0.1 mm. This type of spherometor is gtuiornlly 
equipped with interchangeable rings and, for obvious rt'anoiis, 
the largest ring that will accommodate the object being ineasimai 

r . ..shouM bo uscd. An even b(M-1 <‘r |>hin 

'*; ■ g|is to use several rings and uverag<^ 

r:j Two other typos of sphen>ineterH 
fl , based on the same priiKiii>I(‘ ar<‘ in 

fl ' common use. One is the 

I ^J»L 5 legged type illustratoci in Fig. 177. 

1 The same formula is applie!il>l<‘, hut. 

^ ^ in this case the value of r is dcMer- 

f j mined by dividing the nujan sei>arH- 

V Hv ,! tion of the legs by the stpuiro root of 

I three. This type as commonly math* 

; ■ * ■ does not give very precise r<*HuIts, 

^ f ^ model developed by <»\iild* is 

‘ extremely precise. 7'he nov<d f<*a- 

spS^Je”r\S”3teXvi 

the divided circle flies upward end OI theSCrOW. ^Plu^ ilist HUt 

being dolcr.nin.-.J I,y Ih.. 

appearance of a Neiwlon’s ring pat¬ 
tern where the ball touches the surface being nK>a.sur<‘<I. 

Perhaps the most widely used in¬ 
strument for measuring curvature is Iti 

the Geneva gauge, called colloquially |ai|||B||||||&' 

by opticians the “clock.” As will be 
seen in Fig. 178, it indicates thecurva- ‘ 

ture of a surface in diopters in accord- 
ance with the convention described lUr- 
m Sec. 124 of the preceding chapter. ICi SC\[ ■ 11 

Its use is confined almost entirely to '‘7/ 

spectacle lenses, of course. t ^ 

The spherometer is not adapted for 
routine work in an optical shop, and 

tne customary procedure is to use a ^ CJcm.vu 

set of test glasses iastead. as described 

ans. Optical Soc. (London), 19 , 103 ( 1918 ). 
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them on each other until both surfaces are spherical and of the 
same radius of curvature as judged by an interference test. The 
radius of curvature is then measured accurately on a spherometer 
in the laboratory. Test glasses are also made with plane surfaces, 
but the method of preparing them is somewhat different because 
three test glasses must be prepared instead of two to make sure 
that the surfaces are truly plane. The procedure in this case is to 
grind three blanks together, two at a time, in all possible combina¬ 
tions. They are then polished on a pitch lap, as described in the 
preceding chapter, and are tested by the interference method 
against one another. By setting up three simultaneous equations, 
each representing the number of interference rings formed by one 
of the combinations, the departure from flatness of each blank can 



Fla. 179.—The Foucault method of measuring the radius of curvature of a 

reflecting surface. 

be computed. The polishing process is continued until each test 
glass fits both the others perfectly in all positions, in which case 
they must all be plane. 

An excellent method of determining the radius of a weak 
concave surface is to locate the center of curvature. This can 
be done readily by mounting an illuminated pinhole and a screen 
side by side at the supposed center of curvature of the surface. 
The exact center is found by moving the pinhole and screen 
together until the image of the pinhole is in sharp focus on the 
screen. The distance from the screen and pinhole to the 
surface is, of course, the radius of curvature. A somewhat 
better procedure is to substitute a pair of cross hairs for the screen 
and to use an ocular or magnifier for determining when the image 
formed by reflection at the surface is coincident with the cross 
hairs. Foucault brought this method to a high state of refine¬ 
ment by intercepting the reflected beam with a knife edge, as 
shown in Fig. 179. It is clear that if the knife edge is introduced 
at a, inside the center of curvature, the mirror appears to darken 
on the side from which the knife edge is introduced; if it is 
introduced at c, outside the center of curvature, the mirror 
darkens from the other side; if it is introduced at 6, exactly at the 
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center of curvature, the mirror darkens uniformly over its 
entire surface. 

Since a paraboloidal surface has different radii of curvature in 
different zones, Foucault’s method can be used to test the hjatiire 
of a mirror such as would be used in a reflecting telescope. A 
diaphragm is placed over the whole mirror except for a narrow 
zone around the edge, and the center of curvature of this port ion 
is determined. Then a diaphragm with a central hole is substi¬ 
tuted and the new center of curvature found. If the surfiico is 
paraboloidal, the difference between the two centers should 
be equal to one-eigbth of the square of the diameter of the mirror 
divided by the mean radius of curvature. For a 6-in. mirror 
focal length, this difference between the centers is al)out 
^0 in., an amount that is easily measured. 

A better arrangement for testing paraboloidal surfaces is shown 
in Fig. 180. The pinhole and knife edge are placed at the focal 
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described in later chapters. The methods described in 
this section are of more general application, and are sufficiently 
precise for all ordinary purposes if conducted with reasonable 
care. A number are applicable to positive lenses only, but, if 
a negative lens is to be tested, it can usually be combined with 
a stronger positive lens of known focal length. The unknown 
focal length can be computed from the measured focal length of 
the combination. 

The equal-magnification method is perhaps the most precise 
of the simpler ones. The lens is set in a holder running on a 
track between an illuminated target and an ocular. The ocular 
and the lens are moved until the image of the target formed on a 
scale in the focal plane of the ocular is of the same size as the 
target itself. The focal length of the lens is then computed by 
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Fiu. 181.—Optical system of the focal collimator. 


subtracting the separation of the principal points from the dis¬ 
tance between the target and scale, and dividing the difference 
by four. The separation of the principal points can usually be 
calculated with sufficient precision inasmuch as any error is 
divided by four. Although the lens can be moved a considerable 
distance without appreciably affecting the size or distinctness of 
the image, the same is not true of the ocular, and so the measure¬ 
ment is precise nevertheless. 

A variation of this method is to place an illuminated pinhole 
and a knife edge at conjugate points by Foucault’s method and 
compute the focal length. The greatest precision is obtained 
at approximately unit magnification. Some idea of the aberra¬ 
tions of the lens can be gained at the same time from the uni¬ 
formity with which the lens darkens as the knife edge is moved. 

Perhaps the most generally useful apparatus for measuring 
focal length is the focal collimator, which is deserving of a 
wider use than it enjoys at present. As shown in Fig. 181, it 
consists essentially of an illuminated target T at the focal point 
of the collimator C, and an observing microscope M with a scale S 
on the stage. The lens L to be tested is moved along the axis 
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until the target is focused on the scale, a red filter uHually Ih^iujc 
inserted in the path of the light to reduce the effect of chroitiiif ic 
aberration. It is clear that the total magnification of th<> 1 arg«'t 
on the scale is 


m 


= mim^ = 



SlSz 

SiSi 


where yi is the separation of two intervals of the tiirgc*t iind 
yz the corresponding distance in the image moaHun'Kl (»n flu* 
scale. But S\ and sz are equal and infinite, Si is t he focal ](*ng;th 

/i of the collimator, and ^ 2 ^ is the focal length fz of the Ions l>{*iiig 
tested. Therefore, 


•^2 = = % 2 '. 

Thus, if the constant k of the instrument 
focal length of any lens can be measured by 


is d(>t.ennin<*(l, f hi* 
simply d(‘f(‘riiuiiiiiK 
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nated by the source Sis directed to tb- e diffusinfc r|„«, s /> ilhmu- 
of thin glass G. This light is refl« ® *^^Set by moans of a | >icco 
lens by the mirror R set^on a diviiLd*^ through tlio colli mat or 
exactly in the focal plane of the^ l>h«cc<l 

image is in the planTwHh -feje -"'i' 
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r^d of its image, and then inihe X ?“* right-!,nn.l 

hand end of the target is direction until t.lie righ i- 
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principal point of the collimator, and, since this angle is small, 
its reciprocal is the constant k. If the apparatus for this method 
is not available, an alternative but less precise method is to com¬ 
pute k from the size of the target and the focal length of the 
collimator. 

Another instrument especially designed for the measurement 
of focal length is the Abbe focometer, for which the makers 
claim a precision of 1 part in 1000. In appearance this instru¬ 
ment resembles a microscope with an unusually long stage 
that can be slid in its own plane. The lens being tested should 
be smaller than about 100 mm in diameter and 50 mm in thick¬ 
ness. Its focal length, if positive, must be greater than about 
100 mm, but, if negative, it may be of any value. With this 


x<*Bcrck -focci//en 0 fh ofspecfcrcfe /e/TS—'>\ 

I --->1 



Ir*" ” -1 




Fio. 18,'J.—Optical system of a typiisal vortex focometer. 


instrument, the principal points and the departure from the 
sine condition can be determined also. 

The measurement of the focal length of ophthalmic lenses 
is of such importance that special instruments have been devised 
for the purpose. These are marketed under such names as 
“ Lensometer,” “Dioptrometer,” and “Vertometer,^' but all are 
designed to measure the reciprocal of the back focal length of 
the lens. This quantity is called the vertex powerj which, as 
will be shown in Sec. 152, Chap. XX, is the quantity of signif¬ 
icance in lenses to be used as spectacles. Various systems used 
in those instruments have been described by H. F. Kurtz. ^ 
One that is common to several existing instruments is sketched 
in Fig. 183. The lens A* under test is placed with the vertex 
that is to be nearest the eye against a fixed metal pointer at 
the focal point of the standard lens I/,. The image of a target 
T formed by both lenses is observed through a telescope con¬ 
sisting of an objective O and an ocular E. A fixation mark 
is placed on the plate X at the first focal point of the ocular 
to insure that the rays entering the telescope are parallel when 
the setting is made. The procedure in determining the vertex 


* Jour. Optical Soc. Amer. and Rev. Sci. InslrumentSj 7, 103 (1923). 
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power of Ijx is simply to move the target along the axis of t he 
system until its image is seen sharply focused in the teleKOCJjx*. 
The power is then read directly on the scale that indicat<‘s the 
position of the target. The standard lens must obviously l>e 
stronger than the strongest positive lens to be tested. 

The task of measuring the power of ophthalmic iens<‘H in 
complicated by the frequent use of cylindrical surfac<\s, whitdi 
are prescribed to correct astigmatism, as explained in ('hap, X X. 
Such lenses have two different powers in the two prizK*i|>al 
meridians. However, by using two sets of parallel lines at right, 
angles to each other as a target, it is possible to d(>t(>rnnne 1 

power in each of the principal meridians and also the aziniiil h of 
the meridians. 





Fig, IS4. A type of caliper used for measuring optical i)artH 
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faces of a prism, is by means of a spectrometer, the optical system 
of which is illustrated in Fig. 186. The slit Z at one end of the 
collimator tube is illuminated in any convenient manner, as, for 
example, by focusing a source of light upon it. The light from 



the slit is made parallel (collimated) by the collimator lens C and 
falls on one'face of the prism. The table supporting the prism is 
rotated until light reflected at this face enters the telescope 
objective O and is brought to focus in the plane of the cross hairs 



1S<>.— l>ia£;raznniatic skotoh of a spectrornetor. 


X. The observer, by looking into the ocular E, then makes such 
further adjustment as is necessary to cause the image of the slit 
to be bisected by the cross hairs, after which the position of the 
prism table is read by means of a divided circle. The prism 
table is rotated until light is reflected into the telescope from the 
second face of the prism, and it is then adjusted again until the 
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image of the sUt Is bisected by the cross hairs. ^ 

Is made on the divided circle.* and the ^gle 

nrism table has been rotated is computed. It is wisily 

That the angle between the faces of the prism is the suppl.-m. nt 

°^-Ttere Me certain adjustments that must be made hefon- a 
measurement of this sort can be undertaken In *he A™', 1’'“" • 
the optical system must be so focused that the hg i rein •< 
is collimated where it strikes the prism and is then brought o 
focus in the plane of the cross hairs. The ocular must also Jx* 
focused proi>€rly, but since it is used merely as a 1iu‘ 

only requirement is that the image of the cross hairs shall apiH'ur 
sharp to the observer. The adjustment of a »pect.romet<'r in 



greatly facilitated by replacing the ordinary ocular with one of a 
type devised by Gauss, which is illustrated diagrninniati (‘.*illy in 
Fig. 187. The essential feature of this ocular is the pion* f>f 
plane glass G that is inserted between the field lens and the* «‘ye 
lens. Light from a source S enters the ocular and is rollected 
down the telescope tube in the direction of the object ive. If ( he 
cross hairs are located at the focal point of the objective, th<‘ hitter 
will form an rniage of them at infinity. Then, if a plane iriirror is 
placed in the proper position in front of the objective, t li<‘ light, 
is redirected into the telescope to form an image of tlu^ cross 


* All spectrometers that are designed for serious work are witli 

at le^t two verniers or reading microscopes located on opposiki sides <if tlu* 
vrded circle. By reading both verniers each time and averaging t he t.wo 
v^ues of the angle thus found, any errors due to eccentricity of the <lividcMl 
circle are ehmmated. For work of the naost precise character, the aeeideiit «1 
wTors m the divided circle must, of course, be taken into eonsideration. 

determination of these errors will be fouini in 
Chap. IV of Martin s Optical Measuring Instruments.” 



THE TESTING OF OPTICAL PARTS 


375 


hairs in the plane of the cross hairs themselves. Hence, to place 
the cross hairs at the focal point of the objective, one has merely 
to vary the distance between the objective and the cross hairs 
until the image of the cross hairs coincides with the cross hairs 
themselves. Most spectrometers are equipped with a rack and 
pinion to facilitate this adjustment. If a Gauss ocular is not at 
hand, the telescope can be trained on a distant object and 
adjusted until the image is formed in the plane of the cross hairs. 

With the telescope thus focused for ^‘parallel light,’' it is a 
simple matter to adjust the collimator for parallel light” also. 
If the mechanical construction of the spectrometer permits the 
telescope tube to be swung around until its axis coincides with 
that of the collimator, one has merely to adjust the position of the 
slit with respect to the collimator lens until the image of the sht 
is formed in the plane of the cross hairs. An alternative proce¬ 
dure in the case of a spectroscope, in which the rotation of the 
telescope tube is usually limited, is to reflect light from the 
collimator into the telescope by means of a plane mirror. 

The above adjustments relate to the focusing of the optical 
system, and the next step is to make the axes of both the colli¬ 
mator and the telescope accurately perpendicular to the mechani¬ 
cal axis about which the prism table rotates. This adjustment is 
made most conveniently by means of an autocollimating method 
similar to the one used for focusing the telescope. In addition 
to the Gauss ocular, a piece of black glass having plane-parallel 
faces is needed. The purpose of using black glass is simply to 
avoid the confusion that may be caused by the image reflected 
at the second surface in case the faces of the glass are not 
exactly parallel or the collimator and telescope are not perfectly 
adjusted.^ This piece of glass is set on edge on the prism table 
in such a manner that light from the telescope is redirected back 
from the first surface in exactly the same manner as when the 
telescope was being focused. The leveling screws on either the 
prism table or the support for the glass are then adjusted until 
the imago of the cross hairs coincides with the cross hairs them¬ 
selves. The prism table is then rotated through 180° and, if the 
cross hairs and their image still coincide, the axis of the telescope 

^ A picco of colored glass or a cemented gelatin filter can be used instead 
of the black glass. In this ease, the reflection from only one of the faces is 
considered, the difference in color making it easy to identify the image 
reflected from the second face. 
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must obviously be perpendicular to the axis of rotation. If they 
do not, the telescope must be rotated about the axis ViV/ in 
rig. 186. The procedure is to bring the cross hairs approxi¬ 
mately halfway to their correct position by rotating the telescope 
about this axis and the remainder of the distance with the leveling 
screws on the prism table. This process is repeated as many 
times as may be necessary, the adjustment becoming doner 
each time. With the telescope properly adjusted, it is a siinph* 
matter to swing it into line with the collimator and to a<ijuHl 



S'.).?;;,. 

of the two faces forming the angle tW inlmwci i,,,, 

parallel to the mechanicpl k measured is 

rotates. In other words both fapffpHsrii t able 
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illustrated in Fig. 188 so that one face is perpendicular to the 
line joining two of the leveling screws, adjusting the third screw 
merely rotates this face in its own plane. In the figure, the face 
AB is perpendicular to the line joining the leveling screws Ki and 
This face should obviously be adjusted first, and then 
either of the other faces can be adjusted by means of the leveling 
screw K 3 . It will be seen from this description that by far the 
greater proportion of the time required in measuring a prism 
angle with a spectrometer is spent in adjusting the apparatus and 
only a relatively small proportion in determining the actual data 
from which the prism angle is computed. This is quite generally 
true of precision optical instruments, and, therefore, such instru¬ 
ments are usually kept in adjustment in optical establishments 
by providing them with a suitable case, often with a lock and key. 

It is evident that the collimator tube of a spectrometer is really 
unnecessary for the measurement of prism angles if the telescope 
is provided with a Gauss ocular or the equivalent. In fact, 
most modern goniometers are of the auto collimating type. The 
instrument that is represented in Fig. 188 contains a small 
right-angle prism in the ocular. This prism refiects light to a 
slit in the lower half of the field, and the reflected image of the 
slit is observed in the upper half of the field superposed upon a 
scale. The more elaborate goniometers are provided with a 
divided circle for measuring angles in a vertical plane as well as in 
a horizontal plane, a necessary modification if they are to be used 
for natural crystals and some special types of prisms. The 
adjustment of such an instrument involves merely the extension 
to three dimensions of the principles that have been outlined 
above. 

It frequently happens in optical establishments that certain 
types of prisms are made in such quantities that special methods 
are employed for routine inspection. In general, these methods^ 
are devised to indicate the departure from the specified angle 
directly rather than to measure the actual value of the angle 
itself. 

139. Lens Aberrations.—The user of an optical system is 
rarely interested in methods of determining the particular 

1 F. E. Wright has discussed optical methods of testing prisms in Jour. 
Optical Soc. 6, 193 (1921). An instrument for testing prisms by 

autocolliniation methods is described by Moffitt in Jour. Optical Soc, 
A tncr. and Rev. Sci. Instruments^ 7, 831 (1923). 



378 


THE PRINCIPLES OF OPTICS 


^err^iOM mth which the system may be aflHioted; he is content 
methods for determining directly the suitabiUty of the 

Sid <^®“ener, on the other 

hand, IS vitally dependent on methods for identifying and 

Ch^“v?tW aberrations. It wiU be recalled from 

. tf' customary procedure in lens design of tracing 

Llmnleti W through the system gives a somewhat 

consWted aleperformance. A sample is therefore 
constructed accordmg to a provisional formula- and from 

quantitative tests of the aberrations exhibited by this sample, the 




Fig. 189.—An elaborate type of lenn fr> 
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Since the lens bench furnishes information about the individual 
aberrations directly, it will be described first. A photograph 
of an elaborate bench is shown in Fig. 189, the essential features 
being sketched in Fig. 190. A target IT, illuminated by a source 
S, is placed at the focus of the collimator lens C, which, in effect. 



Fia. 190.—Optical system of the lens bench. The lens L is being tested. 


places the target at infinity. The image of the target formed by 
the lens L to be tested is examined by means of the reading 
microscope M, which can be moved longitudinally along the 
track (or bench) on which the various units are mounted. 



Fia. 191.—Sketch showing the principle of the nodal slide. 

The lens is mounted in a special form of holder, known as a 
nodal slide, the principle of which is illustrated in Fig. 191. The 
entire nodal slide can be rotated about a vertical axis that is 
rigidly attached to the lens bench. In addition, the lens can be 
slid along the short track to vary its position with respect to the 
axis of rotation. It will be recalled from Chap. IV that every 
lens contains an axis, called the transverse axis, characterized by 
the property that rotation about it does not cause a displacement 
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of the image. Hence, by watching the imago of the floiirco 
through the microscope and adjusting the lens until the irirngo 
remains stationary as the lens is rotated slightly, the posit ion of 
the transverse axis is found. When the object is at infinity, tuw 
it is in this ease, the transverse axis coincides with hvcahuI 
nodal point. This type of mounting enables the secornl nodal 
point to be found and, by reversing the lens, the fix%st nodal point 
can be found in a similar manner. Since the lens i.s in air, the 
principal points coincide with the nodal points. 

Despite the straightforward nature of lens-bench deterniinii- 
tions, much care must be taken in adjusting the apparatiis a.ii<l 
making the readings if the results are to be reliahh^^ 'The 


apparatus is first aligned and then thfe nodal slide is Hdjust.e<i. 
The subsequent operations depend upon the aberrations for 
winch the lens is to be tested. These operations are so st'If- 
evident that little description is necessary. C -urvatiire of 
and astigmatism are measured by rotating the lens about t h<' 
^cond nodal point in 5® steps and sliding the inicroscojxc' along 
the bench to bring the image in focus each time. If the i.s 

flat, the distance of the image of the target from the second nodal 
fwint should be//cos a', where / is the axial focal lengt h and 

®°^®rgent ray passing through the second iio<hiI 
^mt. T^s angle is, of course, the angle through which t 

«on of the It Z r " 


~r aj cos oc . 


at each a^gfe ^d^mraLX'The“®laterai“d- 

--.e by Oceana of the filar if tt^X af 

■ Explicit instructioas are givea ia Bar. 
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microscope. A distortion curve was shown in Fig. 51. Lateral 
chromatism is measured by determining the position of the 
images at each angle when “monochromatic” filters are placed 
in front of the light source. To avoid focus adjustments between 
colors, the test lens should be placed for best focus with light 
of approximately wave length 580 mju. The collimator can 
usually be left unchanged throughout the run except for the deep 
violet. Axial chromatism is measured by placing the lens with 
its axis parallel to the bench and determining the amount of 
longitudinal displacement of the microscope that is required to 
bring the images successively into focus when various mono¬ 
chromatic filters are set in the path of the light. 

Spherical aberration can be determined by placing a series 
of diaphragms containing holes equidistant from the axis over 
the face of the lens and locating the image of the target for each 
diaphragm in turn. This is easy because the image appears 
double everywhere except at the focal point for the zone being 
tested. The departure from the sine condition can be determined 
by a procedure that is exactly similar, except that the nodal 
slide is adjusted each time. Inasmuch as the sine condition is 
measured by the equality of the ratio /i/sin 0 ' for parallel incident 
light, and this ratio is also equal to the focal length for each value 
of 0', the variation in the focal lengths as determined directly 
from the readings on the bench is also a measure of the departure 
from the sine condition. Typical spherical-aberration and 
sine-condition curves of a photographic objective were given in 
T'ig. 39. For these tests it is advisable to omit the collimator 
because its spherictil aberration, even if small, may be great 
enough to vitiate the results and, if the target is placed at a 
sufficient distance, the aberrations are not markedly affected. 
The chief difficulty is that the air currents in the ro^m may make 
the image distorted and difficult to set upon. 

Microscope objectives and motion-picture camera objectives 
cannot be tested on a lens bench of the usual construction, 
the former because of their short object distance and the latter 
because of their short image distance. In either case, it might 
be possible to make samples on an enlarged scale for testing, 
although this is almost never done. Some of the tests can be 
carried out by means of an ordinary microscope fitted with a 
scale to measure the longitudinal displacement of the tube. 
The procedure is to lay the lens on the stage and to place a mirror 



382 


THE PRINCIPLES OF OPTICS 


or reflecting prism of good quality underneath to reflect light 
from a distant target u^ through the lens. 

For testing spherical aberration and coma, the Hartmann 
method^ in a modified form is superior to the lens-bench nicM ho<l. 
The principle is illustrated in Fig. 192. The lens L to be h'sted 
is covered with a diaphragm S perforated with a row of hoh'H 
along a diameter. An illuminated pinhole at a c<)nHi<h*rahlt> 
distance is photographed, the plate being placed auccessivcdy at 
A and B. Obviously the light passing through any givcui hole 
in the diaphragm will produce two spots on the plate; one at a 
distance a above the central spot, and the other at a dist ance b 
below it. By measuring a, h, and d, the point F', wlu^re t he* 



Fig. 


192. Sketch showing the principle of the modified Hartmann 
testing a lens for spherical aberration and coma. 
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CHAPTER XVIII 

MISCELLANEOUS OPTICAL MATERIALS 


The optical engineer and the scientific invcstigutor list* nuiiiy 
other substances besides optical glass, although not l)y any 
means to the same extent. These substances may l)<> dividtui 
into three general classes: Some are used iis functional parts of 
optical systems to reflect, refract, or disperse light ]>(‘cauH<* <»! 
special properties, such as a high transmission or a high refloef- 
ance in some particular spectral region; some arc uh(mI merely 
light filters to absorb the radiation within certain HptM^trnl 
regions; and some find a place because of their ability to protluee 
polarization. For a few of these substances the data. a%'ailable 
are bewilderingly abundant, whereas for others the <lata an* 
very scarce. All that can be done in this chapter is to giv(^ data 
for the more important materials and to indicate wh(‘r(' furtlau* 
information can be found. 

140. Miscellaneous Varieties of Olass.^—For many purpos(»s, 
plate glass is a satisfactory substitute for optical glass. I ■ alike 
window glass, which is merely blown and has a v<a\v irrc'gular 
surface, plate glass is polished in large sheets and con.s<><pi<ml ly 
is fairly flat except at the very edge of the sheet. In fact., plat(» 
glass of selected quality is generally used for protecting tlK*! gtda tin 
filters used by photographers and microscopists. Plato glass is 
available in thicknesses of in. to over 1 in. Ordinary vari<‘t i<'s 
are green when viewed through the edges, but the visual al>sorp- 
tion of a 2-mm piece when illuminated by white liglit, is of t he 
order of only 2 per cent in a direction normal to t he surfacH*. 
White varieties having a very low absorption are availahh', hut 
they must be distinguished from other varieties that ha.v(^ l>o(>n 
made to appear white by the use of decolorizers. d^hos«> sub¬ 
stances merely introduce additional absorption in such a. n^gion 
of the spectrum that the color of the glass is neutral, d'hoy 
do not eliminate the absorption that is responsible for t h(^ grenm 

For diffusing light, ground glass and opal glass are commonly 
used. A very coarse grade of ground glass is made by grinding 
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plate glass with crushed steel. A much better variety, which 
is entirely satisfactory for most purposes, is made by grinding 
with a 200-mesh abrasive. For a finer grain, such as is preferable 
in a focusing screen, the glass can be finished with a 600-mesh 
abrasive. If more diffusion is required than ground glass will 
produce, opal glass (sometimes called milk glass) can be used 
instead. The diffusing property of this type of glass is due to 
minute colloidal particles that are produced either by devitrifi¬ 
cation or by the addition of substances that will not melt in the 
furnace. Flashed opal, which consists of a thin layer of opal 
fused to a sheet of clear glass, is used more frequently than pot 
opal because of the very great absorption of the latter. All 
opals cause the transmitted light to become noticeably yellow 
by virtue of the selective effect of the scattering. 

Uranium glass, which is a fluorescent yellow glass characterized 
by salts of uranium, is used for focusing ultraviolet spectro¬ 
graphs. Ordinary ground glass wet with acetone and smeared 
with anthracene can also be used for the same purpose. 

141. Filters for the Visible Region.—The essential property of 
a light filter is its selective absorption, and it goes without saying 
that this property can be evaluated only by a spectrophoto- 
metric or a spectroradiometric analysis. One of the most 
common mistakes made by investigators with limited optical 
training is to assume that a colored material transmits only a 
narrow spectral band in the immediate vicinity of its dominant 
wave length. That this is seldom the case will be clear from an 
inspection of Fig. 193, which shows the transmission curves of a 
few typical colored glasses made by the Corning Glass Works. 
The only glass in this entire set that transmits a narrow portion of 
the visible region is that represented by curve 1, which is a deep 
red glass used for railway signals. Even this glass transmits in 
the infraro<l, so the effective cut-off on the long wave-length side 
is due to the eye and not to the glass. 

Glass is colored by introducing salts of certain metals into the 
molt, lied glass is colored with copper, gold, or selenium. 
( <opper produces such an intense red that it is usually used only 
for flashed glass. Gold produces a less intense color but it 
tiransmits a considerable amount of violet. This kind of glass is 
preferably called ‘‘ruby’’ to distinguish it from the reds that do 
not transmit violet. The color produced by selenium can be 
varied from red to orange but is difficult to control. A 
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peculiarity of many red glasses of importance to tho optical 
manufacturer is that their color is ruined by pressing. A signal 
red, for example, which in its original state has a high trans¬ 
mission in the red and a sharp cut-off in the orange, has a lower 
transmission in the red and a considerable transmission in the 
orange after being pressed. In fact, the characteristics of many 
colored glasses change even with relatively slight variations in 
temperature. 
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Blue glass is almost invariably colored with cobalt, with 
sometimes a little copper added. It is very reproducible. 
The high transmission in the red is frequently objectionable, 
especially in filters, but it can be removed by introducing 
chromium. 

Violet glass is usually colored with manganese. Although 
the color produced by this element is markedly affected by the 
conditions in the furnace, some violet glasses are remarkably 
reproducible. They are little used, however, because of the 
low visibility in this region of the spectrum. 

Purple glasses are similar to the blue ones except that the 
transmission in the green and yellow is very much lower and in 
general the transmission in the red is higher. (This does not 
happen to be true for the glasses illustrated, which are a blue- 
purple rather than a red-purple.) The transmission in the 
red can be easily detected by viewing a source of white light 
through the glass. The eye is unable to focus the red and the 
blue simultaneously, and hence the source appears to have a 
blue border. This circumstance makes it possible for a loco¬ 
motive engineer to identify a purple signal at a great distance. 

Colored glass is made in different forms according to the 
purpose for which it is intended. The types represented in 
Fig. 193 are cast in plates about 6 mm thick and either 6 in. 
square or 6 in. in diameter. These plates must be cut to size 
and ground and polished before they can be used. For ophthal¬ 
mic lenses, the glass is made in the form of pressed blanks as 
usual. Colored glass is also available in large sheets like ordinary 
window glass. It is usually supplied in three weights, having 
thicknesses of 2.4 mm, 3.5 mm, and 5.0 mm. These values are 
only approximate and the actual thickness of a given sheet may 
be different by several tenths of a millimeter. Indeed, the thick¬ 
ness of a single sheet varies greatly from point to point. 

Until within comparatively recent years, the experimenter 
who required a greater variety than the glass maker provided 
or who wished to isolate definite spectral regions was forced to 
prepare his own filter. A very popular method was to fix out 
an unused photographic plate and bathe it in a solution of dye. 
This type of filter is fairly inexpensive, even in comparatively 
large sizes, and very convenient when once prepared, but it 
has fallen into disuse with the advent of the Wratten gelatin 
filters. 
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These filters consist of thin films of gelatin in which appropriate 
dyes are incorporated. They are made by allowing the dyed 
gelatin to dry between two polished glass plates. The gelatin 
film is then stripped from the plates and cemented between 
pieces of plate or optical glass of the desired size. The trans¬ 
mission curves of these filters are given in the catalogue published 
by the makers, the Eastman Kodak Company. Almost a 
hundred different kinds are available, but perhaps those of most 
importance to the optical experimenter are the series of mono¬ 
chromatic'* filters. These are characterized by narrow trans¬ 
mission bands located at the following positions in the spectrum: 




Maximum 

Name 

Number 

transmission, 
millimicrons 

€X. 

70 

700 

/3 

71-A 

640 

y 

72 

610 

d 

73 

570 

€ 

74 

530 

V 

76 

490 

e 

76 

440 


Practically all the Wratten filters transmit the infrared. 

A still newer series of filters has been put on the market by 
the firm of Schott. These are made of glass but have the sharp 
cut-off characteristic of dyes. Compared with the gelatin 
filters, they are more expensive to prepare but they have the 
advantage that they can be used where the heat would ruin a 
gelatin filter. They are quite remarkable in their properties 
and are not to be confused with ordinary colored glass. 

Although it is difficult to prepare filters that will transmit 
one portion of the spectrum to the exclusion of the others, it 
is yet more difficult to prepare filters that will absorb equally 
throughout the spectrum. The ordinary dark glass, which is 
colored with either manganese, iron and copper, or copper and 
nickel, is far from neutral, having transmission bands in the red 
and the deep violet. This type of glass, under the name of 
is occasionally used in spectacles, and the curve in 
Fig. 194 distinctly shows the transmission bands. The black 
glass used for table tops is of a somewhat different type but also 
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has a marked transmission band in the violet. The Wratten 
neutral filters, which are composed of a mixture of dyes in the 
proper proportions, are fairly neutral, as are also the Schott 
neutral filters. When none of these filters is available, a fogged 
photographic plate can be used. It is reasonably neutral if devel¬ 
oped in a non-staining developer. Por some purposes, a wire 
screen is an excellent neutral filter, the transmission being 
determined by the fineness of the mesh and the size of the wire. 

142. Filters for the Ultraviolet and Infrared.—^The spectral 
transmission of ordinary spectacle crown glass is shown by the 



Fid, 1S)4. '^rraiiHiniHsioii riirvii^a of sov^ernl glasses in the visible and ultraviolet 
as dotormiuocl hy tlio Bureau of Standards (uncorrectod for surface reflection). 
All fuirvoH uro for n thicknoss of approximately 2 mm. (Curves for Corex and 
VitagluHH from liar. StamlaniH Jour, Rese-arch^ 3, 629 [1929] [ReseaTch Paper 113]; 
others from liur, Standards Pcch, Paper 119 .) 

heavy curve in Fig. 194. This curve is for a sample having a 
thickness of 2 iniii, and the reflection loss at the two surfaces is 
includtul. It is typical of all kinds of ordinary glass except the 
denser flints, which absorb more of the ultraviolet. 

The glassc^s whoso cut-off occurs at shorter wave lengths 
than spectacle crown arc used primarily on account of their 
property of transmitting the ultraviolet.^ They are used 
principally for such purposes as hospital windows, where a 

> Tlu‘ injLiinfiK^i.urc^ of those glassoa is discussed hy P. Davidovitch, Jour. 

Son. A /n*‘r., 20 , 627 ( 1930 ). 
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high iiltraviolet transmission is desired for therapeutic purpcmem. 
Although these glasses are fairly stable to ordinary Hunlight, 
their ultraviolet transmission is greatly reduced by expoHure to 
strong sources of radiation in the region below 300 m;u. 

The glasses whose cut-off occurs at a longer wave length than 
spectacle crown are used primarily for spectacles to prc>l<‘et tho 
eyes from the injurious effects of ultraviolet radiation. 'f'he 
smoke is a nearly neutral glass except for transmission bands in 
the red and deep violet, but its ultraviolet cut-off is not- far from 
that of spectacle crown. It is made in several shades ar 2 <l is moat 
useful where a moderate absorption throughout th(^ visihla 

Crookes glass is one of a series devoIojf>PfJ 
by bir Willim Crookes as a protection against injurious radia- 
tions in both the ultraviolet and the infrared. It has a high 
•? near ultraviolet, which is due to <>xi<loH <if 

appearance becauH<> <if t ho 
due to 

reoentlv thf» o-io essential constituent, howev<u*, anti 

crown. -WTiere a yi^ally from ordinary «peet neh- 

-Voviol glass fumlshi a 

ultraviolet The tmnory.- • ^ ®"®ctive protection against the 

Amber glass is effective in ^ available in darker hIiriIoh. 
absorbs in the visible reiw ^ ®®^^^ng the ultraviolet but it 
liisofinterestr^teTw, \=“erable extent 
for Wratten filters has a cut-off thicknens used 

of Vitaglass. Also, the Wratt^ siinilnr to (.hat 

With aesculin, has a transrni<?cii^ ^ which is dyed 

o, whose cur.-e is aho “^°“ to that of No viol 

ffidely used in the infraredsho*“^ “ "“>«'■ 

he usual custom, the curves Ze forT?K“, I^oUowinn 

for spectacle crown of 2-mm thickoL of 1 cm, a curve 

i^tacles, being added for comnarii, ^ used in 

was formerly regarded as th the infrnreri 

these substances are used so 
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frequently for optical purposes that they will be described in 
greater detail in. the following section.. 

Materials that are opaque to the infrared but transparent in 
the visible region are said to be Kecxt absorbing. They are used 



Pig. 196.—Infrared transniiBsion of certain optical materials (corrected for 
surface reflection). The curve for spectacle crown is for a thickness of 2 mm, 
iBur, Standards Tech, Paper 93.) The curves for the other materials are for a 
thickness of 10 mm. (^Bur, Standards Sci, Paper 401.) 

occasionally as filters in motion-picture projectors to prevent the 
film from burning when it is not in motion- They are also used 
in photomicrography to prevent the slide from becoming over¬ 
heated. One very effective type has been developed by Pfund. 
It consists of a sheet of glass coated with a 
thin layer of gold w^hich, although it trans¬ 
mits approximately 80 per cent of the light 
from an incandescent lamp, absorbs all but 
about 20 per cent, of the heat. This type of 
filter should strictly not be called heat absorb¬ 
ing because the infrared radiations are 
reflected rather than absorbed. There are 
other typos of truly heat-absorbing filters, 
which arc usually glasses in which ingredients 
have been incorporated to produce a high 
absorption in the infrared- These glasses are 
usually green in color. Since in this case the filter actually 
absorbs the heat, it may become so hot as to crack. To 
prevent this, some of the newer types are made from a glass 
having a low coefficient of expansion. Tor scientific purposes, 
such as photomicrography, a water cell is often used to 
absorb the heat, and the transmission curve for a 2-cm thick¬ 
ness is shown in Tig. 196. When water alone furnishes insuf¬ 
ficient protection, there are many salts that may be added to 



O 400 800 noo 1800 2000 

lA4aiv« Lttn^fh <TTvu,> 

Tio. 196. 
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increase the infrared absorption. Coblentz, ^ who has made a 
study of this subject, has stated that a 2.5 per cent solution of 
crystallized cupric chloride (CuCl 2 + 2 H 2 O) is the most effective. 
The transmission curve of a 2-cm thickness is shown in Fig. 196, 
and it will be seen that such a solution absorbs nearly all the 
radiation beyond 800 m/x and still transmits rather freely in the 
visible region. Its color is blue, and consequently it tends to 
compensate for the yellowness of the usual artificial sources. 
It is of interest to note that water is very transpiirent to the 
ultraviolet, its limit of transmission lying below that of quart z. 

The protection of the eyes from powerful sources of iiifrarcHi 
radiation is quite as important as protection from the ultraviolet. 


Under certain circumstances, it may even be more important 
because, although exposure to the ultraviolet may produce 
intense pain, the effect is only temporary unless t.he radiations are 
of very short wave length. This is because the cornea absorbs 
the ultraviolet and the injury is therefore localized there. The 


eye media are fairly transparent to infrared radiations, however, 
and consequently a prolonged exposure to a copious source, such 
as a furnace, produces lesions which are irreparable. Indited, it 
was to prevent the disease so aptly termed “glass-blower’s 
cataract” that Crookes developed his well-known glasses. Tlic^sc 
were designed to have a high transmission in the visible region 
and a high absorption in both the infrared and tlie ult raviolet. 
Many other types of eye-protective glasses of this sort have since 
been developed, one new variety being intended for aviator’s 
goggles. This variety is light green in color, its transmission 
curve being very similar in shape to the visibility curve of tlie 
eye. Despite the low transmission in the ends of t he visil)lo 
spectrum, the transmission in the green is so high tlia t a 2-niin 
thickness h&s a total visual transmission of approximat.cdy 50 
per cent. There are some operations, such as welding, for which 
protective goggles must have a high absorption in the visihh^ 

a well-nigh complete absorption in both the 
i^rared and the ultraviolet. For such purposes, special welding 
glasses are available in several shades, which are commonly 

FedrafaoveXn^Peciacations laid down by the 


^ Bur, Standards Sci, Paper 168 

Sqc. Amer., 20, 624 (3 930). ^ and Stair, Jour. Optical 



MISCELLANEOUS OPTICAL MATERIALS 


393 


It is comparatively difficult to find filters that will isolate 
narrow regions of either the ultraviolet or the infrared, although a 
few glasses are available commercially for therapeutic purposes to 
isolate the vital-ray region (290 m^ to 310 mM). Several com¬ 
binations of filters especially designed for biological investigations 
have been described by Jones.^ The most extensive compilation 
of data concerning the absorption characteristics of materials 
appears to have been made by Gibson.^ 

143. Materials with Special Optical Properties.—Many sub¬ 
stitutes for optical glass are used in systems designed to transmit 
either the ultraviolet or the infrared. 

They are usually natural crystals, 
although liquids are occasionally 
used, and fused quartz, which is 
amorphous, is coming into promi¬ 
nence. Tables XXII and XXIII 
give the refractive indices of the 
more common of these materials. 

Most of them have been mentioned 
in the preceding section, but their 
peculiar properties are so important Fig. 197.—Quartz crystals. 

that they are worthy of a more J'l^dedTnd'ihrshown 
extended discussion. riisht-handed. The optic axis is 

Quartz (SiO'i) is, next to glass, the indicated by XX'. 

most widely used optical material. It crystallizes in the hex¬ 




agonal system, typical forms being those shown in Fig. 197. 
It has a specific gravity of 2.6 and a hardness of 7 on Mohs's 
scale. Because of its hardness it is very durable, but it is 
somewhat more difficult to work than glass, which has a hard¬ 
ness of approximately 5. Quartz is more widely distributed 
than any other mineral, but there are only a few isolated 
localities where it occurs in a form that is sufficiently flawless 
and transparent for optical use. This type of quartz was called 
rock crystal by the ancients, the term “quartz” being a Ger¬ 
manic word that seems to have appeared first about 1529 in 
Agricola's writings. 

Quartz, in common with many other crystals, is doubly 
refracting. This subject will be discussed more extensively in 


» Jour. Optical Soc. A ffu-r. ami Rev. Set. Instruments, 16, 259 (1928). 

* “International Oritical Tables,” Vol. V, p. 271. See also Jour. Optical 
Soc. Arner. arui Rev. Set. Instruments, 13, 267 (1926). 
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Table XXIII.—Refractwe Indices op Certain Substances Transparent in the Infrared 

The values are those given by Coblentz^ and are relative to air. The values for quartz are for the ordinary ray. 
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^ Bwr. Standards Sci. Paper 401. 
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Chap. XXIX, and it must suflBlce here to state that a beam of 
unpolarized light incident on a doubly refracting crystal is 
divided into two beams: one moving with the same velocity in 
every direction, the wave front being spherical; and the other 
moving with a velocity that depends upon the direction of its 
path, the wave front being ellipsoidal. These two beams are 
plane polarized in perpendicular azimuths and are known as the 
ordinary beam and the extraordinary beam respectively. There 
is one direction in a quartz crystal, represented by the line XX' 
in Fig. 197, in which both beams travel with the same velocity. 
This is known as the optic axis and, since quartz contains but 
one such axis, it is known as a uniaxial crystal. The refractive 
index for the extraordinary ray represents its velocity in a plane 
perpendicular to the optic axis, where its velocity differs most 
from that of the ordinary ray. It is clear that if a lens is to be 
cut from crystal quartz, the lens axis should be made parallel 
to the optic axis of the crystal. In this case, all rays that are 
parallel to the axis behave as though the quartz were isotropic. 
The other rays are doubly refracted, but, since the birefringence 
of quartz is small, the effect is usually negligible unless the angles 
are very large. 

Another property of quartz that must be taken into account 
by the instrument designer is its power of rotating the plane of 
polarization of a plane-polarized beam traversing it parallel to 
the optic axis. Quartz is one of the few solids to possess this 
property, although it is possessed by a large number of organic 
substances when in solution, notably certain sugars. The 
phenomenon was explained by Fresnel by assuming that a 
plane-polarized beam can be resolved into two circularly polarized 
beams rotating in opposite directions, and that these beams 
travel with slightly different velocities. It so happens that the 
two crystal forms shown at A and B in Fig. 197 behave oppo¬ 
sitely, the left-handed component traveling more rapidly in the 
form shown at A and the right-handed component in the form 
shown at B. These forms are termed left-handed and right- 
handed respectively because the resultant effect on a beam of 
plane-polarized light is to rotate it in a left-handed and a right- 
handed sense respectively. Because of the difference between 
the velocities of the circularly polarized components within the 
crystal (which is equivalent to a difference in refractive index), 
a refracting system made of quartz will in general produce 
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double images even when a beam traverses the system parallel 
to the optical axis. The remedy is to construct the system out 
of symmetrical elements, an element of one variety of quartz 
being paired with a similar element made of the other. Thus, it 
is the general practice in constructing spectrographs, for example, 
to build up a 60° prism from two symmetrical 30° prisms of 
each variety of quartz and to make the colhmator from one 
variety and the camera lens from the other. Frequently twin 
crystals of quartz are found. These are composed of the two 
forms in alternate layers, but the opposite actions of the two 
forms do not neutralize, and such crystals are useless for optical 
systems. 

Because crystal quartz occurs only in relatively small pieces, 
attempts have been made to prepare fused quartz of optical 
quality. A vast amount of work on this problem has been done 
under the direction of Prof. Klihu Thomson at the Lynn Works 
of the General I^lectric Company. The chief difficulty is the 
elimination of striae and bubbles. The striae seem to result 
from slight differences in index between the crystals that com¬ 
prise the raw material; and, as the quartz never really melts in 
the ordinary sense, these striae are usually present to such an 
extent that it has not been possible to use fused quartz in optical 
systems where images of high quality were required. The 
bubbles likewise have difficulty in escaping from the melt, and 
as a consetiuence the final operation is to apply sufficient pressure 
to compress them into a small volume. It is possible to obtain 
small pieces free from striae and bubbles, but they are of little 
value because pieces of crystal quartz of comparable size are 
not expensive. Moreover, fused quartz is difficult to anneal 
thoroughly, and the stresses remaining in it are usually much 
greater than have been found to be permissible in glass. 

Fused (piartz possesses so many desirable properties that it 
would undoul)t.edly be extensively used if its faults could be 
successfully overeome. Its isotropism alone would make it 
superior to crystal cpiartz because it would reduce not only the 
cost of the griiKling and polishing operations but also the loss 
of material ont,ailed therein. Fused quartz would be superior 
to glass for such articles as condensers for projection apparatus 
because it has a low coefficient of expansion and is therefore less 
likely to crack when heated. Its low coefficient of expansion 
also suggests its use for mirrors for reflecting telescopes since it 
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would not have to be kept cool during the parabolizing operation. 
Fortunately, the h'ght does not traverse the material in this 
case, and a method of manufacture based on this fact has been 
very successful. This method consists in grinding quartz 
crystals into the form of a powder, which is introduced into an 
oxyhydrogen flame and sprayed on a base of ordinary fused 
quartz until a surface coat of the desired thickness has bc^en 
laid. At the present time, a 60-in. mirror is under construction 



and a 200-in. mirror is contemplated. 

Calcite (CaCOs) is widely distributed in the earth ^s eruHt , 
but with minor exceptions the only variety that is sufficient ly 
transparent and flawless for optical uses is found in Iceland, 
whence arises the common term “Iceland spar.'" The specific 

gravity of calcite is 2.7 and its hardness is 3, 
being readily scratched with a knife. Calcite 
parts are easily damaged, not only by me¬ 
chanical abrasion but also by acid vapors in 
the atmosphere. Like quartz, calcite crystal¬ 
lizes in the hexagonal system, but it is rhoin- 
bohedral in form as shown in Fig. 198. 11 does 

Fig, 198.—a calcite rotate the plane of polarization as quart z 

costal. The optic does but it is more strongly birefringent, as can 
M uxioated by be seen from Table XXII. This is a soriouK 

A tv Au vantage because, if it is used as a prism in 

epeST^^^ 'r® wiU appear single ^thin only a aruall 

minimum deviation, where 

Momow are almost parallel with the optie 

. iioreover, the optic axis, indicated bv XX' in ih,* 
figure, IS so placed within the crvstfll tViot u 
the loss of material is^If ^,11 «“<■> 

monly used in tl>“efore, is more com- 

The construction^of the ® P”®““® *^an m dispersing prisms. 
Chap, “x ^ ^ explained in Sec. 211, 

beautifully clear wlm'found^ 

purposes was not realized at th. t- ’ *i>eir value for optical 
broken up. The s,^^^ 1 the w and most of them were 

and only comparativelv siali^ retained by their owners 

4, indicating that it can be scratched ^ hardness of 

transparent variety that is of 

rs oi use m optical systems is found 
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principally in the Alps and is known as fluorspar. It crystallizes 
in the isometric system and is cubical in form. Inasmuch as the 
three axes are indistinguishable from one another, the substance 
is not birefringent and behaves optically as if it were isotropic. 
Like caloite, it is available only in small pieces, a circumstance 
that prevents it from being used to achromatize quartz lenses, 
for which it is otherwise admirably suited. It is used in spec¬ 
troscopic apparatus only where other materials are unsuitable 
and finds its widest application in constructing semi-apo- 
chromatic microscope objectives. 

Rock salt, like fluorite, is cubical in its crystalline form and 
therefore not birefringent. Its specific gravity is 2.3 and its 
hardness is 2.5. It is widely used for infrared apparatus and 
according to Coblentz, “is uniformly transparent from 200 
m^i to 12 fxJ* To prevent its surface from deteriorating, it 
should be coated with a lacquer that is transparent to the spectral 
region for which the apparatus is designed but impervious to 
water and other deleterious vapors. If not protected by lacquer, 
it must be carefully covered when not in use. 

Sylvite or sylvine (KCl) is also cubical in form and not bire¬ 
fringent. Its low dispersion combined with the high cost of 
transparent pieces of sufficient size makes it of little use. More¬ 
over, it has strong absorption bands at 3.18 /x and 7.08 jj.. The 
materials previously described are more satisfactory except for 
the narrow region from 15 /x to 24 /x. 

Water is rarely used although its high ultraviolet transmission 
combined with its cheapness as compared with quartz makes it 
of some value. One disadvantage of water is that its dispersion 
is low. Another is that, in common with other liquids, its 
temperature coefficient of index is high. It must, therefore, 
be maintained at a uniform temperature to prevent convection 
currents that injure the quality of the image. 

Carbon disulphide (CSa) is occasionally used for prisms 
because of its high dispersion. Its temperature coefficient is 
greater than that of water, and therefore the precautions 
mentioned above apply with even greater force. Although 
its limits of transmission are approximately 220 mju and 5800 
m^i, it cannot be used throughout this entire region because of 
the presence of absorption bands. There are several in the 
infrared beyond 4 /x, and there is one in the ultraviolet at 321 
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iriM* At these bands the phenomenon of anomalovs dispersion 
appears, which requires a little explanation. 

The conventional dispersion curve is like those of Fig. 52 in 
Chap. VT, and the type of dispersion thus represented is so 
common that it is said to be normal. If, however, the index 
of a transparent substance is measured over a long spectral 
region, the resulting plot of index against wave length will be 
foimd to be a series of discontinuous curves as shown in Fig. 199. 
The regions indicated by the heavy lines are the regions of 
“normal” dispersion. Discontinuities occur at the absorption 
bands, on one side of which the dispersion is “normal” and on 
the other, “anomalous.” The absorption bands of carbon 



disulphide between 220 m/i and 5800 m/x are too weak to produce 
this effect in the complete form shown in Fig. 199, but they do 
cause slight irregularities in the dispersion curve. 

The values of refractive index usually given in tables are 
referred to dry air at the same temperature and 760 mm pressure. 
If the values are to be reduced to vacuum, the index of the 
air must be known. Many researches upon this subject have 
been made, but it will suffice to give the following values obtained 
by Meggers and Peters:^ 

t 0°C. 15^0. 30°C. 

no 1.0002916 1.0002764 1.0002624 

In each case, the barometric pressure was 760 mm of mercury. 

The dispersion of air is usually represented by the Cauchy 
formula instead of the Hartmann formula [Eq. (214) in Chap. XV]. 
The Cauchy formula is 

”-l = “ + ^ + ^4- (218) 

^ Bur. Standards Sci. Paper 327. This also contains a summary of the 
previous data. 
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The curves obtained by Meggers and Peters are well represented 
when the following values are assigned to the constants and X 
is expressed in millimicrons: 



a 

b 

c 

0 

2.876 X 10-^ 

1.34 

3.8 X 10^ 

15 

2.726 

1.23 

3.6 

30 

2.690 

1.23 

2.6 


144. Reflecting Materials.—The materials used for mirrors 
are usually either metals or alloys. Determinations of the 
spectral reflectivity of six metals—-silver, gold, platinum, copper, 
nickel, and steel—and four alloys were made by Hagan and 
Rubens in 1902. Hew determinations have been made of these 
substances since then, and many others have been examined. 
The data are published in various places and, as they are useful 
in selecting the proper material for a given purpose, the results of 
the more important determinations have been collected in Table 
XXIV. It will be’ noticed that the reflectivity of most metals is 
low in the ultraviolet but increases in the visible and near infrared 
to approximately 90 or 100 per cent, remaining almost constant 
throughout the remainder of the spectrum. This phenomenon 
is best exhibited by the substances that are the most metallic 
in their other characteristics, such as iron, platinum, tungsten, 
and, above all, silver. Substances that are less metallic or non- 
metallic in character, like antimony and carbon, exhibit the 
phenomenon to a much less degree. The same is true of alloys. 
The behavior of silicon is the opposite, the reflectivity in the 
ultraviolet being greater than in the infrared. The natural 
sulphides of certain metals, such as pyrites (FeS 2 ), molybdenite 
(M 0 S 2 ), galena (PbS), and stibnite (SbaSa), behave the same 
way. In the table, stibnite has been chosen for illustration 
because its cleavage surfaces are smooth and bright and it can 
be obtained in fairly large pieces. 

Some little care must be taken in interpreting the table. The 
specimens are so diversified in character and the methods used 
by the various investigators are so different that the values are 
not strictly comparable. Moreover, two specimens of the same 
material behave somewhat differently because of uncontrollable 
variations in the method of preparation. Nevertheless, the 
table indicates quite accurately the relation of the reflecting 
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sDrude, Ann. Physik, 39,481 (1890). 

* The values are expressed in percentage. For explanation see pp. 406-408. 
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power in. one part of the spectrum to that in another besides 
giving a good idea of the order of magnitude. It must be 
emphasized, however, that a high reflectivity alone does not 
determine the value of a material for practical use. Many of 
these materials are either very soft or difficult to prepare, and 
many others, although hard and capable of taking a high polish, 
tarnish and become dull in a short time. Speculum metal is an 
excellent example of this; the extent to which it deteriorates 
being well shown by the values given in the explanation of the 
table. One of the best materials for both the ultraviolet and 
the visible region is stellite, which has a high reflectivity, is 
hard, takes a high polish, and does not tarnish. It is extremely 
difficult to work, however. 

The reflectivity of a metal is also of importance from a theo¬ 
retical standpoint. It can be shown that, on the basis of the 
electromagnetic theory, the reflectivity of an electrical conductor 
at any wave length for normal incidence is given by the expression 


n®(l “h fc®) -4- 1 — 2n 
1 + 2n^ 


(219) 


which is analogous to Eq. (16) for a dielectric material. In this 
equation, n is the index and k is the extinction coefficient for the 
wave length in question. The meaning of the term “extinction 
coefficient” in this connection deserves some explanation. 

Let the light traverse a layer of material of a thickness X 
equal to the wave length of the light within the material. The 
extinction coefficient k is then defined by the fraction 
where this fraction represents the reduction in the amplitude of 
the electromagnetic disturbance in passing through this layer. 
It can be readily seen that the value of k can be determined 
experimentally by measuring the transmission of very thin films. 
Usually at least two films of different thicknesses are measured 
to eliminate the effects of reflection at the surfaces. The value 
of n can be determined experimentally for even so strongly 
absorbing a substance as a metal by making it into the form of 
an extremely thin prism. The experimental error is large, as 
might be expected, and it is very likely that the material at the 
surface, where reflection takes place, is in an entirely different 
molecular condition than it is in the interior, where most of the 
absorption takes place. The direct measurement of n and k 
can be avoided by taking advantage of the fact that a beam of 
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light incident at an angle is elliptically polarized. The subject 
of elliptical polarization cannot be discussed here, and it must 
sufl&ce to state that the necessary measurements can be made 
very accurately. As an example of the correspondence between 
the values of reflectivity as computed from the constants n and 
h and the values determined by direct measurement, some results 
obtained by Tate^ are presented: 



X, milli¬ 
microns 

n 

k 




460 

0.270 

12.02 

0.911 

0.905 

Silvor 

640 

0.279 

13.95 

0.933 

0.930 


700 

0.308 

16.87 

0.957 

0.953 


460 

1.662 

1.098 • 

0.362 

0.370 

Gold 

560 

0.805 

3.503 

0.703 

0.708 


680 

0.617 

6.255 

0.859 

0.853 


460 

1.570 

1.440 

0.463 

0.460 

Copper 

560 

1.269 

2.018 

0.566 

0.576 


700 

1.035 

3.688 

0.778 

0.786 


460 

1.056 

0.720 

0. 121 

0.130 

F'uohsin 

560 

2.400 

0.498 

0.261 

0.260 


680 

2.231 

0.025 

0. 146 

0.142 


It is evident that the reflectivity varies in the same direction 
as h, which means that an opaque substance reflects most strongly 
in the portions of the spectrum where it absorbs most strongly. 
The same is true for transparent substances at strong absorption 
bands, a condition which is illustrated by the dye fuchsin, for 
which values are given above. Such a material is said to exhibit 
rmtallic reflection. In the portions of the spectrum where a 
medium is transparent, the value of k is approximately zero and 
J^]q. (219) reduces to Kq. (16), which is Fresnel’s well-known 
equation for the reflection at the surface of a transparent medium. 

146- Other Materials.—The other materials used in optics, 
although of importance in special branches, are not of sufficiently 
general application to warrant more than passing mention. 
Such, for example, are Canada balsam, oil of cedar, and a few 
other liquids. Canada balsam is made from the sap of the 
North American balsam fir. Tlespite its name, it is strictly a 
turpentine and not a balsam, containing neither benzoic nor 
cinnamic acid. Approximately one-fourth of it consists of 

^Phys. Rev., 34, 321 (19121. 
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essential oils, the remaining three-fourths consisting of resins, 
of which most are soluble only in alcohol but others only in ether. 
All are soluble in xylol, however, with which the balsam is 
commonly diluted for cementing microscope specimens. The 
refractive index of Canada balsam depends upon its composition. 
One sample of balsam in stick form, prepared for cementing 
lenses, was found by the authors to have the following indices: 
nc = 1.537; no — 1-540; Uf = 1.550; v — 42. The measure¬ 
ments were made at room temperature but the sample was first 
heated for half an hour at 100°C. to simulate the effect of heating 
the balsam during the cementing operation. 

Cedar oil comes from a variety of juniper and is used mainly 
as an immersion oil for microscope objectives. It is usually 
prepared so that its index is 1.515, which is near that of crown 
glass. Both Canada balsam and cedar oil absorb in the ultra¬ 
violet, and consequently glycerine is used for work in this region. 
At a wave length of 275 m/x, it has an index of 1.45. 

Liquids for use with critical-angle refractometers must have 
an index higher than that of the sample whose index is being 
measured. The one most commonly used is a-monobromnaph- 
thalene, which has an index of 1.66. For specimens of lower 
index, aniline, with an index of 1.56, is preferable. For speci¬ 
mens with a higher index, methylene iodide, with an index of 
1.74, is satisfactory. Mercuric iodide dissolved in a saturated 
aqueous solution of potassium iodide has an index of 1.71 and 
can be used if methylene iodide is not available. For samples 
having an index much greater than 1.71, a saturated solution 
of sulphur and methylene iodide can be used. A considerable 
quantity of sulphur can be dissolved by heating the mixture 
gently, and the index of the liquid can thus be raised to approxi¬ 
mately 1.77. 


Explanation op Table XXIV 

In all the cases, the angle of incidence is less than 20°, so the values are 
practically the same as for normal incidence. The values depend greatly 
upon the character of the surface, however, and the various specimens arc 
described by the investigators as follows: 

1. Lacquered silver: Treshly polished silver-on-glass mirrors coated with 
various water-white commercial lacquers properly diluted. The reflectivity 
diminishes after exposure to powerful sources of ultraviolet light. 

2. Silver: (1) An opaque film of silver on glass, deposited chemically 
and polished with rouge and chamois. (2) Values adopted as standard by 
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the Bureau of Standards for all their mirrors on the basis of which their 
other values are determined. The justification for this procedure is given 
in their Bulletin, 10, 43 (1913) {Sci. Paper 204). 

3. Aluminum: (1) An opaque film deposited by cathodic sputtering 
in an atmosphere of mercury vapor. (5) A sheet of commercial metal 
given a high polish with Vienna lime and stearin oil. 

4. Anlitnony: (1) A freshly split cleavage surface. (2) An opaque 
cathodic film. It is difficult to obtain a bright film by sputtering and 
cleavage surfaces are marred by numerous cracks, so the values given are not 
very reliable. 

6. Bismuth: (1) An opaque cathodic film deposited in hydrogen. (8) 
A sample melted and then cooled by immersion in water; it was somewhat 
scratched in polishing. 

6. Cadmium: (1) An opaque cathodic film deposited in hydrogen; this 
film is extremely soft. (6) A sample melted and cooled in a thin copper 
mold. It was filed, ground, and finally polished with Vienna lime and 
stearin oil. 

7. Carbon: (1) An opaque cathodic film; time required four days. (2) 
Siberian graphite, cleavage surface polished on wet semi-matte glass. 
Manufactured graphite cannot be burnished free from pores and conse¬ 
quently its reflectivity at short wave lengths is low, being about 13 per cent 
at 1000 m/i. 

8. Chromium: (1) and (2) Solid pieces of metal, polished. The solid 
metal is full of fine pores but cathodic films are entirely unsatisfactory. 

9. Cohalt: (1) and (5) Polished sheet; rather irregular surface. 

10. Copper: (1) Two opaque cathodic films. (7) A polished plate of purest 
commercial copper. For this sample, Hagen and Rubens find values in the 
ultraviolet lower than those given. Hulburt finds that electrolytically 
deposited films also have lower values, at least in the ultraviolet. 

11. Gold: (1) Two thick cathodic films two days old. No further change 
with age was found but the films when fresh had a reflectivity of 40 per cent 
at 300 m^ instea<l of 34 per cent, the other values being the same. A fresh 
(dectrolytic. film had the values given in the table. (7) Metal sheet, type of 
surface not stated. 

12. Iridium: A thi(!k polished plate, liot j^erfectly free from pores. 

13. Iron: (1) Hardened steel. (2) Iron, 99.8 per cent pure. Both samples 
took a very higli pc)lish. 

14. Lead: (1) An opaque cathodic film, which was soft and bright like 
cadmium but tarnished quickly. (9) A rolled sheet. 

15. Magneuimn: (1) Sheet, buffed and then polishe<l with dry rouge on 
chamois; fiiu^ strratches on surface. (2) Highly polished sheet, finished first 
on wet (umuy pape^r, then on tin oxide (“putty powder*’), and finally on dry 
chamois sprlnkletl with putty powder. 

16. Moij/hdonum: (1) and (2) PolisluKl pieces of solid metal. 

17. Nickel: (1) Film deposited electrolytically on a thin cathodic film. 
(7) Sheet, method of preparation not stated. 

18. Palladium: (1) An opaque cathodic film. (5) Sheet, polished with 
Vienna lime and stearin oil. Would not take a goo<l polish. 
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19. Platinum: (1) An opaque cathodic film. (2) Type of surface not stated. 

20. Rhodium: Type of surface not stated. The accuracy of the results is 
stated to be low. 

21. Selenium: (1) An old mirror prepared by melting the metal and 
pouring it on glass. (8) Sample cast on glass and polished. The surface 
had many fine pores. 

22. Silicon: (1) A polished specimen marred by holes and scratches. An 
opaque cathodic film reflects less strongly below 300 mjn and more strongly 
above. (2) Sample remelted after coming from furnace and polished on fine 
emery paper covered with tin oxide and graphite. 

23. Tantalum: A polished sample of very pure cast metal. The surface 
of a sample that has been rolled or hammered becomes seriously contaminated 
during polishing. Ordinary samples are so impure that the reflectivity is 
very much lowered in the near infrared. 

24. Tellurium: (1) An opaque cathodic film. It was polished with rouge 
on chamois before being measured. (2) An opaque cathodic film deposited 
in hydrogen. Very fine films can be made this way. The reflectivity of a 
polished sample of the solid metal is much lower because of the pores 
between the crystals. 

26. Tungsten: (1) A polished piece of solid metal. It was well polished 
but had a few holes and fine scratches. (2) A polished piece of solid metal 
with some pores. These pores cause a reduction in the reflectivity, espe¬ 
cially at short wave lengths. 

26. Vanadium: Type of sample not stated; surface well polished. 

27. Zinc: (1) A dense cathodic film deposited in hydrogen. (4) A 
polished sheet. Note the low value at 1000 mju. 

28. Speculum metal: An alloy of 68.2 per cent Cu and 31.8 per cent Rn, 
especially interesting because it is the material from which concave gratings 
are made. (1) A sample freshly polished on pitch and rouge. Seven days 
later the surface had tarnished so much that the reflectivities at 200 m/j. 
and 300 m^t had dropped to 17 and 39 per cent respectively. At those wave 
lengths, the reflectivities of an old mirror that had tarnished to a marked 
extent were 5 and 26 per cent, and rubbing off the oxide layer with chalk 
and alcohol raised the values to only 9 and 30 per cent. (7) Method of 
preparation not stated. 

29. Stellite: An alloy of chromium, cobalt, and molybdenum, the pro¬ 
portions being a trade secret. (1) and (4) Both samples were pieces of sheet 
metal given a very high polish. 

30. Monel metal: A natural alloy of 68 to 70 per cent Ni, 1.6 per cent Fe, 
and 28.5 to 30.6 per cent Cu. The sample was sawed from a rod. The 
surface was optically flat and highly polished. 

31. Magnalium: An alloy of 69 per cent A1 and 31 per cent Mg. It is 
very difficult to prepare and tarnishes rapidly in air. 

32. Duralumin: An alloy of 94 per cent Al, 4 per cent Cu, and small 
amounts of Mn, Fe, Mg, and Si. The sample was not highly polished. 

33. Stibnite: Natural antimony sulphide (Sb 2 tS 3 ). A cleavage surface, 
optically flat and unusually brilliant. 



CHAPTER XIX 


THE DESIGN OF OPTICAL INSTRUMENTS 

Until comparatively recently, optical instruments were always 
designed for visual use. This means that the eye was a part of 
every complete instrument and the designer was compelled to 
select the constants of the system accordingly. With the advent 
of photographic plates, radiometers, and light-sensitive cells, the 
design of optical systems became, in one sense, less restricted. 
The principles that had been followed in the design of visual 
instruments did not, in general, extend to the newer applications; 


B E' 



and, for this reason, it is necessary to treat the problem of design 
in its broader aspects. 

146. The Distribution of Light in Optical Systems. The 
calculation of the distribution of light flux within an optical 
system is comparatively simple when the source is so small that 
the system is incapable of resolving it. In Fig. 200, the point 
source 5 is imaged at S' by an optical system represented by an 
entrance pupil E and an exit pupil E'. The image at ;S' consists 
of a diffraction pattern described in Sec. 60, Chap. VII, where it 
was shown that 84 per cent of the flux entering the entrance 
pupil falls within the central diffraction disk. The radius of the 
disk was given by Eq. (164) as 

0.61 X 
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Assuming, for the sake of simplicity, that the illuminatioii is 
uniform within this disk, it will be seen that the illumination in 
the image of a point object is greater than the illumination in the 
entrance pupil in the inverse ratio of the area of the diffraction 
disk to the area of the entrance pupil, since the same flux trav¬ 
erses both.^ The illumination in the entrance pupil is readily 
calculated by means of the inverse-square law from the intensity 
of the source and its distance from the entrance pupil. 

When the source is of sufficient size to be resolved by the 
system, the computation of the illumination in the image is not 
quite so simple. In Fig. 201, let the circular source S be imaged 



at S' by means of an optical system whose entrance and exit 
pupils with respect to these planes are at E and E' respectively. 
Let us then calculate the illumination on a small element of area 
normal to the axis, such as da-'. To do so, we must first calculate 
the illumination on its conjugate do. 

The illumination on do can be found by dividing the source S 
into elements of such size that the inverse-square law can be 
applied to each, and computing the total illumination by integra¬ 
tion. For convenience, let the source be divided into circular 
zones of radius r and width dr. The illumination dE at do due to 
an elementary zone is given by 


dE = 


dl 

sec^ d 


cos d, 


where dl is the intensity of the elementary zone in the direction 
of do and sec^ 6 is the square of its distance from da. Since dl 
usually depends upon 6, the problem cannot be solved without 
making some specific assumption concerning the characteristics 

^ Neglecting the relatively small amount of flux distributed in the rings 
of the diffraction, pattern and that lost by reflection and absorption within 
the instrument. 
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of the source. If it obeys Lambert's law of emission or reflection, 

dl = 2 tc r drB • cos dj 


where B is the uniform brightness of the surface when viewed 
from any direction, and 2Trrdr is the area of the elementary zone. 
By substitution, 


dE 


2'Tcrdr B cos^ B 
sec^ 0 


Now r can be evaluated in terms of 6 by noting that 


and therefore 


r = X tan^ 
dr X sec^ B dB . 


By making this substitution, the illumination at da due to the 
area of the source within the angle B is 

E = 2ir J3 sin 6 cos B dO , 

which, on integration, becomes 

E = ttB sin2 B . (220) 

Since, by the property of entrance and exit pupils, all the 
flux that enters the one emerges from the other, it follows that 
the illumination on da is to that on da' in the inverse ratio of 
their areas. For an aplanatic system, the ratio of the areas 
can be found from the sine law [Lq. (129) in Chap. VI] to be 

da ___ n'‘^ sin-0' 
dP ~ 71^ sm^B ’ 

It is therefore evident that 

E' =■ sin*0'. 

If the refractive index of the image space is the same as that of 
the object space, 

E' = ttB sin'-^ 6' (223) 

lumens/area when B is in candles/area. In other words, the 
illumination produced at any point on the axis of an aplanatic 
system by an extended source emitting or reflecting according to 
Lambert’s law depends only on the brightness of the source and 
the size of the pencil of rays converging at that point. ^ 

1 The loss of light by reflection an<l absorption within the system is, of 
course, tacitly neglected. 


( 221 ) 

( 222 ) 
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This result is so fundamental to an understanding of the 
subject that it may be well to consider a specific example. In 
Fig. 202, the source S emitting or reflecting according to Lam- 
bert^s law is imaged at S' by means of the aplanatic lens L. 
The lens is obviously the aperture stop, entrance pupil, and 
exit pupil with respect to the conjugate planes S and S'. Hence, 
the illumination on the axis in the plane of S' is obtained by 
simply multiplying the brightness of S by ’rrsin^ 6', where 6' is 
the angle subtended at S' by the radius of the lens. Now con¬ 
sider the illumination at other points along the axis of the 
system. If one imagines the point to move toward the left from 
S', the illumination steadily increases between S' and M because 
of the increase in the value of 6'. At AT, the source becomes 
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the aperture stop, and its image at S' becomes the exit pupil. 
Between Af and L, the illumination decreases as the square of 
the sine of the half-angle subtended by S' at the point in 
question. When the point reaches L, the illumination computed 
by Eq. (220) for the object space is the same as that computed 
by means of Eq. (223) for the image space, as would be expected. 
If the point moves toward the right from S', the illumination 
decreases with L acting as the exit pupil until M' is reached. 
Beyond M', it continues to decrease with S' acting as the exit 
pupil. 

It is of interest to note that Fig. 202 represents the optical 
system of the searchlight with the exception that a searchlight 
is usually focused so that S' is at infinity. Hence L is generally 
the exit pupil for all points at any considerable distance away. 
Since B' is usually small, tan® 0' may be written for sin® 6', and the 
illumination is seen to decrease with the distance from L according 
to the inverse-square law. This consideration indicates the 
incorrectness of the common concept of a parallel bundle of 
rays extending with undiminished intensity to infinity. To be 
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sure, the pencil originating at the point of the source which lies 
on the axis of the lens does become in the image space a bundle 
of rays that are parallel to the axis. It should be remembered, 
however, that, if the source is of finite brightness, the intensity 
of any point is zero. Hence, the energy in this bundle is infini¬ 
tesimally small. The points of the source that do not lie on the 
axis produce bundles of rays in the image space which, although 
parallel to themselves, are not parallel to the axis. It will be 
seen, therefore, that the size of the source does not affect the 
illumination at points on the axis (except near the lens) but 
determines merely the spread of the beam. 

The light-gathering power of lenses that are commonly used 
for very distant objects, such as telescope or camera objectives, 



Fio. 203. 


is most frequently expressed in terms of the //-number. This 
quantity was defined in C^hap. V as the ratio of the focal length 
of the system to the diameter of its entrance pupil. That this 
is a true ineasxire of the light-gathering power for an object at 
infinity is clear from Fig. 203. By means of the sine law, Kq. 
(222) can be transformed into 


E' = 


ttB sin^^ 


(224) 


which holds even if the refractive index of the image space differs 
from that of the object space. Tho lat.eral magnification between 
the object plane and the image plane is 

y' f 

m = — = —-} 

V ^ 

where x is the distance of the object from the first focal point 
of the system. If x is very great, it may be assumed to be equal 











414 


THE PRINCIPLES OF OPTICS 


to p, the distance of the object from the entrance pupil. Fiirther- 
more, 6 is then small, so one may write 


sin 6 = tan d 


P 

V 


t. 

X 


With this substitution, Eq. (224) becomes 


E' 



(225) 


^_ 1 _ 

4 (//-number) ^ 


(226) 


Thus it will be seen that the illumination varies inversely as 
the square of the //-number when the object is at a great 
distahce. 



In systems that are commonly used with near-by objects, 
such as microscopes, the light-gathering power is generally 
expressed in terms of the numerical aperture. This quantity 
was defined by Eq. (107) in Chap. V as 

N.A. = n sin 6 , 


where n is the refractive index of the medium in the object 
space and 6 is the angle subtended at the object by the radius 
of the entrance pupil, as shown in Fig. 204. The complete form 
of Eq. (223) for the case when the object space and image space 
are of different refractive index is given by Eq. (222) as 

TV ’ B ’ sin® d'. 

The magnification between object and image is given by the 
sine law as 


Ul = n sin 0 _ N.A. 
y W sin B' n' sin 9' 


(227) 


By combining these two equations, the illumination in the 
image at S' is found to be 
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E' 


ttb (]sr.A.)g 


(228) 


It will be seen that the illumination in the image is directly 
proportional to the square of the numerical aperture and inversely 
proportional to the square of the lateral magnification. 

It frequently happens that the aperture stop of a system is not 
circular, in which case the integration is in general impossible 
to perform. The illumination can be computed, however, by 
means of an approximate formula involving the solid angle of 
the cone producing the illumination. For the case of a circular 
exit pupil, the solid angle oj' within the cone whose half-plane 
angle is d' is given by 

co' = 27r(l — cos $'). (229) 

If d' is small, 2(1 — cos 0') is very nearly equal to sin^ d', so 

E' = Bcc'. (230) 

For most optical systems, w' is so small that this approximation 
is justified, and when an exit pupil is irregular in shape, it is 
the only simple method of computing the illumination. For 
example, in systems containing cylindrical lenses, the two planes 
can be treated separately, the solid angle being computed by 
multiplying together the plane angles in the two mutually 
perpendicular planes. 

In designing optical instruments, it is well to keep in mind the 
relationship between 6', sin d'j to', the //-number, and the factor 
(tt sin'-^ d') that relates E' to B. This is facilitated by making a 
table such as Table XXV. Photographers who are accustomed 
to the //-system will find it convenient to note that an//8 lens 
provides an illumination on the surface of the emulsion that 
is approximately Jiooth of the subject brightness, after making 
a reasonable allowance for the absorption of light within the 
lens. For example, an//8 lens will produce an illumination of 
1 lumen/mcter*'^ when the object has a brightness of 100 
candles/meterassuming the object to be at infinity. 

The discussion so far has been confined entirely to the illumi¬ 
nation at a point on the axis of the system. The same general 
principles apply to an extra-axial point, but a rigorous treatment 
of the problem would be rather complicated. It is usually 
sufficient for all practical purposes to use the approximation 
given by Kq. (230) and write 
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6 ', degrees 

1 

2 

3 

4 

5 
10 

I 

20 

25 

30 

35 

40 

45 

50 

55 

60 

65 

70 

75 

80 

85 

90 


sin 6 ' 

0.0175 

0.0349 

0.0523 

0.0698 

0.0872 

0.14?37 

0.2588 

0.3420 

0.4226 

0.5000 

0.5736 

0.6428 

0.7071 

0.7660 

0.8192 

0.8660 

0.9063 

0.9397 

0.9659 

0.9848 

0.9962 

1.0000 


0.0009 
0.0038 
0.0086 
0.0153 
0.0239 
0.0954 
0.2140 
0.3789 
0.5887 
0.8418 
1.1363 
1.4700 
1.8403 
2.2444 
2.6793 
3.1416 
3.6278 
4.1342 
4.6570 
5.1921 
5.7355 
6.2832 


//-nunilxir 

28.7 

14.3 

9.55 

7.17 
5.74 
2.88 
1.93 
1.46 

1.18 
1.00 
0.872 
0.778 
0.707 
0.653 
0.610 
0.577 
0.552 
0.532 
0.518 
0.508 
0.502 
0.500 


TT sin 0 ' 

().(M)I 
0.004 
0.<K)0 
0.015 
0.024 
0.{>O5 
0.211 
0.308 
0 , 501 
0.7K5 
I .034 
1 .208 
1.571 
I .844 
2.108 
2.350 
2 . 581 
2.774 
2.031 
3.047 
3. 1 18 
3. 142 


E' = B Q' cos a', (231 ) 

’v^ere Q' is the solid angle subtended by the exit niioil 5 H 

is less than L ^ I><.i«t 

for two reasons. In the firTt place the 

exit pupil is less at OV+ P ace, the projected area of Mh' 
in the seconi Xce thrdLtZf h* —I- 

^ COS^ /i 4 

Sum!SLl^“!t*M ^tra-^ar^rr **' ♦ha/iho 

the fourth power of the cosine^oAli approximately a.s 

chief ray. This result Is based on the obliquity of (,h<> 

7fhet:sr -d cr eTSt‘^“::otf^^ 

problem in the <Sign fundamenlal 

S ot any optical instrument involves tho 
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proper correlation of the three fundamental quantities upon 
which its usefulness depends. These quantities are the light¬ 
gathering power, the resolving power, and the magnification. 
It was shown by Eq. (165) in Chap. VII that the resolving power 
of any optical instrument depends upon its numerical aperture, 
assuming it to be entirely free from aberrations. If full advan¬ 
tage of the inherent resolving power of an instrument is to be 
realized, the aperture stop of the entire system, including the 
eye, must lie within the instrument. However, if Eq. (223) is 
applied to the eye, it will be seen that the illumination on the 
retina depends upon the size of the cone of rays that converge 
on the fovea. Therefore, no optical instrument is capable of 
making an extended object appear any brighter than it appears 
to the unaided eye, and the brightness will be reduced unless 
the pupil of the eye is the aperture stop of the system. Full 
advantage of the inherent resolving power of an instrument can 
be obtained without sacrificing the light-gathering power by 
making the aperture stop of the instrument and the pupil of 
the eye equally effective in limiting the aperture of the entire 
system. Usually, the eye is so placed that its entrance pupil 
coincides in position with the exit pupil of the instrument, since 
placing the eye elsewhere merely introduces an additional stop* 
that may unnecessarily restrict the field of view. When the two 
pupils coincide in position, they will be equally effective in 
limiting the aperture if they are of the same size. From the 
standpoint of optical theory, therefore, an optical instrument 
intended for visual use should be so designed that its exit pupil 
coincides in size and position with the entrance pupil of the eye.*^ 

When the above condition is satisfied by a visual instrument, 
the magnification is given immediately by Eq. (129) as 

^ This conclusion applies also in the case of a point source, although for a 
different reason. In this ciase, all the flux that is collected by the ontranoo 
pupil of th(^ instrum<u»t takers part in the formation of the diffraction pattern 
that is fornu^d on the rcitina, assuming that the exit pupil of the instrument 
is not Inrgtn- than the entrance pupil of the eye. The size of the diffraction 
path'rn increases as the sis!<i of the exit pupil of the instrument is decreased. 
Therefore, with an instalment having a given entrance pupil, the illumina¬ 
tion in th(^ diffraction pattiirn on the retina is a maximum when the size of 
the exit pupil is the same as that of the entranc.o pupil of the eye. The 
amount of flux colkuitcal by an instrument depends, of course, upon the size 
of the entrance pupil. Thus it is said to be possible to sec stars in the day¬ 
time with a teI<^sc*.ope of sufficient size, because the telescope increases 
the apparent intensity of the stars but not the brightness of the sky. 



418 


THE PRINCIPLES OF OPTICS 


y' _ n sin 9 
y n' sin B* 


where m is the magnification between the object and its retinal 
image. The denominator n' sin B' depends upon the refractive 
index of the vitreous humor and the angle subtended at the fovea 
by the exit pupil of the eye. Although B' varies somewhat with 
the adaptation level of the eye, it is ordinarily sufficient to dis¬ 
tinguish in practice merely between instruments designed for 
daylight adaptation and those designed for use at night. It is 
evident that, for a given value of n' sin 6', the magnification 
determined under the assumption that the exit pupil must 
coincide with the entrance pupil of the eye depends only on the 
numerical aperture of the instrument. 

As a matter of convenience, it is desirable to distinguish the 
magnifying power of an instrument from the magnification as 
defined above. By definition, the magnifying power of an optical 
instrument is the ratio of the size of the retinal image when the 
instrument is used to the size of the retinal image formed by the 
eye alone.^ Let m be the magnification between the object plane 
and its retinal image when the instrument is used, and let mo 
^ be the corresponding quantity for the unaided eye. When the 
instrument is used in the manner assumed above. 


For the unaided eye 


n sin0 
n' sin^' 


mo 


no sin Bp 
n' sin B’ 


where no sin is the numerical aperture of the eye. Combining 
these two expressions, the magnifying power of an instrument 
whose exit pupil coincides in size and position with the entrance 
pupil of the eye is found to be 


,, m n Sind 
M = — = :—— 

Wo no sin 00 


(233) 


Since, in this case, full use is made of the inherent resolving 
power of the instrument without reducing the brightness of the 
image, the value of iVf indicated by this equation is called the 
normal magnifying power of the instrument. 


^ The magnifying power of an. instrument is sometimes called the apparent 
magnification to distinguish, it from the real magnification of the retinal 
image. 
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To appreciate the full significance of this relationship, let us 
consider two concrete examples. In the case of an instr um ent 
that is used to view distant objects, such as a telescope, 0 and 6o 
are both small and n = no. Therefore, 

M = ^ = tan 6 _ 2p 

sin Sq tan do 2po^ 

where 2p is the diameter of the entrance pupil of the telescope 
(usually the objective) and 2po is the diameter of the entrance 
pupil of the eye. Since the entrance pupil of the eye is approxi¬ 
mately diameter in the daytime, it may be remembered 

as a useful rule that the normal magnifying power of a telescope 
is ten times the diameter of its entrance pupil in inches. 

A different situation arises in the case of a microscope because 
n and no may be different if the objective is of the oil-immersion 
type. Moreover, the object distance with the unaided eye is 
rarely the same as the object distance with the instrument, so 
6 and are no longer measured by the relative sizes of the two 
entrance pupils. In general, objects cannot be seen distinctly 
if they are less than 5 in. from the eye, even by young persons, 
and 10 in. (250 mm) is ordinarily assumed as the distance of 
comfortable vision. For an object at this distance, the numerical 
apertiire of an eye having a 2-mm entrance pupil is 0.004. As a 
useful rule, therefore, the normal magnifying power of a micro¬ 
scope is roughly 250 times its numerical aperture. 

The subject of magnifying power is commonly considered in 
its purely geometrical aspects. The procedure is to assume an 
object that subtends an angle measured by tan oco when viewed 
with the unaided eye. If an optical instrument placed before 
the eye forms an image (usually virtual) subtending an angle 
measured by tan a, the magnifying power is defined by 

M = - (234) 

tan o£o 

With the aid of this equation, the magnifying power can be 
related to the constants of the elements composing the system. 
The defect of this treatment is that it takes no account of the 
resolving power or light-gathering power of the system. In a 
telescope, for example, this geometrical line of attack leads to 
the result that the magnifying power is the ratio of the focal 
length of the objective to the focal length of the ocular. Hence, 
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by making the former very great and the latter very small, any 
magnifying power up to infinity is conceivably possible. How¬ 
ever, the use of a magnifying power higher than normal causes 
the exit pupil of the instrument to be smaller than the entrance 
pupil of the eye. Consequently, the size of the diffraction 
pattern on the retina increases [Eq. (164)] at exactly the same 
rate as the magnifying power. A magnifying power higher than 
normal is therefore said to be empty because no more detail is 
visible. For example, the normal magnifying power for a tele¬ 
scope having an entrance pupil 1 in. in diameter is 10. If, by 
decreasing the focal length of the ocular, the magnifying power 
is increased to 20, the light-gathering power is reduced to one- 
fourth of the value it would have under normal magnification, 
and the resolving power is not increased. Conversely, if the 
magnifying power is diminished to 5, the diameter of the exit 
pupil of the instrument is twice that of the entrance pupil of the 
eye. Hence the pupil of the eye becomes the aperture stop 
of the entire system, and the entrance pupil is reduced to 0.6 in. 
in diameter. In this case the apparent brightness of the image 
is the same as with normal magnification but the resolving 
power is reduced one-half. 

This discussion may be summed up with the statement that 
the principal feature to be observed in the design of visual 
instruments is the proper correlation of the magnifying power 
with the light-gathering power and the resolving power, which 
comes about automatically if the exit pupil of the instrument 
is made to coincide in size and position with the entrance pupil 
of the eye. In practice, it is quite customary to use a slightly 
higher magnifying power than the theory calls for because it is 
usually permissible to sacrifice light for the advantage of the 
easier seeing conditions that a slightly higher magnifying power 
affords. In a microscope, for example, the theory indicates 
that, since 1.6 is about the limit to the numerical aperture, the 
greatest useful magnifying power is approximately 400 times. 
Actually, magnifying powers as high as 1000 or more are fre¬ 
quently used to advantage when there is plenty of light available. 
This is in no way contradictory to the theory; it merely indicates 
a desire on the part of the microscopist to have a large image to 
study, even though it does not contain more detail. Of course, 
it has been tacitly assumed throughout this discussion that the 
resolving power of the instrument is limited by diffraction rather 
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than by aberrations. The normal magnifying power may 
therefore be regarded as a limit for perfect image-forming systems, 
and the limit is lower for an actual system in the ratio of the 
actual to the theoretical resolving power. 

There is so much history back of the design and use of visual 
instruments that the principles just discussed have become 
a tradition and the experienced designer accepts them as a 
matter of course. From his standpoint, the important problem 
is to reduce the aberrations to such an extent that the resolving 
power of the instrument is adequate for the purpose for which 
it is destined. The general procedure in lens design was discussed 
in Chap. VI, but the details depend so much on the particular 
form of the instrument that they must be deferred until later 
chapters. From the standpoint of the user of an optical instru¬ 
ment, the interrelationships between light-gathering power, 
resolving power, and magnifying power are of the utmost impor¬ 
tance, since they determine the limitations of the instrument 
and therefore the manner in which it should be used. A lack 
of appreciation of these principles is common, with the result 
that optical instruments are frequently called upon to perform 
feats which, if interpreted in terms of theii* electrical or mechani¬ 
cal analogues, would at once appear ridiculous. 

148. The Design of Non-visual Instruments.—Since the 
advent of satisfactory photographic plates, photoelectric cells, 
and similar physical detectors of radiation, many instruments 
that were formerly intended for visual use have been converted 
into non-visual instruments. There are, of course, a few non¬ 
visual instruments that have no visual counterpart, but, speaking 
generally, non-visual instruments have been merely adaptations 
of visual instruments. These adaptations have generally been 
made to permit observations in the regions of the spectrum 
where the eye is insensitive, to make the instrument recording, 
or to make it completely automatic by eliminating the operator— 
a feature that is highly desirable in the case of instruments that 
are to be used for routine purposes. 

The most effective design of a non-visual instrument involves 
the proper correlation of the same factors that must be correlated 
in visual instruments—namely, light-gathering power, resolving 
power, and magnification. There are two important differences 
between the two types, however. In the first place, non-visual 
instruments contain no element analogous to the optical system 
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of the eye, and hence the restrictions that have to do wit h tho 
size and position of the exit pupil do not apply. 1 n t Ih‘ w‘P<mdi 
place, the human eye and the physical detectors respond to 
radiation very differently. Photographic plal.es, for <»xiini|>le, 
respond, not to the illumination that they receive, as t h<* r<*lina 
does, but to the product of the illumination and I he* lime of 
exposure. On the other hand, photoelectric cu'lls r<*spori<l 
to the total flux regardless of the area over which it, is disl rihut eti. 
Asa consequence, no general rules can be laid down for th<* tiesign 
of non-visual instruments, hut a word of caution may lx* iiiti’i*- 
posed against the all too common tendency to adapt c\\:iHlinK 
visual instruments to non-visual purposes without taking acK'an- 

tage of the removal of the restrictions that beset the visuit! 
instruments. 


149. Mechanical Design.—Although it is not within the pro- 
a wrork on optics to enter extensively ini.<) i,I«. wil.jeet 
^ ^anical design of instruments, a few general prin<*ipI<*H 

^ sufficiently important to be mentioned. One very coiiiiiion 
mist^e IS to design the mechanical parts first and subsciiifnlly 

parts into the mechanical arranKemonl. 'n«. 

result of such a procedure is almost invariably a ,scc..„d-ni«e 
optical system, unless radical and expensive chnn«...s I.. Tl . 
meclianical design are made. A far better way is to biv out ll.e 

around it. Inasmuch as the behavior of every olciii<.nt i,, 1 1,.. 

^ theorotica.,v p..Hsi- 

Sanrh'avrS^tioffi t" '"'T" 

nary specifications The nJ’f according; to tli(> i>r<.|imi- 

tions with clamps or other +» their proper relative poHi- 

physical form of the propij^^d W '^“‘‘^"'hneil anil (h<> 
visualized. ^ mstrument can bo readily 

the tube in which a“i to ht “ «>?™ents. In 

a shoulder against which the lens is rcccs.seil to f„nu 

^ which a choice remains is the mn ^ fcMit.un* 

For tempomiy purposes, mode^gX” or Ifr 

g lay or soft beoswiix cun Ixi 
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used. If the lens is to be removed frequently, the most con¬ 
venient method of retaining it is to use a spring ring. This is 
simply a piece of spring wire bent into a circle so that when 
pressed against the lens it will remain in position by friction 
against the inside of the tube. A more elegant method of mount¬ 
ing a lens that is to be removable is to screw a threaded ring 
against it. If the lens is never to be removed from its mount, 
it can be burnished in place. This is done by placing the mount 
in a lathe and turning the thin edge of the tube over the edge 
of the lens with a rounded tool. Since the feather edge 
projecting above the lens must be short, the burnishing cannot be 
properly done unless the lens fits the mount rather closely. 
Nevertheless, burnishing is a very cheap and satisfactory method 
of mounting a lens. The customary way of mounting a com¬ 
plicated lens is to mount the separate elements in threaded cells 
that fit into a barrel. Aluminum and its alloys are frequently 
used for the sake of lightness, but cells made of these materials 
are likely to bind so tightly when screwed into the barrel that 
they cannot be removed without damage. This can be prevented 
by making the cells of brass, using aluminum only for the 


barrel. 

The finest work of the optician can be ruined by a careless 
job of mounting. The glass maker takes great pains to release 
the stresses produced in the glass when it cools, but if the finished 
part is screwed tightly in its mount, stresses of equal or even 
greater magnitude may be produced. This is especially 
when the mount makes contact at only a few points instead of 
over a wide area. If the glass part is composed of cemented 
elements, excessive pressure is particularly deleterious because 
in time the elements may become uncemented. 

The interior of an optical instrument should be as nearly 
dead black as possible. Excellent lacquers for the purpose are 
obtainable commercially, but a satisfactory substitute can be 
made by mixing lampblack with as little very thin shellac as will 
stick to the metal. The disadvantage of this lacquer is that 
it can be easily wiped off. The threads and adjacent portions 
of retaining rings and lens mounts should never be lacquered 
because particles of the lacquer may get into the threads and 
cause the ret.aining ring to bind. The followmg method Produces 
a lustrous black finish that is suitable not only for sacK parts but 
also for other parts where a sUght sheen is not ob 3 ecrionable: 
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Prepare a saturated solution of cupric carbonate (green) in ammo¬ 
nia water (sp. gr. 0.90) and decant the clear solution. Thor¬ 
oughly clean the part to be plated, preferably with emery puiM?r, 
and imm erse it as long as may be necessary. Then wash it in 
water to remove any undissolved particles of the carbonate 
and wipe it with an oily rag. This kind of plating is so (easily 
rubbed off that it should be coated with a transparent laccpier 
if the part is to be subjected to much wear. 

Formerly it was the custom to finish the exterior of optical 
instruments with orange lacquer, but nowadays black enainc'l 
is more generally used. This enamel may be either dull or glossy, 
a high polish on the metal surface being required for the latter. 
Frequently a crystal lacquer is used. It is particularly applical)le 
to unfinished castings because its rough surface conccjals t he la(^k 
of finish on the metal. However, it collects dirt readily and is 
difficult to clean. To lighten the appearance of the inst rument-, 
certain portions can be nickel-plated, either bright or dull. 
Chromium is coming into extensive use but is somewhat inort' 


expensive than nickel. Occasionally, portions of instruments 
are black-plated by an electrochemical process in which a coixi- 
bination of nickel and nickel sulphide is deposited on the metal. 
The plated article is finished by being polished and then rubbed 
with oil. This kind of finish looks good and is fairly satisfact ory 
even for moving parts, but it is less durable than nickel and t her<'- 
fore should not be used unless a black finish is necessary. 

ILens mounts are frequently engraved with such informat ion 
as the focal length, the name of the maker, and the serial number. 
The characters are engraved by means of a pantograph and t hem 
mled with a Mnd of wax. The finest filler is a gold or silver 
lacquer that is baked into the engraving. 

160. Optical Bra-wings.—The veriest tyro knows that to enable 
a mecharuc to build a piece of apparatus, he must furnish liiin 
mth a drawmg showing not only the essential dimensions init 
also the tolerances and the quality of finish desired; yet he will 
to an optio^ manufacturer for “a two-inch lens of twelve 
mch^ focal length” without indicating the index of the glass I he 

^ thickness, diameter, or even focal length. Ho may not 
spe^y any surface quaUty at aU, or he may ask for theSes ■ 
^ahty without reaUsing what this term means to an S ieian 
Any one who is not sufiioiently acquainted with practical opt ics 
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to know what quality is necessary and what tolerances are 
reasonable would do well to indicate the purpose for which the 
optical part is to be used. Customers are often reluctant to tell 
the manufacturer what they plan to do lest he steal their ideas. 
Aside from the fact that a reputable manufacturer would not 
stoop to such practices, the ideas are frequently so well known 
that, far from stealing them, the manufacturer can often make 
worth-while suggestions for their improvement. 



The exact form of an optical drawing is not important 
provided the essential information is contained on it; yet a form 
that has been found to be especially satisfactory is shown in 
Fig. 205. This figure is a drawing of a doublet objective for a 
high-quality two-power Galilean telescope designed to cover a 
wide field. The diameters of the lenses are indicated at the left, 
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the radii of curvature at the right/ and the thicknesses within 
the lenses themselves. The types of glass, quality of surface, 
and other pertinent information are given below. The dimen¬ 
sions are in millimeters, the customary unit used by opticianB. 
To prevent misunderstanding, however, the unit in which t he 
dimensions are given is stated on the drawing. Only one part 
of an instrument should be drawn on a sheet because the variouH 


parts may be put in work at different times or may oven be ina<]e 
in different departments of the factory. 

In general, it is a safe rule to follow the procedure that- ib 
customary for ordinary mechanical drawings, but the p(‘culinr 
characteristics of optical parts must always be kept in mind. 
Thus the rim of a lens is never polished because no useful purpowe 
would be served. In the case of a prism, on the other hand, f he 
optician has no means of knowing which faces must be polishcni 
and which may be left fine-ground unless this information in 
furnished. The letter -p- on the traces of a prism face in tlie 
various projections is usually an adequate indication t-o an 
o^ician that the corresponding face is to be polished. Similarly, 
G can be used to signify that a face is to be left fine-ground. 
Sometimes the sharpness of the bounding edge between two facies 
of a pnsm is of importance. An optician ‘ ^ breaks ” such an e< 
hi If f prevent chipping. When an edg(‘ muHf, 

fact It irop^'^w-7/ refraotometer, It is necessary to indicate i li<' 

1 ^ j Without saying that if a definite bevel is requinsi 
the angle and size of the bevel must be specified. The spl-cifica- 

th?Lt°of aTo^tic^ dimensions is especially important l,ccauH<> 

ably lower than he would havlto cl?/ r 

xxe wouia nave to charge for a special job. 

the lens is of preSsi^n""t curvuturo 
In other words, the specified values for\he 

glass that is to be used, and fitting th^ s,. f nuiroly t.h<* 

call3;^speeifies the tolera^^ffor autonuU.i- 

the desired radii are known to be avallshl ^ fdasHCH of 

given for radii. vailable, tolerances should always bo 
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OPHTHALMIC INSTRUMENTS 

The normal human eye was described in Chap. X, and now 
certain common abnormalities and the method of using spectacles 
to correct them will be considered. The branch of science that 
deals with the structure, behavior, and diseases of the eye is 
known as ophthalmology and the scientist who specializes in this 
subject is called an ophthalmologist. An oculist is a medical 
practitioner who has specialized in ophthalmology. He is there¬ 
fore qualified to prescribe spectacles and also to treat the various 
diseases of the eye. An optometrist is trained to prescribe spec¬ 
tacles and to recognize the symptoms of eye diseases, although he 
is not qualified to treat them because of his lack of medical 
training. The optometrist in a small community is usually 
equipped to supply the spectacles as well, but in larger com¬ 
munities he more frequently furnishes merely a prescription which 
the patient takes to an optician to be filled. 

161. Defects of Vision.—An emmetropic eye is, by definition, 
one that forms on the retina an image of an infinitely distant 
object when the accommodation is relaxed. The normal eye is 
very nearly emmetropic. When such an eye views a near-by 
object, the ciliary muscle tenses and allows the anterior surface 
of the crystalline lens to become more strongly curved. The 
normal individual at 10 years of age is able in this way to focus 
sharply on objects lying anywhere between the far point at 
infinity and the near point at about 7 cm in front of the eye. The 
range of accommodation becomes progressively less as the 
individual grows older, as is shown in Table XXVI, until in old 
age the power of accommodation is completely lost. This 
effect, which is called presbyopia, is due to a progressive hardening 
of the crystalline lens. It becomes a source of inconvenience as 
soon as the near point has advanced beyond the comfortable 
reading distance. If the far point of an eye is elsewhere than at 
infinity, the eye is said to be ametropic, as opposed to emmetropic. 

The two simplest forms of ametropia are myopia and hyper- 
metropia. These are illustrated in Fig. 206 at B and C respec- 
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Table XXVI.— Hawgb of Accommodation fob an Emmetropic Ettb 
All distances measured from the first principal point of the eye. 


Age, 

years 

Distance of near 
point, centimeters 

Distance of far 
point, centimeters 

Power of accom¬ 
modation, diopters 

10 

7.1 

OO 

14 

15 

8.3 

OO 

12 

20 

10.0 

OO 

10 

26 

12.8 

OO 

8 

30 

14.3 

OO 

7 

35 

18.2 

00 

6.6 

40 

22.2 

OO 

4.5 

45 

28.6 

OO 

3.5 

50 

40 ' 

OO 

2.6 

66 

67 

—400 

1.75 

60 

200 

—200 

1.00 

66 

-400 

-133 

0.60 

70 

-100 

- 80 

0.25 

75 

- 57 

- 57 

0 

80 

- 40 

— 40 

0 


tively, an emmetropic eye being shown at A for comparison. 
The cause of these defects lies principally in an incorrect relation¬ 
ship between the length of the eyeball and the radius of curvature 
of the cornea, where most of the refraction takes place. The 
curvature of the cornea is approximately the same for most 
individuals, but the length of the eyeball varies considerably. 
If the eyeball is too long, as in B, a bundle of rays from an infi¬ 
nitely distant point is brought to focus before reaching the retina. 
In other words, the far point of a myope is less distant than 
infinity. When the myope possesses the normal power of 
accommodation, as is usually the ease, the near point is closer 
than that of an emmetropic eye. If the eyeball is too short, 
as in (7, a bundle of rays from infinity is brought to focus behind 
the retina. Hence the distance of the far point of a hyper- 
metrope is negative, corresponding to a virtual object located 
behind the eye. If the power of accommodation is normal, 
the near point is, of course, more distant than that of an emme¬ 
tropic eye. 

Hypermetropia is the more common defect, most “normal” 
eyes being slightly hypermetropic. But myopia, although less 
common, is more serious because our every-day activities tend to 
aggravate it. There is evidence to indicate that it is induced 
by excessive use of the eyes for near work, the extra-ocular 
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muscles that converge the eyes acting in such a manner as to 
lengthen the eyeballs. Usually it appears at about the tenth 
year of age, when school work 
begins in earnest, and then it 
increases to an extent that depends 
upon the occupation of the indi¬ 
vidual and the structural charac¬ 
teristics of the eyeballs that he 
has inherited. The increase is 
most rapid before the twentieth 
year, when the eyes acquire their 
permanent shape. The danger is 
that as the retina increases in cur¬ 
vature, it may become injured 
mechanically, after which normal 
acuity cannot be attained even 
with suitable correcting lenses. 

In extreme cases, detachment of Fiu. 20 c. — a, an emmetropic eye; b, 
the retina may ensue. “ “ hypcr.nctropi,, oyo. 

In general, myopes become aware of their abnormality because 
of the difficulty of distinguishing distant objects. Hyper- 
metropes, on the other hand, are prone to boast about the 
excellence of their vision, and, while they are still young, their 
power of accommodation may be ample to enable them to see 




207.— The iKttioii of Bi> 0 (*tiich?H in (^orrect.inK uinoiTopiil. A, the olToct of £L 
uof?iiUvo leu8 in inyopiii; B, the olTotifc of ii powitivo Ions in hypormot.ropia. 


objects even as close as the normal reading distance. As they 
become older, or in any case if their hypermei.ropia is pronounced, 
focusing on near-by objects involves a considerable strain on 
the nervous system. The result is that they are likely to become 
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aware of their abnormality because of headaches that follow a, 
prolonged use of the eyes for close objects. 

Myopia can be corrected by the use of a negative lens iih kHowh 
at A in Fig. 207, and hypermetropia by the use of a posit iv<^ lens 
as shown at B. Without a lens, a parallel bundle of rays woiilti 
come to focus either in front of the retina or behind it., aii<l f ho 
lens deviates the rays just enough to focus them on the rc*t inii. 
In other words, the power^ of the lens should, in gcuKu-al, Ik* just 
sufficient to image the far point of the individual at infinity. 

X 



Fig. 208. 

toroidal L 

cai^3^tema at obU.ue 

«ther 

defined in Sec. 25, Chan ITT i+i* +i, power is the diopter autl jlm 

The use of this quantity is a distinct 

assumed to be thin, its power is^^X h ti‘<’ l<‘n.s .-nn I.o 

refracting surfaces. Likewise, the poww of T”" Powers of t,h<‘ two 

sum of their individual powers lonsc's in <r<>n t act. 

matij of\?~ produoo,. a 

cataAir “ -Porte^oa because i “ofL^r^ai“ol 
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effects are somewhat similar. For example, if an individual 
afflicted with astigmatism views a set of radial lines like those of 
Fig. 209, one line will be seen sharply* and the others more or 
less blurred. In particular, the line at right angles to the one 
in sharp focus will be the most blurred. The annoyance suffered 
by the patient depends not only upon the amount of astigmatism 
but also upon the direction of the axis. A low degree of astigma¬ 
tism is of little moment if the axis is horizontal or vertical, 
but it lowers the visual acuity considerably if the axis is oblique. 



Fill. 201).—A typicuil chart for dctootiuK astigmatism. 


If the axes in the two eyes are not parallel, a relatively slight 
amount of astigmatism produces a severe strain on the ciliary 
muscles, which endeavor to overcome the error. Astigmatism 
can be corrected by the use of a lens whose surface is cylindrical, 
the power and azimuth of the cylinder being chosen to neutralize 
the defective curvature of the cornea. 

A defect of t he eye that is sometimes corrected with suitable 
spectacles, although it is not a refractive error, is called hetero- 
phoria. This is due to a disturbance of the relationship between 
the muscles that control the accommodation and those that 
control the rotation of the eye. When a normal individual 
directs his attention toward an object, the eyes not only accom- 
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modate tiemselves for the distance of the obj(H5t but converj^po 
toward it as well, the brain having learned the proper acconii iuMcia- 
tion-convergence relationship as a result of experience. If 
ametropia is present, a given amount of accommodation docn 
not call into play the corresponding amount of convorgcnop. 
The eyes do converge until both images of t.ho object, full on 
correspwnding portions of the two retinas, but t.he conv<*rgf'ii 4 jei 
is abnormal compared with the amount of accoiumofhit ion* 
The presence of heterophoria is easily tested by viewing a <iiHt ant 
light vwth a red filter over one eye and a green filter over t h(» < >t her. 
If the individual is normal, the two images will fuse automat icaliy. 
On the other hand, if the individual suffers from hetorojjhorin, 
the brain does not realize that the two images belong to th<^ sariie 
&^ce and does not make the requisite endeavor to fuse t fuun. 
When an ametropia of long standing is suddenly correcte<l with 
^ctacles the heterophoria does not immediat.ely disapixu^r 
^cause the muscles have become accustomed to adopt ing rt false 
accommodation-convergence relationship. It usually disapiH‘ar« 

^ -«u'lurly . 

by glasses that are ^ ?”“ l^rsists and inust ho eorr<><'(tc<l 

^ prismatic. These can be made by griiKiinK 

tering the lenses. frequently miwle, by donen- 

to converge the visual . 1 , ^ "•r<' unable 

If the strabi^LTofC degrf/r; T ‘T 
by educating the muscles thrm,’ i, ° ° frequently bo correct e<l 
patient has been fitted with . t^Ki exorcises after t In. 

the only remedv is an n “it^ble glasses. In aevoro c.aHeH, 

ocular muscles are cut and^^ew certain of the oxt ra- 

W 2 . Refraction are shortened. 

of the refractive errors of an ometry, the dotermination 

method usuafiy emp[oiltubL^"“ 

vanous combinations of lenses while 'th tryiriK 

distant test chart. These ]en<i*Q • patient observes a 
one or more at a time un^ T “ « ferial frame 

Wher normal or as high m posim becomes 

wntten down by noting the sum of m Prescription is then 
‘ See Sec. 195 , Chap ^xy. Powers of the indiviehud 
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lenses in the trial frame. A typical prescription is given below: 



Sph. 

Cyl. 

Axis 

O.D. 

— .26 

-1-2.50 

96‘» 

O.S. 

0 

-1-1.75 

90° 


The symbols “O.D.” and represent the Latin words oculus 

dexter and oculus sinistery which mean “right eye” and “left eye” 
respectively. In this case, the prescription for the left eye calls 
for a cylindrical lens having a power of 1.75 diopters with its 
axis vertical. The prescription for the right eye calls for a 
combination of a sphere having a negative power of 0.25 diopter 
and a cylinder having a power of 2.50 diopters with its axis 
inclined 5° from the vertical toward the temple. This prescrip¬ 
tion is translated by the optician when he comes to grind the lens 
in a manner that will be described presently. 

The method by which the optometrist determines the proper 
lenses for his patient depends to some extent upon the type of 
correction that must be made. In general, he begins by deter¬ 
mining the approximate correction with a retinoscope, which will 
be described in Sec. 155. If the patient is so illiterate that a 
subjective examination would be impracticable, the glasses are 
prescribed solely on the basis of this preliminary examination. 
Ordinarily, however, a trial frame is fitted to the patient and the 
subjective examination is made, the patient observing a test 
chart bearing letters of various sizes. If the patient is a myope, 
the optometrist begins with a negative lens that is slightly weaker 
than is indicated by the retinoscope. He then tries lenses of 
increasing strength until the proper visual acuity is attained or 
until the acuity becomes as high as possible. If the patient is a 
hypermetrope, the optometrist “fogs” him with a positive lens 
so strong that his accommodation cannot overcome it. The 
ensuing procedure is then similar except that lenses of decreasing 
positive power are tried. The patient is then directed to observe 
the astigmatic chart, which is of the general form illustrated in 
Fig. 209. If he is afflicted with astigmatism, one line of the chart 
will be sharp and the others more or less blurred, the sharp one 
being in the meridian in which the eye has the highest power. ^ 

1 The reason is that, under the assumed conditions, the eye is myopic in 
this meridian and emmetropic in the perpendicular meridian. Unless trial 
lenses are used, it is impossible to determin(3 from the test chart which 
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Negative cylindrical lenses of increasing power are then inserted 
in the trial frame with their axes perpendicular to this meridian 
until all the lines appear equally distinct. Finally, the spherical 
lenses are usually varied slightly to make certain that the proper 
correction has been found. The optometrist does not necossiirily 
prescribe the lenses that give the maximum acuity, but instead 
he attempts to take into account the condition of the patient's 
eyes. Thus, it is customary to prescribe a little leas than t he full 
correction for myopes because they are usually in the liabit <jf 
holding objects excessively close to their eyes. Their ciliary 
muscles are therefore constantly under excessive strain, an<i 
they tend to remain somewhat tensed even when distant objects 
are being observed. 


The test charts that are commonly used by the optometrist 
are cards bearing rows of letters, the letters in each row btung 
progressively smaller in size. These letters, which are kn<jwn 
by the name of their inventor Snellen, are shown at Ji. in h'iju;. 
210. It is customary to place the chart 20 ft. from the pat ituit 
and to make the letters in the various rows of such a size that, 
they would subtend an angle of five minutes of arc at dist ancu's of 
10,15, 20, 25, 30, 50, 80, 100, and 200 ft. respectively. The bhiok 
strokes and the white spaces in these letters are made to siiljtcuul 
an angle of one minute of arc. For children and illit,orates, 
ch^s used containing a series of gothic E’s, as shown at. H 
m ±ig. 210. In reading a chart of this type, the patient imlicatoH 
the orientation of the letters with his fingers. The visual acaiit y 

f K ® ^ fraction, the numerator being the 

of observation and the denominator the stan.iard di»- 
t^ce for the smaUest letters that can be read. For exan.iilo if 

^usuaUy keen vision have acuities as high as 20/15 or oven 


meridian of highest or lowit n means of knowing vvliotlu^r tin* 

meridian is nearer vertical than h(^^ ^ focus. Usually tho 
is said to be “with the rule » If aHl.igniat i.sin 

horizontal than vertical strongest meridian is more ne,irlv 

m which case the astigmatism is said to ^ or the v<irti(uil, 

x-ay, of course, be wi^the^Te ofa^a^t it astigmatism 
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Usually more than one lens at a time must be put in the trial 
frame to make up the required power, since the number of lenses 
in the set is necessarily limited. It is evident that the sum of the 
actual powers of the individual lenses is not equal to the true 
power of the combination because of the impossibility of placing 
the lenses in coincidence. In the cheaper trial sets, the error 
thus introduced is neglected. This is unfortunate because such 
sets usually contain so few lenses that several are ordinarily 
required to obtain merely the proper spherical power. The best 
sets contain enough lenses so that only two are required in all— 
one for the spherical power and one for the cylindrical. The lenses 
in these sets are designed in such a manner that the sum of the 

E D L C Z O ^ 
E 111 3 ■ 

Fio. 210.—Portions of charts for determining visual acuity. A, Snellen 
letters subtending an angle of 6' at 20 ft. A person who can just read these 
letters at 20 ft. has an acuity of 20/20. i?, E-chart for children and illiterates. 

The patient indicates the orientation of the E’s with his fingers. 

indicated powers is equal to the true power of a single lens placed 
at the standard distance from the eye. Even when such a set is 
used, however, the lens worn by the patient may be at a different 
distance from the eye, and may therefore have a different effective 
power. Trial lenses are usually flat, whereas spectacles of the 
better quality are meniscus for reasons that will be set forth in 
the next section. As a result, if both the trial frame and the 
spectacles are worn where the lenses just clear the eyelashes, 
the vertices of the spectacle lenses are farther from the cornea 
than those of the trial lenses. This difference is important in the 
case of pronounced hypermetropia because the second principal 
points are then in front of the lenses. The error is avoided by 
specifying the power in terms of the distance of the focal point 
from the vertex rather than from the principal point, the unit of 
power measured in this way being called the vertex diopter. 

So far we have considered only the problem of finding spectacles 
that will form sharp images on the retina, and have given no 
consideration to the magnification that they might produce. 
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If spectacles produced an appreciable magnification, it would 
certainly be serious when the two eyes required different correc¬ 
tions (a condition known as anisometropia) because the images 
on the two retinas would then be of different sizes. However, 
it can be easily shown that if a thin lens is placed at either focal 
point of an optical system, the focal length of the system is 
unaltered. Now the first focal point of the eye is about 15 mm 
in front of the cornea, and hence, if spectacles are worn in 
this position, they produce no change in the size of the iiixiige. 
Actually, to avoid interference with the eyelashes, spectacloH 
are worn slightly ahead of the focal point but not enough to 
cause any serious effect unless the anisometropia is very marked. 

Occasionally, visual defects are encountered that caniK^t. bo 
corrected with spectacles. Sometimes the media of the eye aro 
partially opaque or the retina is diseased. To distinguish such 
cases from those in which the only fault is a refract-ive error, 
a diaphragm pierced with a pinhole is placed over t!ie eye. 
If the error is simply one of refraction, the vision will usually Ix^ 
improved. Otherwise, the condition is pathological and glassc-s 
may be useless. 


163. T^es of Spectacle Lenses.—The optician could fill t he 
prescription for the right eye given on page 433 by st-arting wit h 
a flat blank and grinding a sphere with a power of —0.25 diopl.t^r 
on one side and a cylinder with a power of +2.50 diopters on 
the other. In the parlance of the optician, this would be calhxl 
a flat lens. Such a lens is satisfactory enough wh(m t,ho wearer 
looks through the center of it, but the aberrations becoim^ serious 
ne^ the edge. A vast improvement in the definition in t.he outer 
portions of the field of view came about with the int.roduction 
of the meniscus type of lens. In this type, the surfac(. Ilear<^sf. 
the eye is concave, usually with a power of -6.00 diopters. 

calls for a combination of sphere and cylinder, 
A toroidal toroidal and the lens is said to be torir. 

be ground wif.h speeial 
shape of the desired surface. The grinding 

constraoted to move the tool in .sucli n 
m^er that it m not seriously deformed by the grinding 

of erindiTiff F 4 . 1 . example, consider the met hod 

aoove. i^t It be assumed that the surface 
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nearest the eye is to be spherical and is to have a power of — 6.00 
diopters. In the meridian at 95°, the power of the front surface 
must be +5.75 diopters.^ The power of the cylinder is greatest 
in the 5° meridian, and the power in this meridian must obviously 
be +8.25 diopters. 

Astigmatism is the most important aberration of spectacle 
lenses, and to correct it, von Hohr computed a series of lenses 
in which the power of the surface nearest the eye is always such 
as to reduce this aberration to a minimum. ^ Such lenses give 
excellent definition over the entire field but are somewhat more 
expensive because every combination of spherical and cylindrical 
powers demands a different base curve. Recently, several 
firms have put on the market new types in which fewer base 
curves are required, a single curve serving for several lenses. 

It was indicated in Table XXVI that the near point of an 
otherwise normal individual recedes beyond the comfortable 
reading distance sometime during middle life, usually at about 
45 years of age. Of course, the presbyopia has existed since 
birth, but it becomes troublesome only at this time. The remedy 
is to wear glasses having sufficient positive power to bring the near 
point back to the conventional reading distance. More power 
might be used without impairing the acuity but it tends to upset 
the accommodation-convergence relationship. 

If the individual has other refractive errors, he may wear two 
pairs of glasses after the presbyopia has become serious, one pair 
for distant use and the other for reading. More often, he will 
wear hifocaU, as they are called. The first bifocals were made 
by mounting the distance lens in the upper half of the frame 
and the reading lens in the lower half. This is the kind that 
Benjamin Franklin wore. Later, the reading lens was made 
in the form of a thin wafer to be cemented to the lower portion 
of the distance lens. Many such lenses are in use today, but 
they have the disadvantage that the cement at the edge of the 
wafer collects dirt and the spectacles therefore become unsightly. 

^ This mothod of ooinpvitii't.ion assumes the lens to be thin, which is not 
justified in the higlier powers. It is impossible, of course, to describe the 
special inothodH by whicdi the inoclern optician takes the thickness of the lens 
into at;count, but it may b(.^ stated that they are based on formulae developed 
from the first-order tlu^ory discussed in Chap. IV. 

® For the procodur(^, scjo a paper by Southall, Jour. Optical Soc. Amer., 5, 

398 (1921); 7, 219 (1923). 
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An improved type of bifocal, known as the ‘^Kryptok/* is made 
by fusing a button of higher index into the blank. The procedure 
is to grind a spot on the distance lens to the proi)cr radius of 
curvature and then to fuse on a button of higher index. When 
the lens is subsequently ground and polished in the ordinary 
manner, the reading portion is of higher power. ^ The index of 
ordinary spectacle crown, which is used for the distances lenn, in 
1.523, and that of the button is usually 1.616. l^or high 

of the reading addition, glass having a still higher index is UHOtl 
for the button. 


Another method of furnishing the reading addition is tt> jgririd 
a segment of the lens to a curve that is different from that on 
the rest of it. This is known as the one-piece bifocal, nn<i it 
has the advantage of being comparatively free from chroinalic 
abemtzon. It is expensive to make, however, and 
of the readmg portion is frequently as noticeable as ( hat, of a 
K^tok. In every case, the size of the button is adjust, chI by a 

STda rally 

remainder of this chapl.T, 
that are used either to dei.-cf 

foT^m of mfrfr T “ the proper correct ion 

of refraction. Some of these instruments are espeei a 11v 

Th? enhrt„l of value in other connect ionH.=> 

“tenrofT t-trument devised f<,r 

holtzinl852 and in its oriiri ^ iT invented by Helm- 

used as a mtoor, as showHn E?r2n“’'Shw"' ‘r 

of gta :nust Intve f l.,. 

Pomt. la addition, if chro^M^ ah ® ‘'.o lovvor n,..|. i„„ 

of the reading addftionrThTt “ twe-h -h-s 

This is not true of the 'li«I>e«iv.. 

rf the distance lens is about 69 and thJk Hie .-value 

However m a newer bifoeal known bt tb **'''>“«<’« HlHuit. 3(i „r 

“ approximately 56 ‘‘ Hokrome,’’ the 

e.ves h, visio„-the ahUitv of the 

ex^me a single eye. Theyarfessenti.n from those uaeil lo 

•P Chap. XXV. ^ atereosoopes and will be d<*„'riLe.l 



OPHTHALMIC INSTRUMENTS 


439 


approximately on the retina (or fundusj as it is frequently known 
in medical terminology), and as the source had a finite size, a 
finite area of the fundus was illuminated. The observer then 
examined the fundus by looking directly through the glass. 
The instrument was soon improved by silvering the mirror, 
a small hole being left in the center for observing the eye. A 
few months later, R-uete improved the device still further by 
making the mirror concave so that the rays would come to a focus 
near the center of the eyeball and diverge from this point to 
illuminate a larger area of the fundus. This type of ophthalmo¬ 
scope is in common use to-day. If both the patient’s eye and the 
observer’s eye are emmetropic and unaccommodated, the 
observer can see details in the fundus of the patient’s eye, such as 
the blood vessels and the blind spot. If the patient’s eye is 

Observer- Porf/eni- 



ametropic, on the other hand, a suitable lens must be interposed. 
The strongest positive lens or the weakest negative lens required 
to make the details appear distinctly is the correction of the 
patient, provided the lens is placed at the same distance from 
the eye as the patient’s spectacles will be worn. The difficulty in 
determining a patient’s correction with the ophthalmoscope is 
in making certain that neither the patient nor the observer 
unconsciously accommodates. A practitioner learns to avoid 
accommodating by experience, and if a patient shows evidence of 
accommodating, a mydriatic, such as atropine, can be placed in 
his eye to paralyze the ciliary muscle. 

The reflections from the various surfaces of the patient’s eye, 
especially the cornea, are very annoying in the simple type of 
ophthalmoscope just described. These reflections are avoided 
in the more elaborate types, which are designed to fulfill the 
three following requirements: 

1. Tho fundi of tho piiticuit and the observer must, be conjugate. 

2. The pupils of the patient and the observer must be conjugate. 
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3. The pupil of the patient's eye must be conjugate to the eiitranc^o pupil 
of the illuminating system. 

Several instniments in -whicii these conditions are fulfilled have 
been invented, but the type due to Gullstrand is the most common 
at present. One modification of his design is shown in Fig:. 212. 
Light from a lamp S is focused by the condenser C on nlit Ay 
which in turn is focused by a lens Li on the patient’s pupil at A' 
ne^ the edge, being reflected thereto from a transparc'nt plaf <> H. 
This plate is made slightly wedge shaped so that th<^ light 
reflected from both surfaces will strike the pupil at f.lKi: smiH* 



Observer 


/ 



^ J • rGtT/e/7T 



-^ 





.... xne optical system of the GuUstraud ophthalnioe,,..,,,.. 

place. The rays diverging from A' illuminate the fundiia wliicl. 
U if tod ’T"" optical system composed of (lio 

is ’dra;n as a sin^l? 1^^r^«t o? "SJSTTT 'T 
forms an image of the oatiPnf'a -i ^Phcity. iho huiw 

placed here will block off the ima^e X"°of thelp **1 

The first condition o-iir.n “ tlie illuminated siio). .-1 

lenses L,, L,, and E with satisfied because the (.hri'o 

ferm an lmie“f tf; Tatien^o 7 T two <iyos, 

The second condition is fulfilled 7 observer. 

of the patient’s pupil on that of tt, ^ i°rin an iiimge 

tion is fulfiUed'heci,^ 

aperture stop A. P t s pupil is conjugate to f,li(‘ 

concerm^BTnoToSyihf^^ oculist information 

general physiological condition “tSl‘p^irt.^l" a It* 
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oculist not infrequently discovers evidences of morbid conditions 
existing elsewhere in the patient^s body long before definite 
symptoms have appeared. It would be out of place here to 
discuss the various pathological conditions that can be detected 
by means of the ophthalmoscope. There is, however, a rather 
common disease of the eye that may be mentioned because it 
illustrates the use of the ophthalmoscope as a measuring 
instrument. This disease, which is known as glaucoma^ is charac¬ 
terized by an increase in the pressure of the fluids within the eye¬ 
ball. The first effect is to depress the blind spot since this is 
mechanically the weakest portion of the eyeball. The depression 
is easily detected with the aid of an. ophthalmoscope by noting 
the difference in power required to focus sharply on the blind 



Fm. 213.—Sketch showing the principle of the retinosoope. 

spot and on the surrounding portion of the fundus. The custom¬ 
ary treatment for glaucoma is an operation known as iridec¬ 
tomy, in which a segment of the iris is removed. This has the 
effect of opening the ducts leading to the eyeball and thereby 
allowing the excess fluid to escape. If glaucoma is allowed to go 
untreated, the blind spot spreads and total blindness eventually 
i-esults. 

166. The Retinoscope.—The construction of the retinoscope 
is akin to that of the simple ophthalmoscope, but its action 
depends on the apparent motion of a spot of light across the 
retina.^ In Fig. 213, a source of light /S is placed at the side of 
the patient’s eye while the observer holds a concave^ ophthalmo¬ 
scope mirror in position I. An image of /S is formed at P 
and, if the eye is properly accommodated, this image in turn is 

^ The theory is 4liHeusMtHi at longtii fly Southall, Jour. O'plical Soc. Aincr. 
and Rev. iSci. Jnxf.rumentu, 13, 245 (1926). 

Homo ojjtoniotriHta uhc a plane mirror but the principle of operation 
is the same, the oTily tlifferenco in the result being that the motions of the 
image are reversed. 
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focused on the patient’s retina at Px. If the observer now swings 
the mirror to position II, an image is formed at P 2 , and this in 
turn is focused on the patient’s retina at Pi. If the patient’s 
eye is not accommodated for the points Pi and P 2 , the images will 
appear as circles of confusion. Even so, a spot of light moving 
in a direction opposite to that of the mirror will be formed on 
the patient’s retina. The direction in which the spot appearti 
to move to the observer depends upon the refractive condition 
of the patient’s eye. If the patient is hypermetropic, the images 
of Pi and P 2 ' are behind the eye and are erect. Thus, to the 
observer, the spot of light appears to move in a direction opposite’? 
to that of the mirror. If the patient is myopic, the images are 
located in front of the eye and are inverted. In this case, thc^ 
spot of light appears to move in the same direction as the mirror. 
If the patient is emmetropic, the images are located at infinity 
and hence do not appear to move at all. 

In practice, the optometrist places himself about a meter 
from the patient and tries various lenses in front of his eye until 
there is no apparent motion of the spot across the patient.’s 
retina as the mirror is rotated. If the patient is astigmatic, 
the edge of the spot may remain stationary in one direction but. 
not in a direction perpendicular to it unless a suitable cylindrical 
lens is interposed. When the proper lens combination has 
been found, the optometrist subtracts one diopter from his 
observations to allow for the fact that he is at a distance of 1 
meter rather than at infinity. Since the optometrist, determines 
the apparent motion of the spot of light by observing the edge 
of the shadow, retinoscopy is often known as skiascopy. 

166. The Ophthalmometer.—Since many of the refractive^ 
errors of the eye, such as astigmatism, are the result of an improp¬ 
erly shaped cornea, special instruments called opht halmonuders’ 
have been devised for measuring the radius of cur vat.u re of this 
surface. There are two general types of these instruments, 
one invented by Javal and Schjdtz and the ot.her by SutclitTe, 
but the principle of operation is the same. It consists in iiK'asur- 
ing the size of the image of a target formed by reflection at. t in' 
surface of the cornea. The straightforward method of measuring 
this image would be by means of a micrometer in the octdnr 

^ They are sometimes called keratometers, although this t(^rin iiiny €u*cji- 
sionally lead to confusion with an instrument that was onco used for nu^uHur- 
ing the distance of a spectacle lens from the cornea. 
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of the observing telescope, but the constant involuntary move¬ 
ments of the patient’s eye make this method impracticable. 
The method adopted is to divide the reflected beam so that two 
images of the target are seen in the ocular, and to provide means 
for adjusting the deviation of the beams until the images are 
brought into coincidence. The various types of ophthalmom¬ 
eters differ widely in the manner by which the beams are divided,^ 
but in all of them the deviation of the beam required to bring 
the images into coincidence is made to indicate the curvature 
of the cornea directly. It is customary to express the curvature 



in diopters of refraction. The normal radius is 7.83 mm and, 
since the cornea has an index of 1.376, the power of the normal 
cornea is 48.0 diopters. 

Since an astigmatic cornea has different powers in different 
meridians, ophthalmometers are made rotatable about their 
optical axes to enable the power in any meridian to be measured. 
It is an easy matter to determine the meridians of greatest and 
lowest power, which are ordinarily 90° apart; and the difference 
in power represents the corneal astigmatism. The subjective 
examination discloses the total astigmatism, and the difference 
between the two is the lenticular astigmatism. 

157. The Slit Lamp.—The media of the eye often contain 
opaque particles, which may be either congenital or the result of 
an injury. Such particles can be detected by means of an intense 
beam of light directed so that it will not blind the observer. 

^ Helmholtz, “Physiological Optics,” Vol. I, pp. 303^; English ed. 
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The combination slit lamp and binocular microscope sketched in 
Fig. 214 has been designed for this purpose. Light from a lamp 
S is focused by means of the condenser C on the slit A, and this 
slit is focused in turn by means of a lens L upon the portion 
of the eye being examined. The examination is made with a 
binocular microscope, which consists simply of two microscopes 
Ml and M 2 directed upon the point to be examined.^ Since th(> 
incident light does not enter the microscope, the field is dark 
and the particles stand out sharply against the background. 
Their positions can be estimated with considerable precision 
because of the stereoscopic effect of the binocular microscope. 
Certain pathological conditions are also readily detected in this 
way. 

168. Miscellaneous Ophthalmic Instruments.—Many other 
instruments are used in ophthalmic practice, but most of them 
are comparatively unimportant. One large class that desorven 
mention, however, is designed for determining the boundai’ies 
of the field of view. A good representative of this class is 
the Bjerrum screen, which consists of a 2-meter square of bla(?k 
velvet placed 1 meter in front of the patient, who gazes at a whit <> 
spot at the center of the screen with one eye while the otlier is 
covered. The oculist, holding a wand furnished with a small 
white or colored test object at the far end, stands beside t.he screen 
and moves the test object inward until the patient just perceives 
it ‘‘out of the corner of his eye.’^ By moving the test objc^ct- 
successively from all directions, the entire visual field can Ix' 
mapped. The extent of the blind spot can be dctermincid by 
placing the wand inside the area on the screen corresponding 
to the image of the blind spot and moving it outward. In tliis 
way, the progress of glaucoma can be followed. Other instru¬ 
ments of more elaborate design have been constructed for 

mapping the visual field. As a class they are known as perimeters 
or campimeters. 

^ A photograph of such a microscope is shown on p. 524. 



CHAPTER XXI 

PHOTOGRAPHIC OBJECTIVES 

lMiotoj 2 ;raphic objectives range in quality from the simple 
lenses used in eighty-nine-cent cameras to the highly corrected 
ones used for aerial surveying, whose cost may run into four 
iigurcs. The characteristic feature of aU photographic objectives 
is their high relative aperture and the large field that they are 
required to cover. As was indicated in Chap. VI, it is impossible 
to fully correct an optical system of high aperture over a large 
field, and the designer is therefore compelled to resort to com¬ 
promises. The great variety of objectives on the market is 
due t o attempts on the part of designers to attain a compromise 
t hat is best suited to a particular purpose. 

169. The Correction of Photographic Objectives.—A photog- 
ra.pher’s “rule of thumb” states that, for ordinary photographs, 
the focal length of the objective should be approximately equal 
to the diagonal of the plate. The corresponding field angle is 
58°, which is in marked contrast to the field that a telescope 
ol)jectivo is required to cover. ^ If an optical system is to cover 
such a large field, either the relative aperture must be low or 
the corrections must be imperfect. Since it is seldom permissible 
to sacrifice relative aperture, the definition must necessarily be 
tlislinctly inferior to that produced by an aberrationless lens 
wliose definition is limited solely by diffraction. That such 
is the case is easily verified by measuring the image of a distant 
point formed by even a “well-corrected” photographic objective, 
which is rarely found to be less than 0.1 mm in diameter. On 
the other hand, a perfect lens with a relative aperture of //4.5 
should be capable of forming a diffraction pattern whose central 
disk is only about 0.005 mm in diameter. Fortunately, needle- 
sliarp” definition is seldom required of a photographic objective 
for several reasons. In the first place, excessive sharpness 
in the plane that is in focus draws attention to the lack of sharp- 

‘ Aji ordinary eight-power binocular covers a field of only about 6® (that 
is, on (hither side of the axis), and telescopes of higher power cover a field 

that, is i>roport.ionately smaller. See p. 485. 
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ness in the other planes. In addition, photographic emulsions 
are so grainy that a blur circle 0.1 mm in diameter is not objec¬ 
tionable. Moreover, a very large proportion of photographs, 
especially portraits, are actually improved by softening the defini¬ 
tion so as to obliterate the mass of unimportant details that 
would otherwise detract from the pictorial effect. The one 
important branch of photography where the best possible defini¬ 
tion is required is aerial surveying. In this case, the relative 
aperture must be high because the exposures must be short., 
and so the improvement in definition is obtained by restricting 
the field. 

Photographic objectives are so commonly used for objects 
at relatively great distances that they are ordinarily corrected 
for an object at infinity.^ The aberrations that are corrected 
depend upon the purpose for which the objective is to be used 
and the price that the purchaser is willing to pay. lOven the 
simplest lenses, such as those used in ''Brownie'^ cameras, are 
corrected for chromatic aberration and have a field that is artifi¬ 
cially flattened by the method described in Sec. 54, Chap. VI. 
The more highly corrected objectives, such as the anastigmats, 
are corrected for spherical and chromatic aberration, coma, 
astigmatism, curvature of field, and distortion. A still highor 
type of correction is attained in objectives that arc dcvsignod 
for photo-engraving. These objectives are made especially 
free from distortion and, if they are to be used for making 
color-separation negatives, they are made apochromatic as well. 
The elimination of distortion is also especially irnportiint in 
objectives used for aerial surveying. 

160. Meniscus Lenses. The simplest type of photographic 
objective is a single positive lens of crown glass. For reason.s 
that were explained in Sec. 54, a lens of this sort should bn 
of the memscus type with a front stop. This type of lens was 
apparently first used by Wollaston. His lens had a focal lengt.h 
of 560 mm and was used to cover a field angle of 60°. If reduce*! 
to a focal length of 100 mm, its constants would be as follow.s: 


Relative aperture 

Focal length. 

Diameter of lens. 
Diameter of stop. 


//ll 

100 mm 
18.0 
9. I 


■ This is not tme of objectives that are especially designed for eiilaririiio- 
or copyn.g. which are generally corrected for unit magnifi^afen 
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Distance from center of stop to first vertex. 12.5 

Axial thickness. 1.0 

First radius of curvature. — 51.2 

Second radius of curvature. — 25.6 

Index of refraction (D-line). 1.505 


Most modern ^^fixed-focus” cameras, either box or folding, 
are supplied with achromatic lenses of the meniscus type. These 
lenses have a relative aperture of approximately //ll, and at 
this or smaller apertures give results which are more than 
sufficient to meet the performance demanded of simple cameras. 
In fact, it is often found that a meniscus achromat gives a better 
image in the center of the field than some of the more highly 
corrected objectives. 

161. Rapid Rectilinears.—^The relative aperture of a simple 
meniscus lens cannot be increased without producing a serious 
deterioration of the image. Since a relative aperture of //ll 
permits of snapshots only under favorable lighting conditions, 
a demand for a lens of greater light-gathering power was created 
as soon as the speed of photographic materials increased to a 
point where snapshots became possible. This demand was met 
by the so-called rapid rectilinear lens which, generally speaking, 
is constructed of two achromats, usually meniscus, with the stop 
between them. The two achromats are usually similar, so that 
the complete lens is symmetrical. As has been indicated in 
Chap. VI, such a lens is free from coma and distortion at unit 
magnification and sensibly so at all magnifications for which it 
would be used. It is also sensibly free from both lateral and axial 
chromatism. Whether the lens is symmetrical or not, spherical 
aberration is ordinarily corrected, and the field is flattened 
artificially by separating the elements properly. The largest 
aperture for which a lens of this type can be corrected satis¬ 
factorily is about //8, so at best it transmits only twice as much 
light as a meniscus lens. 

162. Anastigmats.—Before the new glasses were introduced 
in 1886, it was impossible to construct a lens free from astig¬ 
matism and curvature of field because the conditions for elim¬ 
inating these aberrations were inconsistent with those for 
eliminating the chromatic aberrations. The new glasses enabled 
both conditions to be satisfied simultaneously and thus made 
possible the type of lens that is now known as the anastigmat. 
Modern anastigmats generally consist of two achromats, one 
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constructed of tlie old glasses and the other of the new. Each 
achromat, although spherically corrected, is not corrected for 
astigmatism; but the astigmatism of the two is of opposite sign, 

and hence the field of the combination is flat 
and stigmatic. This type of construction is 
well exemplified by the Protar lens, which was 
introduced by the firm of Zeiss about 1895. 
Fig. 215.— Zeiss This lens is shown by the solid lines in Fig. 215, 

and the specifications of one model, according 
to the German patent, are as follows, the elements of the Ions 
being numbered in the order in which the light traverses t hem: 

Specifications of the Protar Objective 
Focal length = 100 mm. Relative aperture = f/12.5 

Axial 
thickness, 
millimeters 

0.48 
1.70 
1.50 
0.66 

The diaphragm is 2.34 mm in front of the first cleincnt. 

This lens is comparatively slow, but by using two such lenses in 
combination, one in front of the diaphragm and the other Ix'himl 
it, the relative aperture can be increased to//6.8. More often 
the components are of different focal lengths and thus t he photog¬ 
rapher has at his command three focal lengths—that of the 
combination and that of each of the components. This type of 
lens, in which components of different focal 
length may be used either singly or in 
combination, is known as a convertible 
anasiigmat. 

The principle of combining an old and 
a new achromat is often utilized in such a 
manner that it is not immediately evident. 

The Goerz Dagor lens, for example, which is sketched in l^Mg. 
216, consists of two symmetrical components, each component 
containing three cemented elements. The outer element of each 
component is constructed of one of the new glasses, and it. com- 



Fiu. 21().—I>UK(»r. 


Radii, 

inilIiint*t(Ts 

-12.0 
+44.2 

— 0.3 

— 6.6 
-13.4 


Index 

^Element - 

Tin tiq^ 


I 1.4979 1.5074 

II 1.6227 1.6308 

III 1.5813 1.5952 

IV 1.6275 1.6487 
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bines, in effect, with the middle element to make an anomalous 
achromat. This element in turn combines with the inner ele¬ 
ment to form a normal achromat. The specifications for a wide- 
angle Dagor, which covers a 90° field, are given below. In 
accordance with custom, the data for only the front component 
are given, the rear component being similarly constructed and 
symmetrically placed with respect to the diaphragm. Since 
the rear component is sometimes used alone, the front component 
being temporarily removed, the characteristics of the rear 
component in regard to focal length, //-number, etc., are given 
also. 

Specifications of the Dagok Objective 



Complete 
obj ective 

Rear 

component 

Focjil loiifirt.h. ...___ . 

100.0 

//6.8 

92.1 

1.0 

173.3 

//13.6 

192.1 

27.7 

Relative apert 
Hack focus. . . 

lire. 


Distance from diaphragm to principal point.. . . 

Element 

Index 

Axial 

thickness, 

millimeters 

Radii, 

millimeters 

no 

riQ/ 

I 

II 

HI 

1.0122 
1.5481 
1.5120 

1.6262 

1.5613 

1.5228 

3.0 

0.9 

2.5 

-1-20.8 
—34.4 
-1- 8.5 
-1-21.1 


coniplcto Ions is Bynimetrical, the fourth (concave) surface facing 
th<^ diuphnigm, which is 2.7 mra away. 


The C'ooke triplet is a very different type of anastigmat, 
made originally in hingland by T. Cooke and Sons and now by 
'^J’aylor, Taylor and Hobson. As shown 
in Fig. 217, this lens consists of two 
positive elements between which is a 
single negative element. The lens was 
designed by H. Dennis Taylor, who hit 
upon the novel expedient of eliminating 
astigmatism and curvature by making 
the power of the negative element equal triplet 

to the sum of the powers of the positive 

elements. The negative element is paade of glass whose dispersion 
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is so chosen that the combination is chromatically corrected, and 
the radii of this element are such that spherical aberration and 
coma are corrected also. 

The specifications for one type of Cooke triplet (Series IV) 
for use in hand cameras are as follows: 

Specifications op the Cooee Triplet Objective (Series IV) 
Focal length = 100 mm. Relative aperture = //5.6 

Axial 
thickness, 
millimeters 

4.29 
1.63 
0.93 
12.90 
3.03 

The diaphragm is placed in the second air space against the second 
element. 


Radii, 

millimeters 

-h 19.4 
-128.3 

- 57.8 
+ 18.9 
+311.3 

- 66.4 


Element 

Index 

71 n 

TlQf 

I 

1.6110 

1.6249 

(Air) 

1.0000 

1.0000 

II 

1.5744 

1.5935 

(Air) 

1.0000 

1.0000 

III 

1.6110 

1.6249 


This lens is made in several types, which are well suited to many 



F I a. 2 18.—Zeiss 
Tessar. 


different purposes. One noteworthy type is 
the //4.5 (Series II), which was designed for 
portraiture. The back element of this lens can 
be adjusted in position to introduce spherical 
aberration and thereby soften the picture. 
Another much used type is the process lens, 
which is excellent because of its freedom from 
distortion and its sharp marginal definition.’^ 
The success of the Cooke triplet led the firm 
of 2eiss to develop a lens which was similar 


except that the third element was a doublet, as is shown in Fig. 
218. This lens, the Tessar, is perhaps the best known photo¬ 
graphic objective to-day. Tike the Cooke lens, it is made in 
many forms to meet varied requirements. The following speci¬ 
fications are for an early type: 


^ The final corrections of Cooke triplets are made by adjusting the air 
spaces, and consequently the user should never take such a lens apart. 
This does not mean that he should not remove the front and back elements 
in their cells to wipe off any deposit on the inner surfaces or on the negative 
lens, but this is as far as he may go safely. A damaged lens should be 
sent to the maker or his agent for repairing rather than to any other maker 
or optician. 
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Specifications of the Tbssar Objective 
Focal length == 100 mm. Relative aperture =f/5.5 


Element 

Index 

Axial 

thickness, 

millimeters 

Tljj 


I 

1.6113 

1.6246 

3.3 

(Air) 

1.0000 

1.0000 

1.9 

II 

1.6046 

1.6225 

1.1 

(Air) 

1.0000 

1.0000 

6.0 

III 

1.5211 

1.5340 

1.1 

IV 

1.6113 

1.6251 

3.0 


Radii, 

millimeters 


+ 21.5 

oo 

- 74.2 
+ 20.8 
-111.3 
+ 25.2 

- 36.7 


The diaphragm is in the middle of the second air space. 


The present trend in the design of anastigmats is in the direc¬ 
tion of increased aperture, which is attained without sacrificing 
the definition by reducing the field that the lenses are required 
to cover. JVIany of the recent objectives have been designed 
for motion-picture photography, where the focal length is com¬ 
monly two or more times the diagonal of the film aperture. 
The standard objectives for motion-picture cameras have a 
relative aperture of //3.5, and special objectives are available 
with apertures as great as jf/1.9. The present record for high 
aperture seems to be held by the Dalmac lens designed for 
16-mm cameras, which has a relative aperture of//1.5. 

163. Wide-angle Objectives.—Photographs must often be 
made in cramped quarters. It may be necessary, for example, to 
photograph a building from a point on the opposite side of the 
street or to photograph the interior of a room with the camera 
located in one corner. Such photographs are commonly made 
with a lens whose focal length is short compared with the diagonal 
of the plate, for the purpose of embracing a large angle of view. 
The so-called wide-angle lenses, which are commonly sold for 
this purpose, are merely objectives that have been corrected to 
cover a larger field angle than the average objective. These 
corrections are made at the expense of the relative aperture, 
which rarely exceeds//16. 

A distinguishing feature of wide-angle lenses is the shortness 
of the barrel or lens mount. This is necessary to prevent the 
lens elements from acting as field stops. It was shown in Ghap. 
XIX that, even in the absence of a field stop, the illumination 
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decreases as the fourth power of the cosine of the field angle. 
Ordinarily this decrease in illumination is not noticeable, but it 
may be serious in the case of wide-angle objectives. Figure 219 
shows the Goerz Hypergon lens,^ which has features of consider¬ 
able interest in this connection. 
This lens has a relative aperture of 
//22 and it is anastigmatically 
flattened over a field of about 135°. 
Although it lacks spherical correc¬ 
tion, it IS free from distortion and 
is therefore eminently suitable for 
architectural photography, where 
a wide angle of view is often 
necessary. The uneven illumina¬ 
tion of the plate is overcome in 
a most ingenious manner by means 
of an auxiliary field stop in the 
shape of a star. About one-sixth 
of the total exposure is made with 
the stop out of the way. The stop 
is then swung into a position just 
in front of the lens and is kept rotating during the remainder of 
the exposure by means of a blast of air directed against the fan¬ 
shaped ends of the points. The ordinary wide-angle lenses do 
not cover such an extreme field as the Hypergon and are of 
more conventional construction. The type of Dagor described 
in the preceding section is an example. 

Wide-angle lenses have often been accused of giving a false 
or violent perspective, when actually the fault lies not in the lens 
but in the manner of viewing the photograph. This will bo 
explained in Sec. 170. 

164. Telephoto Objectives.—The magnification in the image 
of a distant object is directly proportional to the focal length 
of the objective. Hence, if an inaccessible distant object is 
to be photographed, the straightforward method of securing 
an image of adequate size is to use an objective of long focal 
length. This procedure ordinarily necessitates a proportionate 
increase in the distance between the objective and the plate, 
and few cameras are capable of sufficient extension to permit 
any great increase in magnification by this method. In tele'photo 

*• Nqw manufactured by Carl Zeiss, Inc, 



Fig. 219.—Goerz Hypergon. 
(C ourtesy of American-Ooerz 
Optical Company.) 
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objectives, which are designed especially for photographing 
distant objects, the principal points are located well in front 
of the objective, so that a long focal length is secured with a short 
back focus. The principle of this type of lens will be clear from 
Fig. 220. The positive element I nearest the object is followed 
at a distance less than its focal length by a negative element II. 
The lens sketched in this figure has elements of 33.3 mm and 
— 20.0 mm focal length respectively, which are separated by 
a distance of 20.0 mm. If the elements are assumed to be thin, 
the first and second principal points are 100 mm and 40 mm 
respectively in front of the positive element. Thus, although 



Fio. 220.—Sketch showing the principle of the telephoto objoetivo. 

the focal length of this combination is 100 mm, the back focus is 
only 40 mm. 

The entire telephoto objective should preferably be designed 
as a unit, but telephoto attachments for ordinary objectives wore 
formerly popular because of their comparative cheapness. These 
attachments consisted of a negative lens mounted in a barrel 
into which the photographer screwed an objective that he 
already possessed. They were generally designed so that t.hc! 
diaphragm of the positive lens was the aperture stop of th(^ com¬ 
bination. This meant that the entrance pupil of the combination 
was of the same size as the entrance pupil of the posil.ive Urns 
alone, and consequently the relative aperture was reduced in 
proportion as the focal length was increased by the addition 
of the telephoto attachment. 

The focal length of a telephoto objective depends upon the 
separation of its elements, as Plq. (76) in C>hap. IV indicates. 
The focal length of the positive element is ordinarily less than 
that of the negative element; and, in any case, the separation 
must be less than the focal length of the positive element. 
In the older forms of telephoto objectives, the separation 
of the elements was made adjustable, the range being fre¬ 
quently sufficient to increase the focal length from three to twelve 
times that of the positive lens alone. It is clear that., if the lens 
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is corrected for one value of the separation, the corrections will 
be impaired when the separation is altered. Hence a lens 
designed for such a wide range of magnifications may have to 

be stopped down to a small aperture to yield 
sharp images. Nowadays, telephoto objectives 
are usually made with a fixed magnification, 
thereby securing better definition at a large 
relative aperture but at a sacrifice of versatility. 
An early type, known as the Bis-Telar, which 
some extent, is shown in Fig. 221. It was 
of Busch in 1905 and its specifications 


-f-r» 

I’lG. 221.—B u s o h 
Bis-Telar. 


is still used to 
introduced by the firm 
are as follows: 


Specifications of the Bis-Telar Objective 
Focal length = 100 mm. Relative aperture = //8 


Flement 

Index 

Axial 

thickness, 

millimeters 

Radii, 

Tin 

no* 

millimeters 

I 

1.6140 

1.6283 

2.50 

-f- 9.16 

II 

1.6140 

1.6360 

0.30 

— 18.2 

(Air) 

1.0000 

1.0000 

10.50 

+ J D . 1 

— 6.29 

1 1 O O 

III 

1.5900 

1.6023 

0.56 

IV 

1.5510 

1.5669 

1.40 

I o . 

-lO.O 


The diaphragm is in the middle of the air space. 


As this lens has a back focus of 57 mm, it forms an image approxi¬ 
mately twice the size of the image produced by an ordinary 
objective having the same back focus. Telephoto objectives 
with apertures of //4.5 and even higher have been produced 
within the last decade. Such lenses are especially useful for 
recording the action in athletic events, which must ordinarily be 
photographed from the side lines or even from the grand stand. 

Success in telephotography, especially at high magnifications, 
depends upon the recognition of three principles which apply 
only in part to ordinary photography. In the first place, the 
camera must be rigidly supported because a small amount of 
motion of the camera is serious on account of the high magnifica¬ 
tion. Telephotographs are also affected by the ‘'boiling” of 
the atmosphere due to air currents of different temperature, an 
effect that is sometimes noticeable with a high-power binocular. 
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The third factor is the blue haze caused by the scattering of light 
in the earth’s atmosphere. Panchromatic plates with a deep 
yellow or even a red filter should always be used when photo¬ 
graphing distant objects. Infrared-sensitive plates with an 
infrared filter are even better. 

166. Portrait Objectives.—One of the first applications of 
photography was to portraiture. The exposures required with 
the simple achromats that were available in the early days of the 
art ranged from 2 to 20 min., partly on account of the insensitivity 
of the photographic materials and partly on account of the small 
aperture of the lenses. To meet the 
demand for a faster lens, Petzval com¬ 
puted for Voigtlander in 1840 an//3.6 
lens particularly adapted for portrai¬ 
ture. Its construction is shown in Pig. 

222. This lens had admirable definition 
at the center of the held but progres- ^ ‘ portrait 

sively poorer definition at the borders. 

Nevertheless, it fitted the requirements so well that lenses of 
this type are still in common use in many portrait studios. All 
the data of the original lens are not available, but the specifica¬ 
tions of an early type of Petzval lens are given by von Rohr as 
follows: 



8FKCIFICATIONS OF AN EaRT.Y TyPB OF PbTZVAL. OBJECTIVE 
Focal length = 100 inni. Relative aperture == //3.4 


Element 

nj, 

Axial thickj 
millimote 

I 

1.517 

4.7 

II 

1.575 

0.8 

(Air) 

1.000 

33.6 

III 

1.575 

1.5 

(Air) 

1.000 

3.3 

IV 

1.517 

3.6 


Radii, 

millimeters 


4- 55.9 
— 43.7 
+460.4 
+ 110.6 
+ 38.9 
+ 48.0 
-157.8 


The diaphragm is in the first air space 21.0 mm from the second element. 


166. Testing Photographic Objectives.—The lens-bench test 
described in Chap. XVII is invaluable to the lens designer because 
of the fund of information that it gives concerning the perform¬ 
ance of a lens. It is of little value to the user of a lens, however: 
first, because the apparatus ordinarily is unavailable; and, second. 
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because the results are expressed in a form that only an expert 
can understand. Fortunately, there are certain simple tests^ 
that the user or prospective purchaser can make that will ordi¬ 
narily furnish adequate information. The results of such tests 
must be interpreted in terms of the purpose for which the lens is 
designed. For example, spherical aberration and curvature of 
field may be permissible in a portrait lens, whereas in a copying 
lens they would be serious faults. Similarly, a considerable 
amount of distortion, particularly barrel distortion, and a slight 
amount of astigmatism may be permissible in a landscape lens, 
whereas they would be fatal for many other purposes. 

Spherical aberration can be tested by covering the central 
portion of the lens with a circular disk of cardboard and examin¬ 
ing the image of a distant point at the center of the ground glass. 
If the ground glass must be moved to bring the image into focus 
again when this disk is replaced by a diaphragm with a small 
central aperture, the lens is aj09icted with spherical aberration. 
The required displacement of the ground glass is a measure of the 
magnitude of the aberration. Curvature of field can be detected 
by noting whether both the center and the margins of the field 
are in focus simultaneously on the ground glass. Astigmatism 
can be detected by setting a large cross at some distance from the 
camera and examining the image, the camera being so directed 
that the image of the cross is at the corner of the ground glass. 
If the vertical bar and the horizontal bar of the cross are in focus 
at different positions of the ground glass, astigmatism is present. 
Coma can be detected by substituting an illuminated pinhole 
for the cross. If coma is present, it will then manifest itself by 
the pear shape of the image. If astigmatism is present also, the 
characteristic focal lines due to this aberration may mask the 
effect due to coma, but one of these aberrations is usually much 
more pronounced than the other. To detect distortion, the 
camera should be focused upon a distant object that contains 
straight lines. If an appreciable amount of distortion is present., 

^ In making many of these tests, the camera must be equipped with a 
ground glass if it does not have one already. A further desideratum i.s t.hat 
the ground glass should be as fine as possible. J. T. Taylor recoin mends 
substituting for the ordinary ground glass a piece of glass which has 
etched in the fumes of hydrofluoric acid. The procedure in preparing such a 
glass, which should preferably be a piece of thin polished plate, is to susptmd 
it horizontally above a lead tray containing either the acid or a mixture of 
calciurn fluoride and sulphuric acid. 
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the image of such a line in the outer portion of the field will be 
curved. 

Occasionally a lens will be found to suffer from a type of 
chromatism in which the focus for the rays to which photographic 
emulsions are most sensitive does not coincide with the focus for 
the rays that are brightest to the eye. This particular type of 
chromatism is sometimes given the name “chemical focus.'’ 
Lenses that are achromatized for the (7- and /^’-lines, and there¬ 
fore have their minimum focal length near the middle of the 
visible spectrum, exhibit this aberration very markedly. Photo¬ 
graphic objectives are therefore usually achromatized for the 
D- and (r'-lines. Chemical focus can be detected by setting 
up in echelon formation a series of cards at various distances 
from the camera. A yellow or green filter should be placed over 
the lens while the camera is being focused, and a blue or violet 
filter should be substituted when the photograph is taken. It 
goes without saying that the photographic plate must be in 
exactly the same plane as the ground glass. 

Special test objects for determining the over-all performance 
of objectives are used in routine examinations. A chart described 
by Jewelb for this purpose consists essentially of a set of radial 
lines resembling the chart shown in Fig. 209. The manner in 
which the images of these targets are distorted in the various 
parts of the field indicates not only the quality of the lens 
but also the type of aberration with which the lens is afflicted. 
To make such a chart is tedious and expensive, but an old 
calendar of generous size, such as is used in offices, will be 
found an excellent substitute. This should be torn apart and 
the various pages tacked to the fiat side of a wall or building. 
One page should be put in the center, one at each of the corners, 
and the others in various intermediate positions. The camera 
should be secured firmly to some rigid support at a considerable 
distance away and should be focused very carefully. After the 
plate has been developed, it should be examined with a magnifier 
to determine to what extent the detail has been reproduced. 
Many calendars have the preceding and following months printed 
in smaller type, so this opinion is easily formed. The reason 
for using a large calendar is that the lens can then be used near 
the infinity position, for which it was probably corrected. On the 
other hand, if the lens is to be used for copying or enlarging, it 

^Jour. Optical Soc. Amer., 2—3, 51 (1919). 
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should be tested at the magnification for which it is to be used in 
practice. 

The focal length of a camera lens can be determined easily to 
within about 2 per cent in the following manner: Fit the lens 
to a camera and set the latter on a table covered with a piece 
of drawing paper. Focus the camera sharply on some distant 
object, such as a church steeple, and bring the image of this 
object to the very edge of the ground glass. Draw a pencil 
line on the paper along one side of the camera. Then turn the 
camera so that the image falls at the other edge of the ground 
glass and draw another line along the side of the camera as 
before. Remove the camera and make a diagram as shown in 
Fig. 223 on the drawing paper. In this figure, AB and CD 



are the lines marked along the side of the camera and EF is 
equal in length to the width of the ground glass. Obviously, 
the length of the bisector of angle EOF is equal to the focal length 
of the lens. 

The second principal point can be located roughly by focusing 
the camera for infinity and measuring the back focal length with 
a ruler. The difference between this quantity and the true focal 
length is, of course, the distance of the second principal point 
from the last vertex of the lens. Now, if the lens is reversed 
end for end, the first focal point can be found, and from this the 
position of the first principal point. If the principal points must 
be located more precisely, an improvised nodal slide can be fitted 
to the lens and the transverse axis located for an infinitely distant 
object. 

167. Speed.—The light-gathering power of a photographic 
objective determines the rapidity with which the shutter can be 
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operated for a given exposure of the plate. This has led photog¬ 
raphers to refer to the light-gathering power of the lens as its 
speed. This quantity is expressed commonly by the//-number, 
which was defined in Chap. V as the ratio of the focal length 
to the diameter of the entrance pupil. As was indicated in Sec. 
146, Chap. XIX, the //-number is a measure of the light¬ 
gathering power of a lens only when the object is at a great dis¬ 
tance. Some of the older lenses were marked on the so-called 
uniform system. A lens marked “U.S. 16” has also a speed of 
//16, since the two systems were made to coincide at this point 
by definition. In the uniform system, the number is propor¬ 
tional to the exposure time required for a given exposure, whereas 
the //-number is proportional to the square root of the exposure 



Fig. 224. 

time. The following table will make the relationship clear: 

/-system //I //1.4 //2 //2.8 //4 //5.6 //8 //11.3 //16 //22.6 

Uniform system. 1 2 4 8 16 32 

The uniform system was practically abandoned as soon as the 
speed of objectives began to approach//4. 

The relative aperture of a lens can be determined by means 
of the following procedure: Focus the camera on a distant source, 
preferably at night. The image of this source will be sensibly a 
point. Then increase or decrease the distance between the lens 
and the ground glass by a known amount and measure the diam¬ 
eter of the resulting circle of confusion. In Fig. 224, let the 
ground glass be moved from position I to position II. It is clear 
that the ratio of the radius of the circle of confusion z' in the latter 
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position to the distance between the two positions is tan 6'. 
The //-number can be readily computed since 

//-number = ^ } - -? f 

2 sin d 

as can be shown by combining Eqs. (223) and (226) of Chap. 
XIX. 

168. The Transmission of Photographic Objectives. Flare.— 
It was shown in Sec. 15, Chap. I, that, when light is incident 
normally on a boundary between air and glass, approximately 
4 per cent is reflected and hence only 96 per cent is transmitted. 
Therefore, as a first approximation, if an objective is composed 
of four separated elements (eight air-glass surfaces), the trans¬ 
mission is only (0.96)* or approximately 72 per cent. This 
value is in fairly good agreement with actual measurements of 
the image-forming light transmitted by photographic objectives, 
as would be expected from the fact that the absorption of light 
within the glass can usually be neglected. Occasionally glasses 
having a pronounced yellow color are used, and in such cases the 
absorption of the rays to which the plate is sensitive may be 
serious, but otherwise the difference in transmission between 
objectives having the same number of air-glass surfaces is hardly 
noticeable. There is, however, a very great difference between 
objectives in the manner of distributing the light that is reflected 
at the various surfaces. In a simple lens containing but two 
surfaces, for example, approximately 4 per cent of the light that is 
reflected at the second surface is redirected by the first surface 
to the plate. The curvature of the surfaces may be such that 
an image of the object plane is actually formed near the focal 
plane, and hence every bright area of the object will give rise to a 
Jlare spot. On the other hand, these images may be formed so 
far from the focal plane that the reflected light is spread diffusely 
over the entire area of the plate. The effect in the latter case is 
to degrade the contrast slightly, but this is usually of far less 
consequence than a series of flare spots, or ghosts as they are 
sometimes called. 

A lens can be tested for flare by focusing it on a distant light 
at night. If flare exists, secondary images of the light will be 
visible at various points on the ground glass, and frequently 
images of the diaphragm will appear. Of course, the more 
elements there are in an objective, the greater the chance for 
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flare, unless the elements are cemented. The flare is usually less 
pronounced when the lens is used at full aperture.^ 

In 1892, H. D. Taylor discovered that old photographic lenses 
whose surfaces have become slightly tarnished transmit more 
light than new lenses of the same construction. Surmising that 
the lens surfaces had been changed in some manner so as to reflect 
less light, he experimented and found that hydrogen sulphide and 
alkaline sulphides reduce the reflecting power appreciably. 
Experiments made during the war indicated that such materials 
as acid sodium phosphate, boric acid, copper sulphate, nickel 
sulphate, potassium dichromate, and many others produce the 
same effect, the extent depending not only on the chemical but 
also on the kind of glass and the condition under which the process 
is conducted. Not enough experimenting has been done to make 
the process commercially useful, and surely the novice should not 
attempt to improve his lens by this method.® 

169. Depth of Field.—Even a perfectly corrected objective is 
incapable of forming on the plate a sharp image of more than a 
single plane of the object space. As was pointed out in Chap. 
V, however, there is ordinarily a certain region of the object 
space that is in satisfactorily sharp focus, and the distance 
between the near and far boundaries of this region is known as 
the depth of field. The mathematical expression for this quantity 
was given by Eq. (Ill) as 


d = d\ 


z'p 


mp 


7 / + 


z'p 


mp + z' 


where di is the depth on the far side of the object plane that is 
in sharp focus, is the depth on the near side, p is the distance 
of this plane from the entrance pupil of the objective, m is the 
magnification between this plane and the plate, p is the radius 
of the entrance pupil, and z' is the radius of the largest circle of 
confusion that can be tolerated. The depth of field is ordinarily 
of importance only when the object on which the camera is 

^ Ocuftaioniilly striiy light is reflected, not from the lens surfaces them¬ 
selves, but from the interior of the lens mount. This is usually due to the 
use of too glossy an enanud for painting the mount, bxxt it may also be due 
to the polishing of the enamel by the cloth used to wipe the lens. Painting 
the inside of the mount with a dead-black enamel as described in Sec. 149, 
Chap. XIX, will remedy the difficulty. 

® Those who wish to experiment will find a good r6sum4 on page 76 of 
the Ordnance Department publication cited in Chap. XV. 
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focused is fairly near the lens. In this case, mp is large compared 
with z' and the preceding equation becomes 


d = 


2z' 

m 



(235) 


It was shown in Chap. XIX that the illumination on the plate 
depends upon the ratio p'/p', where p' is the radius of the exit 
pupil and p' is the distance of the exit pupil from the plate. But 
Eq. (106) of Chap. V states that 


and therefore 


m = 


py' 

p'p 


9 


P _ P_ . 

P mp' 


If this value of p/p is substituted in Eq. (235), the result is 


d = 


22 ' ^ 
p' 


(236) 


The negative sign results from the fact that the sign of z' was 
negative in Fig. 35, from which Eq. (Ill) was derived. 

It is evident from Eq. (236) that all objectives have exactly 
the same depth of field when compared under the same condi¬ 
tions. In other words, for a given illumination on the plate, the 
ratio p'/p' is fixed (except for the slight difference in the loss of 
light within different lenses). Then for a circle of confusion of 
a given size, z' is fixed and the depth of field is seen to depend 
only on the magnification. In other words, if it is desired to 
photograph a man who is 6 ft. in height and obtain an image 
on the plate that is 2 in. high, the depth of field is the same regard¬ 
less of what lens is used. Of course, the depth is increased if a 
smaller stop is used, but it is assumed that the stop is adjusted to 
provide the same illumination on the plate in all cases. ^ 

The value of z' that should be chosen for substitution in the 
above equations depends to a great extent on the degree to which 
the objective is corrected. For the very finest lenses, a value 
of 0.05 mm (0.002 in.) is reasonable. It is manifestly absurd 
to assume a circle of confusion smaller than the smallest image of 
a point that the objective is capable of rendering, and hence a 
poor objective apparently has a greater depth of field than a well- 

1 For lenses of different focal lengths, the //-number may be different 
since the camera is not focused for infinity. 
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corrected one. This is undoubtedly the basis for the extravagant 
claims that are sometimes made for certain objectives by the 
manufacturers—claims that would certainly not be made if the 
majority of photographers were sufficiently conversant with 
optical principles to realize that a great depth of field is a sure 
indication of poor image quality. 

When a negative is to be enlarged, the value of z' should 
ordinarily be smaller than is necessary otherwise—in fact, it 
should usually be smaller in direct proportion to the subsequent 
magnification. Thus, in the example cited above, if the image 
of the man on the plate is only 1 in. high and the image on the 
print is to be 2 in. high, the circle of confusion formed by the lens 
should be half as large as before in order that it will be of the same 
size when the image is magnified in the enlarging camera. How¬ 
ever, the magnification between the object plane and the plate 
in the taking camera is only half as great in this case and, since 
the magnification appears squared in Eq. (236), the depth of field 
will evidently be doubled. There is, therefore, a great advantage 
from the standpoint of depth of field in making the smallest possi¬ 
ble negative and giving it all the subsequent enlargement that 
the graininess of the material will permit. 

For practical purposes, it is convenient to have at hand a 
table giving the depth of field as a function of the magnification 
(or object distance) and the relative aperture. Such a table 
can readily be prepared for a given lens by the aid of Eq. (Ill), 
but the values do not apply to other lenses, even of the same 
focal length and relative aperture, because the pupils and the 
principal planes may be differently located. The table given on 
page 464 has been computed for a simple lens, in which both pupils 
and both principal planes coincide at the lens. The first column 
gives the magnification between the object plane on which the 
camera is focused and the plate, and the second column gives 
the distance of this object plane expressed in terms of the focal 
length of the lens. 

In computing this table, the diameter of the circle of confusion 
was assumed to be 0.1 mm (0.004 in.), which is ordinarily the 
smallest image of a point that can be obtained with a well- 
corrected objective. In other words, this table applies for work 
of the most exacting character. The depth of field is approxi¬ 
mately proportional to the size of the circle of confusion—strictly 
proportional when the near and the far depths are the same. 
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Hence, if a larger circle of confusion can be tolerated, the depth 
of field can be obtained by multiplying the values in this table 
by the proper factor. 

Table XXVII.— Depth of Field op a Thin Lens on the Baris of a 
Maximum Cibcle op Confusion 0.1 mm (0.004 in.) in Diameter 
The upper number in each square is the depth on the far side of the object 
plane and the lower number is the depth on the^ near side. 


Magni¬ 

fication 

Distance 
of object 
plane 

f/4: 

//5.6 

//8 

f/n 

//16 

1 

2/ 

( 0.03 in. 

\ 0.03 in. 

0.04 in. 
0.04 in. 

0.06 in. 
0.06 in. 

0.09 in. 
0.09 in. 

0.13 in. 
0.13 in. 


3/ 

■moQiii 

0.14 in. 
0.13 in. 

0.19 in. 
0.18 in. 

0.27 in. 
0.26 in. 

0.59 in. 
0.55 in. 

H 

6/ 

( 0.49 in. 

( 0.47 in. 

0.69 in. 
0.64 in. 

0.98 in. 
0.93 in. 

1.38 in. 
1.26 in. 

2.07 in. 
1.82 in. 

Mo 

11/ 

( 1.82 in. 

\ 1.71 in. 

2.57 in. 
2.35 in. 

3.76 in. 
3.31 in. 

5.30 in. 
4.43 in. 

8.09 in. 

6.25 in. 

Mo 

21/ 

( 7.2 in. 

( 6.3 in. 

10.3 in. 
8.6 in. 

15.4 in. 
11.9 in. 

22.4 in, 
15.7 in. 

36.2 in. 
21.4 in. 

Mo 

51/ 

/ 4.0 ft. 

\ 2.9 ft. 

6.1 ft. 
3.9 ft. 

10.0 ft. 
5.1 ft. 

16.6 ft. 
6.5 ft. 

38.6 ft. 
8.3 ft. 

Moo 

101/ 

fl9.6 ft. 
\10.2 ft. 

34.0 ft. 
13.0 ft. 

75.0 ft. 
16.4 ft. 

305.0 ft. 
19.6 ft. 

OO 

23.6 ft. 


This table applies strictly to a lens whose focal lenK^h is H in., but. siruMi 
the depth of field, when expressed in terms of the magnification, is very 
nearly independent of the focal length, the values hold well for a 1<uks <if 
any focal length unless the magnification or relative aporturci is snuill. 

h4ost inexpensive cameras are made of the fixed—focus fypu, 
and they are ordinarily constructed so that the total depth 
of field is a maximum. This is obtained by making th(^ far depth 
infinite, which can be seen from Eq. (Ill) to result when mp = z'. 
Since from Eq. (51) m = //^j where x is measured from 

the first focal point, it follows that 


Xh = 


e£. 

z' 


(237) 
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If a camera is focused on an object plane at this distance from 
the first focal point, all objects will be in satisfactory focus from 
this plane to infinity. It is easily proved that, on the near side 
of this plane, they will be in focus down to a point midway between 
the object plane that is in focus and the entrance pupil of the 
objective. The distance Xh defined by Eq. (237)_ is called the 
hyperfocal distance. 

170. Perspective Considerations in Photography.—It is mani¬ 
festly impossible to reproduce a three-dimensional object space 
on a plane surface in such a manner that an observer possessing 
binocular vision will be entirely satisfied with the result. The 
best that can possibly be done is to make the reproduction satis¬ 
factory to an observer who possesses but a single eye. Even 



in this case, the photographic reproduction is not entirely true 
to nature because the image lies in a single plane; whereas, when 
the observer views the original object, some idea of the spatial 
relationships is gained by the amount of accommodation required 
to bring the various object planes into focus on the retina. 
Disregarding these inherent limitations, however, there are 
certain conditions that must be fulfilled if a photograph is to 
represent properly the perspective relationships of a three-dimen¬ 
sional object space. 

Suppose that the observer in Fig. 225 views a three-dimen¬ 
sional object space, which is here represented for simplicity by the 
cube A BCD. The center of perspective is obviously the center 
of the entrance pupil of the observer’s eye, as is easily seen by 
imagining the pupil to be contracted until only the chief ray from 
each point of the object space reaches the retina. A transparent 
glass plate PP could then be introduced at a distance d in front 
of the entrance pupil, and a drawing could be made upon it which, 
if skillfully executed, would constitute a satisfactory reproduc- 
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tion. The problem is now to determine the conditions under 
which an optical system will produce an equally satisfactory 
photograph. 

In Fig. 226, an optical system with entrance and exit pupils 
at E and E' forms an image of the cube ABCD at A'B'C'D'. 
Since the entrance pupil of this system is the center of perspective 
for the object space, it should obviously be located at the same 
distance from the object as the pupil of the eye in the preceding 
figure. Now imagine a photographic plate P'P' located at a 
distance D from the exit pupil. The chief ray from each point 
in the object space passes through the center of the exit pupil 
and intersects the plate in the manner indicated. It will be 
obvious that if a-i — cti, a.z = aa, etc., the photographic plate 



could be inserted at a distance D in front of the eye and would 
then constitute as satisfactory a reproduction of the geometry of 
the object space as the glass plate in Fig. 225. In fact, if Z> = d, 
the two plates would be identical. To satisfy the assumed 
condition, the angular magnification between the entrance pupil 
and the exit pupil must be unity. Thus the pupils must lie in 
planes through the corresponding nodal points of the system. 
The simplest case for which this is true is a simple thin lens, in 
which the nodal points and the entrance and exit pupils can be 
assumed to coincide at the lens. When the pupils do not lie 
in the plane through the nodal points, the perspective relation¬ 
ships are quite involved, ^ but the simple lens will suffice to 
illustrate a fundamental principle underlying any reproduction 
of space on a plane surface—namely, that the reproduction is 

^ This problem was discussed mathematically by Gleichen, “Die Grund- 
gesetze der natur^etreuen photographischen Abbildung,” published by 
W. Knapp (1910;. 
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correct in its perspective relationships only when it is viewed 
from one particular distance. In the case of contact prints, 
this distance is equal to the distance of the negative from the 
exit pupil of the system at the time the picture was made, which 
is equal to the focal length of the lens if the camera is focused 
for infinity. For an enlargement, the viewing distance must, 
of course, be increased in direct proportion to the magnification 
produced by the enlarging camera. 

The consequences of viewing a photograph from an incorrect 
distance are evident from Fig. 227, in which P'P' is a photograph 
that faithfully reproduces the appearance of the cube ABCD 
when the eye is in position JB. Now, if the eye is moved to a 
position E'j the brain has difiiculty in interpreting the information 



given by the photograph. If the size of the cube is known, its 
position on the axis can be inferred. The cube will appear dis¬ 
torted, however, because its depth dimension is apparently 
increased at the expense of the transverse dimensions. This 
relative increase in the depth dimension has the effect of making 
distant objects appear too small and near objects too large in 
comparison. Thus, in a landscape, distant mountains do not 
appear of sufficient height compared with the foreground; and, 
in a portrait, the nose of the subject appears excessively large. 
On the other hand, viewing the photograph from too close a 
distance has the opposite effect. 

Photographers usually offer a somewhat different explanation 
for this phenomenon. Since photographs are customarily viewed 
at the conventional reading distance of 10 in., it is clear that this 
distance is ordinarily too great when a lens having a focal length 
less than 10 in. is used, and too small when a lens having a greater 
focal length is used. The photographer therefore associates 
the distorted perspective with the focal length of the lens. Focal 
lengths greater than 10 in. are rarely used, but focal lengths as 
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short as 3 in. are frequently used in small folding cameras.^ 
The type of perspective distortion illustrated in Fig. 227 is 
• therefore the most common. An example of the violent perspec¬ 
tive that can be produced in this way is shown by the photograph 
reproduced in Fig. 228. This photograph was made originally 
with a lens of 4.4 in. focal length, but after allowing for the reduc¬ 
tion in making the cut, the proper viewing distance is 2.5 in. 
Only a myope is capable of accommodating for this distance, 
but an emmetrope can view the picture satisfactorily with the aid 
of a lens having a focal length equal to the proper viewing dis- 



Fig. 228 . 


tance. When viewed from this distance, the perspective relation¬ 
ships are correct. 

It is important to distinguish between the choice of the proper 
viewing distance and the original choice of the center of perspec¬ 
tive or point of view. A house, for example, does not appear 
at Its best when viewed from too close a distance and neither does 
It appear at its best from too great a distance. The choice of 
the desired point of view should theoretically be made indc- 

^The improvement obtained by enlarging a photograph made with a 
small camera IS ve^ largely due to the improvement in perspective. It 
will be seen that a three-fold enlargement of a negative made with a camera 
avmg a lens of focal length 3.3 in. makes the perspective correct for viewing 
at the conventional readmg distance of 10 in. If the enlargement is to bo 
hung on a wall, it is generally observed from a somewhat greater distance 
fliiid hence r greater enlargement is desirable* 
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pendently of the focal length of the objective, which should be 
chosen with reference to the distance at which the photograph 
is to be viewed. However, practical limitations may prevent the 
photographer from carrying out this program. He may be 
unable to select the most desirable point of view, as, for example, 
when photographing a building in a city. If it must be photo¬ 
graphed from the opposite side of the street, not only is the point 
of view too close for the best pictorial effect, but the focal length 
required to include the entire building on a plate of reasonable 
dimensions is too short. 

One rule that is emphasized for beginners in photography is 
that the camera should never be pointed upward or downward. 
This rule is due to the fact that artists have always represented 
a subject by its projection upon a vertical plane; and so, although 
people are accustomed to the convergence of horizontal lines in 
a picture, they are unable to understand or interpret the con¬ 
vergence of vertical lines. The cameras used by professional 
photographers and advanced amateurs are usually provided with 
a swing back, so that the plate can be maintained in a vertical 
plane at all times. Some cameras are provided with a rising and 
falling front, which accomplishes the same result provided the lens 
has sufficient covering power. The owner of a camera that 
possesses neither of these adjustments can correct the distortion 
when making the positive by using a projection printer and inclin¬ 
ing the negative and the positive material at the proper angles. 

As indicated at the beginning of this section, no two-dimen¬ 
sional representation can ever be completely satisfactory, even 
for monocular vision, because the observer is not required to 
refocus his eyes for the different object planes. Inasmuch as 
only one plane can be in sharp focus in the photograph, the best 
that can be done is to focus the camera on the object of principal 
interest and then to regulate the diaphragm of the objective 
so that the depth of field in the photograph is the same as it 
would be to an observer accommodated for this plane. For a 
symmetrical objective, this condition is fulfilled when its entrance 
pupil is of the same size as the entrance pupil of the eye of the 
observer, but again practical considerations usually prevent 
this condition from being fulfilled. It may be stated, however, 
that when the requirements for obtaining true-to-nature photo¬ 
graphs are met, the result is so lifelike, especially when viewed 
with only one eye, that it appears to be almost stereoscopic. 
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MAGNIFIERS AND OCULARS 

Magnifiers and oculars are fundamentally very much alike, 
the chief distinction being that magnifiers are designed to magnify 
a real object and oculars to magnify the image formed by another 
optical system. The property of principal interest in either case 
is the magnifying power, and this can be discussed without mak¬ 
ing any distinction between the two instruments. 

171. Magnifying Power.—The magnifying power of any optical 
instrument was defined in general terms in Chap. XIX as the ratio 
of the size of the image formed on the retina when the instrument 
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is used to the size of the retinal image for the unaided eye. It 
remains merely to interpret this definition in terms of the con¬ 
stants of a magnifier or ocular. In Fig. 229A, let a small object 
of height y be located at a distance d from the first principal 
point of the eye. The size of the retinal image obviously depends 
on the value of d; but, since the object cannot be placed closer 
than the near point of the eye, there is a definite limit to the size 
of the retinal image that can be formed by the unaided eye. In 
specifying the magnifying power of optical instruments, the value 
of d is arbitrarily assumed to be equal to the conventional reading 
distance of 10 in. or 250 mm. 

Suppose now that a magnifier is placed before the eye as in 
229B. To make the comparison fair, assume that the image 
P, which the magnifier forms of the object P, is located at the 
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same distance from the first principal point of the eye as before. 
In this case, the magnifying power of the instrument is simply 

M = 

y 

where y' and y are the heights of the image and the object 
respectively. But y'/y is the linear magnification produced by 
the magnifier, and this quantity is given by Eq. *(66) as 

_ 

m - j, 

where x' is the distance of the image from the second focal point 
of the magnifier. This distance is negative, of course, by our 
sign convention. In general, the eye is located with its first 
principal point in the vicinity of the second focal point of the 
magnifier, and hence x' is approximately equal to 10 in. or 250 
mm. The magnifying power of a magnifier is therefore 

Af = y (in.) (238) 

= ^ (mm) . (239) 

The positive sign indicates that the image is erect. It is clear 
that this equation holds also for an ocular, the only difference 
being that in this case the object is an image formed by another 
optical system. In a telescope or a microscope, for example, it 
is the image formed by the objective. 

Both magnifiers and oculars are frequently focused so that 
the image is at infinity instead of at 10 in. from the eye, as 
assumed above. However, this requires only a slight displace¬ 
ment of the object with respect to the magnifier because the focal 
length of the latter is ordinarily so short that an image distance 
of 10 in. is practically infinite by comparison. Since the image 
subtends the same angle from the second nodal point of the 
magnifier as the object does from the first, the angle subtended 
at the eye when the image is at infinity is substantially the same 
as v/hen the image is at 10 in. Furthermore, when the image is 
at infinity, the position of the eye with respect to the magnifier 
is unimportant. It follows, therefore, that the changes in the 
magnifying power of a magnifier or an ocular that are ordinarily 
brought about, by varying the image distance are negligible, 
especially in view of the arbitrary assumption of 10 in. as the 
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distance that an object would be held for examination by the 
unaided eye. An uncorrected myope would, of course, derive 
less benefit from a magnifier than an emmetrope, but he also has 
less need for one. 

172. Types of Magnifiers.—An ordinary double-convex lens 
is the simplest type of magnifier and is widely used for reading 
glasses, watchmakers’ loupes, and inexpensive pocket magnifiers. 
As might be expected, the aberrations of a double-convex lens 
cause the definition to deteriorate rapidly in the outer portion 
of the field—the field that is covered sharply being rarely more 
than 10° in angular extent. The system can be achromatized 
by adding a concave lens of flint glass, and some of the mono¬ 
chromatic aberrations can also be reduced. Some high-grade 
watchmakers’ loupes are cemented doublets constructed in this 
manner. Photo-engravers often use a magnifying glass consist¬ 
ing of two plano-convex elements of crown glass mounted with 
their plane sides outward and the vertices of the curved surfaces 
almost touching each other. This combination has a large field 
free from distortion and is useful for magnifications up to three 
or four times. 


The magnifiers just described are useful primarily for relatively 
low magnifying powers. For higher powers, more attention 
must be paid to the correction of the aberrations. Lateral 
chromatism is one of the aberrations that become serious in 
the margins of the field. In some magnifiers, such as the one 
shown at A. in Fig. 230, this aberration is eliminated by properly 




separating the two elements (see 
Sec. 56, Chap. VI). The complete 
elimination of lateral chromatism 
requires that the object be placed 
in contact with the lens surface if 
the magnifier is to be symmetrical. 
In other words, the working distcLnce 


A magnifiers, {i.e.j the distance from the obioct 

apianat. the nearest refracting surface) 


_ would be zero. Hence, in practice, 

the separation of the elements is made slightly less than the 
condition for complete achromatism requires. At best, however, 
the working distance is inconveniently short, especially in the 
high powers; and the necessary proximity of the magnifier to the 
object prevents the latter from being properly illuminated unless 
it happens to be transparent. 
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An interesting type of magnifier is commonly credited to 
Coddington although it should really be ascribed to Sir David 
Brewster. Its prototype was a magnifier designed by Wollaston, 
which consisted of two plano-convex elements separated by a 
short distance. Their curved sides were outward and a dia¬ 
phragm was interposed midway between their plane faces. 
Brewster improved this instrument by making it from a sphere 
of glass and cutting a groove about its equator to form a dia¬ 
phragm. A modern form is shown at B in Fig. 230. It is a very 
fair magnifier but expensive to manufacture. 

One of the best magnifiers now on the market is a cemented 
triplet consisting of a double-convex lens of crown glass between 
two negative meniscus lenses of flint, as shown at C in the figure. 
It is known under the trade name ''Triple Aplanat.” The 
field is large and the color correction excellent, so it may be used 
as an ocular as well as a magnifier. Since the elements are 
cemented, the loss of light is hardly more than with a single 
lens. It is especially meritorious as a magnifier because of its 
great working distance, which is nearly equal to that of a simple 
lens of the same power. A series of triple aplanats computed by 
C. S. Hastings is especially noteworthy. 

The working characteristics of the three types of magnifiers 
just described are well shown by the following excerpts from the 
catalogue of the Bausch and Lomb Optical Company. All the 
types given in this list may be obtained either in tubular mounts 
for dissecting microscopes or in folding cases for carrying in the 
pocket. 
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173. Types of Oculars.—^As has been stated above, the only 
essential difference between an ocular and a niagnifier is that 
the object for the latter is real, whereas the object for the former 
is the image formed by some other optical system. Oculars may 
therefore be designed to correct some of the residual defects in 
other elements of the system. In addition, oculars are frequently 
called upon to supply other functions not required of magnifiers. 
For example, it may be desired to introduce cross hairs or scales 
for purp>oses of measurement, or, if the image formed by the rest 
of the system is inverted, the ocular may be called upon to erect 
it. In the present section we shall describe the types of oculars 
that are used solely to magnify the image and then consider in 
later sections the types that perform other functions in addition. 

It is clear that any of the magnifiers described in the preceding 
section can be used as oculars, and the triple aplanat is indeed 
excellent for this purpose. Such a lens gives a beautifully sharp 
and flat field of approximately 30° that is very free from chroma¬ 
tism and distortion. The loss of light and flare are at a minimum 
because there are only two air-glass surfaces, and hence this type 
of ocular is especially suitable for examining faint objects. The 
manufacturing cost is rather high, however, and the field is 
smaller than is desirable in optical instruments of high power. 

The type of ocular that enjoys the widest use is credited to 
Huygens. It consists of two elements of the same kind of glass, 
usually spectacle crown, the ratio of the focal lengths varying 
from 3:1 to 1.5:1 according to the type of correction desired. 
These elements are separated by a distance equal to one-half 
of the sum of their focal lengths, and therefore the combination 
is free from lateral chromatism. The path of the rays through 
an ocular of this type is shown at A in Fig. 231. The objective 
(not shown) forms an image in the first focal plane of the ocular. 
This image is a virtual object for the ocular, which consists of the 
field lens FL and the eye lens EL. In most visual instruments, 
the objective is the aperture stop. The exit pupil (or eye point) 
is therefore the image of the objective formed by the ocular. 
It is generally close to the second focal point of the ocular and is 
indicated in the figure by EP. 

If the image formed by the objective is at the first focal point 
of the ooular, the image seen by the observer is at infinity, which 
is usually the most satisfactory image distance for a person 
with the normal range of accommodation. It follows, therefore. 
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that the field stop S should be located at the first focal point 
of the eye lens so that its image may likewise be formed at 
infinity. Also, if the ocular is to be provided with cross hairs or 
a scale, it should lie in the plane of the field stop The scale is 
then magnified by the eye lens alone; and, since the corrections 
that are provided by the field lens are lacking, the field that is 
sharply covered is small. Nevertheless, a micrometer ocular 
of this type is used to some extent in microscopy, but the scale 
is made very short and is placed at the center of the field. 

The field of a Huygenian ocular is sharp out to about 25° 
and is very fair to 40°. Distortion and lateral chromatism 



S FL 



Pia. 231.—Path of rays through oculars. A, Huygenian type; j3, Ramsden 

type. 


are small, but the curvature of the field, which is convex toward 
the eye, is very pronounced. The longitudinal chromatism is 
about 50 per cent greater than that of a simple lens of the same 
focal length. To overcome these difficulties, the Huygenian 
ocular has been modified in several ways. A modification due 
to Mittenzwey, in which the field lens is meniscus, covers a 
field of approximately 50° with fair definition to the margin. 
Perhaps the most striking modification is a type patented by 
Tolies in the middle of the last century, although it was not 
original with him. It is similar in appearance to a Coddington 
magnifier, but the curvature ratio between the first and last 
surfaces is 1.5:1 instead of 1:1 and the groove that serves as 
diaphragm is at about one-third of the distance from the field 
end to the eye end. Although it is difiicult to construct, it is 
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superior to the two-lens type for high powers, not only because 
of its small loss of light and its freedom from flare, but also 
because of its extensive field and exquisite definition. A further 
improvement has been described by Hastings in which the longi¬ 
tudinal chromatism is reduced by making the surface at the eye 
end concave and cementing a thin double-convex lens of flint glass 
to it. 

An ocular devised by Ramsden is commonly used in instru¬ 
ments that are designed primarily for determining the size or 
direction of the object because it is better adapted for the use of 
scales or cross hairs. This ocular consists of two plano-convex 
lenses made of ordinary crown glass placed with their plane sides 
outward. The focal length of both elements is the same, and 
the lateral chromatism is corrected by making the separation 
equal to the focal length. Since the first focal plane of such 
a system is coincident with the field lens, the cross hairs or the 
scale of the micrometer must lie against this lens. Any specks of 
dust upon the lens surface are therefore plainly evident to the 
observer. The focal plane can be moved forward at the expense 
of the correction for lateral chromatism by bringing the element s 
nearer together. The prevailing custom nowadays is to make 
the separation approximately two-thirds of the focal length 
of the elements. The path of rays through an ocular of this type 
is shown at B in Fig. 231. The image formed by the objective 
is at the first focal point F of the ocular, and it is here that the 
field stop and the cross hairs or scale of the micrometer must 
be placed. It is evident that this type of ocular can be used as 
a magnifier, and it is therefore called a 'positive ocular in con¬ 
tradistinction to the Huygenian or Tiegative type. 

The field of the Ramsden ocular is of approximately the 
s^e size as that of the Huygenian. The Ramsden ocular is 
about equaUy free from distortion, but its field is much flatter, 
^though the lateral chromatism is slightly greater than that of 
tne Huygenian type, the longitudinal chromatism is only about 
alf as great. Many modifications of the Ramsden ocular have 
6011 6^s6ci, the purpose of most of them being to improve the 

^romatic correction. One of the best known of these is the 
^eliner, in which the eye lens is an achromatic doublet. In 
Its modern form, this ocular gives an achromatic and orthoscopic 
teld that m some models is as large as 60^. Its most serious 
sadvantage is the pronounced ghost resulting from light 
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reflected successively from the inner and outer surfaces of the 
field lens. 

Inasmuch as it is desirable to interchange oculars freely, the 
tube sizes have been standardized. For telescopes, the standard 
diameter is 1.25 in. (31.8 mm); for microscopes, the standard 
diameter is 0.917 in. (23.3 mm). 

174. Compensating Oculars.—It will be evident that the 
amount of lateral chromatism in an ocular can be readily varied 
by altering the separation of the elements, although this pro¬ 
cedure affects the other corrections to some extent also. Oculars 
for large telescopes are provided with means for adjusting the 
separation of the elements and thereby securing the most satis¬ 
factory image by trial. Special oculars are available for use 
with apochromatic microscope objectives. These oculars are 



overcorrected for lateral chromatism to compensate for the under- 
correction of the objective. They arc therefore known as 
compensating oculars. It is customary to make low-power 
compensating oculars of the Huygenian type and the high-power 
of the Ramsden. They can then be designed so that the first 
focal point lies the same distance below the shoulder that sup¬ 
ports the ocular in the draw tube to eliminate the necessity of 
refocusing when one ocular is substituted for another. 

A special type of Huygenian ocular has been found desirable 
for photomicrography, inasmuch as the image in this case is 
at a considerable distance behind the ocular instead of 10 in. in 
front of it. The eye lens of this projection ocular, as it is called, 
is made adjustable so that the image of the field stop and the 
image of the object under examination can be focused simul¬ 
taneously upon the plate. Another type of ocular that is 
intended exclusively for photomicrography consists essentially 
of a negative lens. This gives a very large flat field when used 
with the objective for which it is designed. 

175. Erecting Oculars.—All the magnifiers and oculars de¬ 
scribed up to this point form erect images of the objects they 
magnify. This may be an undesirable feature in an ocular, 
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since the image formed by the rest of the system may have been 
inverted. Such instruments as opera glasses, field glasses, 
and terrestrial telescopes must necessarily be provided with 
erecting oculars to reinvert the image. 

The simplest type of erecting ocular is a single negative lens. 
It will be discussed in Sec. 180 of the following chapter. A 
more complicated type that is widely used in terrestrial telescopes 
is shown in Fig. 232. The objective forms an inverted image at 
P' and the first three lenses of the ocular form an erect image at 
P”. Since this image is merely magnified by the eye lens, the 
image seen by the observer is erect also. 
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TELESCOPES 

In the strict terminology of optical theory, a telescopic system 
is one that forms an image at infinity of an infinitely distant 
object. In practice, however, the object may be located at a 
finite distance and the instrument may be adjusted to form 
an image at a finite distance also. In fact, there is no sharp 
distinction between telescopes on the one hand and microscopes 
on the other. Generally speaking, an instrument that is used 
to examine objects that would be held closer to the eye than 10 
inches, if the accommodation of the observer would permit, is 
called a microscope, and an instrument that is used to examine 
objects at a greater distance is called a telescope. 



Fia. 233. 


176. The Theory of Telescopic Systems.^—Telescopes are 
constructed in a great variety of forms, but the same underlying 
principles are common to all. A very simple system will there¬ 
fore suffice for illustration. In Fig. 233, suppose that an object 
of height y is located at P (not shown) at a distance Si in front 
of the objective O, which will be assumed to be thin. The 
objective forms an image at P^ at a distance s/ behind the 
objective, the height of the image being 


This image is observed by means of an ocular F, which forms a 
virtual image at P" (not shown). Assuming the ocular to be 
thin, the height of the image at P" is 
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Sx's^' 

S1S2 


y, 


( 240 ) 


where S 2 is the distance of P' from the ocular and is the distance 

of P".* 

If Si and S 2 ' are large compared with y and y”, the magnifying 
power of the telescope is 


y" hi 

yf^ 


since the numerator and denominator represent the angles sub¬ 
tended at the eye by the image and the object respectively. 
Substituting the value of y"(y obtained from Eq. (240), 


M = 


Si 


S2 


Since si and S 2 ' are large, Si' = fi and S 2 = / 2 , where/i is the focal 
length of the objective and that of the ocular. Hence the 
magnif 3 dng power of a telescope when used under the assumed 
conditions is 


M = 


fl, 

fi 


(241) 


It is sometimes convenient to regard the magnifying power 
of the telescope as the product of the individual magnifying 
powers of the objective and ocular. Imagine a telescope used 
without an ocular. The image formed by the objective must 
then be examined by the unaided eye, which must obviously 
be placed at least 10 in. behind the image. If the focal length 
of the objective is 10 in., the angle subtended by the image 
when viewed from this distance will be the same as the angle 
subtended by the object itself. Hence, the magnifying power 
of the objective is 

- 4 (in.) , (242) 


the negative sign indicating that the image is inverted. The 
magnifying power of the ocular is given by Eq. (238) as 

Afs = ^ (in.). 

J2 

* Since si is negative whereas all the other distances are positive, y" 
is negative and therefore the image is inverted. For many types of tele¬ 
scopes, notably astronomical and reading telescopes, this is no objection. 
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Hence, the magnifying power of the complete instrument is 

M = Ml M2 = —^ ' 

which is the same as Eq. (241). 

The magnifying power of a telescope can be measured very 
satisfactorily by means of the arrangement illustrated in Fig. 
234. Two glass plates Cri and G 2 are used to enable the eye to 
view the object around the outside of the telescope and at the 
same time to see the image formed by the telescope superposed 
upon it. The magnification can be read directly by sighting 
the telescope on a suitable scale. A picket fence or a brick wall 
may be used if nothing better is at hand. Another method that 
requires no auxiliary apparatus but gives results that are suffi¬ 
ciently precise for most purposes is to look through the telescope 



Fio. 234. 

with one eye and observe the scale directly with the other. 
With a little practice the images formed by the two eyes can be 
made to appear in superposition. 

The objective is the largest and most expensive part of a tele¬ 
scope and it should ordinarily be the aperture stop of the system. 
It is then the entrance pupil as well, since there are no lenses 
preceding it. The exit pupil is the image of the objective formed 
by the ocular. Since the objective is located at a considerable 
distance to the left of the first focal point of the ocular, the exit 
pupil is not far from the second focal point. If p represents the 
radius of the entrance pupil, the radius of the exit pupil is 



For a truly telescopic system, this becomes 



( 243 ) 
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In other words, the ratio of the size of the entrance pupil to the 
size of the exit pupil of a telescopic system is equal to its 
magnifying power. This circumstance provides an alternative 
method of measuring the magnifying power of a telescope. The 
procedure is to focus the telescope for infinity, locate the exit 
pupil, and compare its diameter with that of the objective. 
The exit pupil can be located readily by directing the telescope 
toward the sky and moving a piece of ground glass back and 
forth behind the ocular until the point is found where the emer¬ 
gent beam is smallest and most clearly defined. This sharply 
defined disk of light formed at the exit pupil is sometimes called 
the eye circle or Ramsden circle. 


The useful magnifying power of a telescope is limited by its 
resolving power, as was made clear in Chap. XIX. It was 
there shown that if the entrance pupil of the eye lies in the plane 
of the exit pupil of the instrument, full advantage is taken of 
the inherent resolving power of the instrument when its exit 


pupil is no larger than the entrance pupil of the eye. On the 
other hand, the illumination of the retinal image is a maximum 
when the pupil of the eye is filled, and it decreases in proportion 
to the area of the exit pupil when the latter is smaller than the 
pupil of the eye. From the standpoint of optical theory, there¬ 
fore, the magnifying power of the instrument should be chosen 
so that the exit pupil is of the same size as the entrance pupil 
of the eye. Practical experience has indicated, however, that 
It IS i^ually desirable to depart somewhat from this condition, 
n other words, the better seeing conditions that result from 
using a magnifying power slightly higher than normal more 
an compensate for the loss of illumination in the retinal image. 
I* or the examination of terrestrial objects in daylight, the 
optimum size of the exit pupil is found to be in the neighborhood 
ot l.b mm, which corresponds to a magnifying power approxi- 
mately twice normal. For the examination of double atam, 
which are distinguished by means of their overlapping diffrac- 
ion patterns, an even smaller exit pupil (or higher magnifying 

of femployed. The usual practice for a telescope 

of moderate size is to use a magnifying power of 50 per inch of 

The f^et’ P'lPil only 0.5 mm in diameter, 

art magnifying powers so much higher than normal 

are used in practice indicates that the resolving power of a aood 
telescope is limited by diffraction rather than b^ab'rratlns^ 
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The resolving power of a telescope depends upon the diameter 
of the objective and is independent of its focal length. Since 
the magnifying power depends upon the ratio of the focal length 
of the objective to that of the ocular, it is clear that varying 
both focal lengths in the same proportion merely varies the over¬ 
all length of the telescope without affecting either the resolving 
power or the magnifying power. For obvious reasons telescopes 
are made as short as possible, and therefore the objective should 
have as high a relative aperture as is consistent with the type of 
correction required. The relative aperture of the objective is 
usually in the neighborhood of //15 and rarely exceeds //12. 
It should be noted that the focal length of the ocular that is 
required to produce normal magnification depends only on the 
relative aperture of the objective. Thus normal magnifying 
power is attained with an //15 objective when the focal length 
of the ocular is 1,5 in. (40 mm) regardless of the focal length 
of the objective. For the reason set forth above, a magnifying 
power somewhat higher than the normal is usually desirable. In 
practice, therefore, the focal lengths of telescope oculars range from 
1.5 in. down to 0,25 in., although 0.75 in. is the most common. 

The field of view of the simple telescope illustrated on page 479 
is limited theoretically by the diameter of the ocular. In 
practice, of course, the maximum field of view is limited by the 
aberrations of either‘the ocular or the objective, and it is desirable 
to insert a stop to limit the field to the region where the image is 
sharply defined. This stop in the case of the telescope on page 
479 should be located at P' to make the image of the stop seen by 
the observer coincide with the image formed by the telescope. 

If the eye is placed elsewhere than in coincidence with the 
exit pupil of the instrument, it may, of course, limit the field 
of view. In the simple type of telescope sketched on page 479, 
the exit pupil is at a considerable distance behind the ocular. 
This is an exceptional condition, and the eye point of most oculars 
is uncomfortably close to the eye lens. There are occasions, 
however, when it is desirable to locate the eye point well behind 
the eye lens. The outstanding example is the telescopic sight 
used on rifles, which must be designed with a view to protecting 
the eye from injury due to the recoil of the gun. 

It has been assumed thus far that the telescope is to be used 
visually with an ocular to magnify the image formed by the 
objective. If the telescope is used to record the image on a 
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photographic plate, the ocular is removed and the plate is inserted 
in the plane of the image formed by the objective. Manifestly, 
there is no essential difference between a telescope used in this 
manner and a camera, except that the focal length of the objective 
is ordinarily longer than that of photographic objectives. If a 
contact print made in a photographic telescope is viewed at the 
conventional reading distance of 10 in., the magnifying power is 
simply the ratio /i/lO given by Eq. (242). 

177. Refracting Telescopes.—The earliest telescopes were 
of the simple type discussed in the preceding section, and their 
performance, judged on the basis of our present-day standards, 
was very poor because of aberrations. The spherical and chro¬ 
matic aberrations were the most serious, but their effect was 
found to be greatly reduced by increasing the focal lengths of the 
lenses. As a result, instruments over 200 ft. long came into use 
for astronomical observations. With the invention of the 
achromatic objective early in the eighteenth century, the tele¬ 
scope became a more practical instrument because its over-all 
length could be greatly decreased. Thus the refractor at the 
Yerkes Observatory, which is the largest of this type in the 
world, is only 65 ft. long, although its objective is 33^-^ ft. in 
diameter. Smaller telescopes of the same general form are used 
for a great variety of purposes, but they are still said to be 
of the astronomical type because this type was first used by 
astronomers. The image is inverted, of course, but this handicap 
is more than offset by certain other advantages that will be 
apparent later. One advantage that may be mentioned here, 
however, is the ease with which cross hairs or a scale can be 
inserted in the ocular. This, together with the simplicity of 
construction, accounts for the wide use of the astronomical type 
in surveying instruments, such as levels and theodolites; in 
instruments for reading the deflection of a galvanometer mirror; 
and in many other scientific instruments, such as spectrometers 
and goniometers. 

The principles underlying the design of all astronomical 
telescopes are generally the same notwithstanding the diversity 
in size and purpose of the various types. The modern develop¬ 
ments have been in the direction of improving the corrections 
of the instrument and adapting it to new purposes. Since 
oculars have been discussed in the preceding chapter, we shall 
confine our attention to the design of objectives. 
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The aberrations of modern telescope objectives are ordinarily 
eliminated so completely that the resolving power approaches 
closely that of an ideal system. This is possible because tele¬ 
scopes for visual use are not required to have a high relative 
aperture and also because the field that must be covered is small. 
The field of view seen by the observer is rarely greater than 35® or 
40°, being limited chiefly by aberrations in the ocular. The 
corresponding field in the object space is less in proportion to the 
magnifying power of the instrument. Thus the objective of a 
telescope with a magnifying power of 35 or 40 is required to cover 
a field of only 1®—that is, half a degree on either side of the axis. 
For this reason, the only aberrations that are of serious conse¬ 
quence in the objective are spherical aberration, coma, and 
longitudinal chromatism. The last aberration is the most diffi¬ 
cult to correct, and the glasses should be chosen so that the 
secondary spectrum is eliminated as completely as possible. 

Telescope objectives are so relatively simple in construction 
that semidirect methods can be followed in designing them. 
The classical treatment of the subject is by Harting^ but many 
valuable papers, of which one by Moffitt*^ may be mentioned, 
have appeared since. Satisfactory corrections of the three 
aberrations mentioned above can usually be obtained with a 
doublet, which in small instruments consists of a double-convex 
crown element cemented to a plano-concave flint. The quality 
of an objective can be determined by the methods described in 
Sec. 139, Chap. XVII, but a better estimate of its performance 
under working conditions can be made by examining the image 
of a distant point source with an ocular of sufficient power to 
make the diffraction pattern visible. The appearance of this 
pattern when the ocular is racked back and forth through the 
focal point can be interpreted in terms of the individual aberra¬ 
tions by considering the principles discussed in Chap. VI. 
It may be added that the performance of many types of objectives 
is seriously affected by a relatively slight error in cent.ering or 
squaring on, and that an objective should not be adjudged inferior 
until it is ascertained that these faults are not present. 

When photographic mei.hods were first introduced into astron¬ 
omy, the photographic plate was simply inserted in the focal 
piano of the objective of an existing telescope. The chromatic 

' Zeita. Instrmnent&nk.f 18, ‘S!>7 (1898). 

Jour. Optical Soc. Airier, awl Rev. Sci. Inatruineuts, 11, 147 (1925). 
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errors of an objective designed for visual use are serious in the 
violet region, where the photographic plate is most sensitive. 
The other corrections are also inferior in this region of the spec¬ 
trum, so it was found necessary to use color-sensitive plates and 
to remove the violet rays with a yellow filter. As soon as the 
importance of photographic methods was realized, special 
astrographic objectives were developed. In comparison with 
objectives designed for visual observations, these have a higher 
relative aperture, a larger field, and a different type of chromatic 
correction. It was found impractical to use the new glasses 
because the indices are so similar that deep curves are required. 
The elements would therefore have to be very thick and corre¬ 
spondingly expensive. Although the same difficulty arises 
when it is attempted to eliminate the secondary spectrum by 
using more than two elements, some notable triplets and even 
quadruplets have been produced. An especially interesting 
triplet is due to Steinheil. It is made in diameters up to 4 in. 
and works at a relative aperture of //4 to //5. This sort of 
objective must not be confused with an ordinary photographic 
objective of the same relative aperture because the former gives 
needle-sharp definition over a small field, whereas the latter 
gives mediocre definition over a large field. Wide-angle objec¬ 
tives are used for such purposes as the systematic survey of the 
heavens. An excellent objective of this type has been described 
by F. E. Ross.^ It has a relative aperture of //14 and gives 
critical definition over a field of approximately 30°. 

The method of focusing a telescope deserves brief considera¬ 
tion. Figure 235 shows schematically the construction of the 

eye end of a telescope. The 
ocular E fits smoothly into a 
tube T to which the field stop 
S and the cross hairs X are 
permanently secured. The 

Fig. 235.—The eye end of a spectrom- first Operation is to direct the 
eter telescope showing adjustments. telescope toward an illuminated 

surface and slide the ocular E back and forth until the cross 
hairs are in sharp focus. It is generally found to be most 
restful when the final image is placed as near the far point 
of the eye as possible. This can be accomplished by relaxing 

^Jour. Optical Soc. Amer., 6, 123 (1921). 
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the accommodation^ and withdrawing the ocular until the image 
is on the point of becoming blurred. With this adjustment made, 
the objective must be focused so that the image of the object is 
formed in the plane of the cross hairs. To accomplish this, the 
tube T is provided with a rack and pinion R. By turning the 
knob Kj this tube can be moved back and forth in the main 
tube U at whose far end the objective is mounted. 

For such instruments as theodolites, which are exposed to the 
elements, a draw tube of this sort is undesirable. Nowadays 
such instruments are frequently made with a fixed tube length 
and have a negative lens inserted between the objective and 
the ocular for focusing, as shown in Fig. 236. This lens is 
mounted in a tube fitted with a rack and pinion, and as the shaft 
that carries the pinion can be equipped with a stuffing box where 
it projects through the main tube, the instrument is water-tight. 



Flo. 236.—The optical system of a weather-proof theodolite telescope. The 
focusing is accomplished by moving the negative lens along* the tube. 

178. Reflecting Telescopes.—The first practical reflecting 
telescope appears to have been designed by James Gregory in 
1663, but the first to be actually constructed appears to have 
been made about five years later by Newton, whose experiments 
had led him to believe that achromatic objectives were impossible. 
Although Gregory seems to have understood that the mirror 
should be paraboloidal to eliminate spherical aberration, the 
early makers did not know how to realize such a figure in practice. 
These mirrors were made of speculum metal, which is an alloy 
of copper and tin. Its disadvantages were that its reflectance 
was only about 65 per cent when new and that the mirror had to 
be refigured when it became tarnished. Present-day mirrors are 
made of glass on which silver is deposited chemically. They 
have a reflectance of upwards of 90 per cent when new, and when 
tarnished the old silver can be dissolved away and a ntiw coat 
deposited. 

With a reflecting telescope, some sort of apparatus must be 
introduced in front of the mirror to bring the image outside the 

^ Observers with little experience involuntarily accommodate for the 
ordinary reading distance when looking into an optical instrument. 
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tube where it can. be examined. Sir William Herschel con¬ 
structed many reflecting telescopes, the largest of which had an 
aperture of 48 in. and a focal length of 40 ft. To observe the 
image, he tilted the mirror slightly in its mount and looked at it 
over the edge of the tube through an ocular, as shown at A. in 
Fig. 237. This arrangement has the advantage that the loss 
of light is at a minimum, but it is impractical for small telescopes 
because the observer’s head would obstruct an appreciable 
proportion of the light. The commonest arrangement is that 
devised by Newton, which is shown at J5in the figure. It consists 
merely of a first-surface mirror or a right-angle prism placed in 





A > 




B 1 -- 





c 


Fig. 237. Th© optical systems of reflecting telescopes. A, Herschelian; S, 

Newtonian; C, Cassegrainian. 

the tube to reflect the light through a hole in the side. The 
type of mounting devised by Cassegrain is shown at C in the 
figure. In this arrangement, the mirror is drilled with a central 
hole into which the light is reflected from a small hyperboloidal 
whose focus coincides with that of the large mirror. 
Thus the effective focal length is considerably increased. The 
type of mounting originally proposed by Gregory is somewhat 
similar except that the small mirror is ellipsoidal. Many of the 
large reflectors can be used in either the Newtonian or the 
Cassegrainian form. 

The field of a reflecting telescope is exquisitely sharp in the 
center, but it is extremely limited in extent because the oblique 
aberrations, such as astigmatism and coma, are pronounced 
at only a short distance from the axis. The superior covering 
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power of the refractor has therefore caused this type to be 
adopted for all but the very largest telescopes. The practical 
limitation to the size of refracting telescopes is set by the difficulty 
of obtaining disks of optical glass that are sufficiently homo¬ 
geneous and free from striae and other defects. Moreover, 
unless the disk is annealed with extreme care, stresses will be set 
up that may prevent it from retaining its figure after it leaves the 
optician’s hands. The difficulty of obtaining a satisfactory 
disk is also encountered in the case of the reflecting telescope, 
of course, but to a lesser degree because the light does not pass 
through the glass. On the other hand, the reflecting telescope 
presents some inherent difficulties. As it is swung from one part 
of the heavens to another, the mirror changes its position and the 
consequent flexure alters the figure of its surface. The same 
effect is produced on the objective of a refractor, but the changes 
in curvature of the various surfaces tend to compensate. 
Thermal changes are also more injurious to the performance of 
a reflector for a similar reason and therefore must be kept as 
small as possible. Many of these difficulties can be eliminated 
by using a material having a low temperature coefficient 
of expansion, and the improvements in the manufacture of fused 
quartz have led to experiments on the feasibility of making a 
200-in. mirror of this material. 

The advantage of the reflecting telescope lies in the fact that 
it is free from spherical aberration at its focus and is also inher¬ 
ently achromatic. It can therefore be made to have a very 
high relative aperture, usually in the neighborhood of //5, the 
limit being set by the ability of the optician to work to the 
close tolerance that such a high relative aperture entails. Thus 
the exposures are short in comparison with those required 
by the ordinary refractor. 

The mounting of a mammoth telescope is an engineering task 
of no small magnitude, but, as such instiuiments are few in 
number, it must suffice to state here that the tube is mounted on 
mutually perpendicular axes, one of which is parallel to the 
axis of the earth to enable objects to be followed as the earth 
rotates. A clockwork or motor keeps the instrument trained on 
the object under observation. 

179. The Terrestrial Telescope.—The term “terrestrial tele¬ 
scope” is specifically applied to the type of telescope in which an 
erecting ocular of the type shown in Kig. 232 is used This type 
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of instrument was very common before the invention of the prism 
binocular and is well known to everyone as the spy-glass of the 
old-time sea captain. The loss of light and the veiling glare 
caused by reflection at the large number of air-glass surfaces are 
serious faults. Moreover, the instrument must be inconveniently 
long, and it has therefore become practically obsolete. 

180. Galilean Telescopes.—The first telescopes about which 
we have definite information were those built by Galileo in 1609. 
These were of the type shown in Fig. 238, the distinguishing 
feature being the negative ocular. The optical principles of this 
type of telescope are sufficiently different from those discussed in 
Sec. 176 to warrant some discussion. 



Pig. 238. 


If an object of height y is located at P at a distance Si in front 
of the objective, the image formed by the objective is at P' at a 
distance sx to the right. The height of the image at P' is 


This image is a virtual object for the ocular. If the distance of 
P' from the ocular is S 2 and if its image at P" is at a distance Sz j 
the height of the final image seen by the observer is 


y 


n _ 



S1S2 


y, 


which is identical with Eq. (240). If both P and P" are at a 
great distance, the magnifying power is 


M = 


/i 

u 


as before. However, /a is negative in this case, so the fiinal image 
is erect. 

If it be assumed, as before, that the objective is the aperture 
stop, it will be seen that the exit pupil, which is then the image 
of the objective formed by the ocular, is within the instrument 
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at approximately the second focal point of the ocular. ^ It is 
therefore impossible to locate the eye at the exit pupil of the 
instrument, and the best that can be done is to place it as close to 
the ocular as possible. Even so, the pupil of the eye ordinarily 
becomes the aperture stop of the entire system. The entrance 
pupil is then the image of the pupil of the eye formed by 
the objective. It is located behind the observer and is magnified 
in the ratio/ 1 // 2 . As this ratio is equal to the magnifying power 
of the instrument, it will be seen that the magnifying power is 
always normal, as it should be. 

If the eye is placed in coincidence with the ocular, the objective 
is obviously the field stop of the system. The half-angle of the 
field of view in the image space is therefore 

a' = tan-» 2(/i + /j) ’ 


where d is the diameter of the objective. Now 


h = 



and with this substitution 


cx! = tan~^ 



(244) 


The fraction 1/M is negligible in comparison with unity for large 
values of M, and in this case the equation becomes 

O'' = tan~^ - (245) 

The field of view in the image space of a Galilean telescope 
is therefore determined by the relative aperture of the objective. 
For an objective with a relative aperture of//12, which is approxi¬ 
mately the highest used in telescopes of the astronomical type, 
the total field angle 2a' in the image space is only about 5°. 
To attain the field angle of 40° that is common for astronomical 
telescopes, the relative aperture of a Galilean telescope objective 
would have to be approximately //1.4. Although the negative 
lens enables the designer to correct the instrument for a higher 
relative aperture than would be practical in an astronomical 
telescope, it is clear that the Galilean type cannot compete 
^ The focal points of a negative lens arc crossed. 
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with the astronomical type in respect to the field of view. Since 
for small values of a.', the field of view in the object space is 

2oi' 

M ' 

it will be seen that the use of the Galilean type is limited to low 
powers. 



Fia. 239. A typical prism binocular. One tube is cut away to show the* 

optical parts. {By courtesy of Bausch and Lomh Optical 



The chief advantage of the Galilean telescope is its short ovor- 
which makes it admirably suited for opera glasses, 

N Moreover, since there arc only four air- 

glass surfaces, the images are very 
brilliant and free from flare. On the 
other hand, the small field of view is a 
serious disadvantage, and conseciuently 
the highest practical magnifying power 
is but a little more than two. One 
noteworthy type of Galilean telescope 
is marketed under the name **Sport 
Glass.” Its magnifying power is only 
Fig. 240. two, but, by Careful design, its relative 

ic 4 ? 1 aperture has been made very high It 

IS therefore very short and compact, and its field of view in the 
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object space is approximately 13*. The objective of this instru¬ 
ment was sketched in Fig. 205 of Chap. XIX. 

181. Prism Binoculars.—The need for a compact erecting 
telescope magnifying six to ten times and covering a large field 
is met by the prism binocular. Such an instrument is shown in 
Fig. 239. As can be seen, it is essentially an astronomical 
telescope fitted with prisms which serve to diminish the length 
of the instrument and to invert and reverse the final image. 
Various types of prism systems are used, but the Porro system, 
shown in the figure, is the most common. It consists of two 
right-angle prisms, and, as can be seen from Fig. 240, one inverts 
the image but leaves it still reversed right and left. A second 
prism oriented in a perpendicular azimuth reverses the image. 
Prism binoculars are commonly made with magnifying powers of 
six, eight, and ten, the useful power being limited chiefly by the 
difiiculty of holding the instrument steady. The diameter 
of the objective is commonly 25 mm or 30 mm for the six- and 
eight-power instruments. The size of the field of view varies 
somewhat, but it is approximately 6° to 8° in the object space. 
It is made large, at the expense of good marginal definition if 
need be, because otherwise moving objects would be difficult to 
' follow. 






















MICROSCOPES 


495 


an objective and an ocular, the specimen being laid on the 
stage under the objective. As in the astronomical telescope, 
the objective forms a real image at or near the first focal plane 
of the ocular, which in turn forms a virtual image for the eye 
to observe. A microscopic specimen is almost never self- 
luminous, and hence some means of illuminating it must be 
provided. For transparent specimens, the method shown in 
the figure is very widely used. A lamp illuminates a piece of 
ground glass, which acts as a secondary source. The light 
diffused from this glass is reflected at the plane mirror and is 
focused on the specimen by means of the substage condenser. 
The methods of illuminating opaque objects will be discussed 
in Sec. 184. 

The magnifying power of a microscope is determined by the 
product of the individual magnifying powers of the objective 
and the ocular. Since the function of the objective is merely 
to form a magnified real image that is examined by the ocular, 
the magnifying power of the objective is evidently equal to the 
linear magnification between the object and its image. Thus 


Ml = mi = 





where x' is the distance of the image from the second focal point 
and/' is the focal length^ of the objective. The demands upon 
the objective are so severe that it can be corrected for only a 
single image distance. The present tendency among microscope 
manufacturers is to adopt 180 mm as the distance from the second 
focal point of the objective to the first focal point of the ocular. 
This is called the optical tube length. Since the image is formed 
by the objective very close to the first focal point of the ocular, 
x' may be taken equal to 180 mm and hence 

M\ — —(mm). (246) 


The magnifying power of the objective expressed in this manner 
is frequently called the initial magnification, since the objective 
is the first element in the magnifying system. The magnifying 
power of oculars was discussed in Sec. 171, Chap. XXII, where it 
was shown by Fq. (239) that 


1 If the ol)jective ia of the oil-immersion type, the first and second focal 
lengths are different and the quantity /' in this equation is, of course, the 
second focal length. 
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nr 250 . . 

jS^2 ~ “5— (nun) . 

/2 

The magnifjdng power of the complete microscope is therefore 

^ -m M- -m r 180 250 y V 


M = M^M2 = 


(mm). 


(247) 


An alternative method of computing the magnifying power of a 
compound microscope is to regard it as a single thick lens and 
apply Eq. (239) to the entire system. Thus 


M = 


250 

/ 


(mm). 


where / is the focal length of the entire system. It is easily shown 
that, if the image formed by the objective lies in the first focal 
plane of the ocular, the focal length of the entire system is given 
by 


180 

/1/2 


(mm). 


(248) 


Hence, on substitution. 


M - 


180 250 . 

A ^ (mm) y 

j \ j ^ 


which is the same as Eq. (247). 

183. Resolving Power.—The objective of a microscope, like 
that of a telescope, should be the aperture stop of the entire 
system, and the exit pupil is therefore the image of the objective 
formed by the ocular. Since the objective is at a considerable 
distance from the first focal point of the ocular, the exit pupil is 
near the second focal point. This point is approximately 10 mm 
behind the eye lens, and consequently there is no difficulty in 
satisfying the primary requirement of visual instruments- 
namely, that the entrance pupil of the eye should lie in the same 
plane as the exit pupil of the instrument. 

The early work of Airy on the resolving power of the telescope 
led to the suspicion that the finite length of a light wave must 
impose a similar limitation to the useful magnification of a micro¬ 
scope. That such was the case was found by the early experi¬ 
menter with the microscope, who noticed that, when the 
magmfication was increased beyond a certain limit, the image of a 
point became a spurious disk of light. The size of this disk was 
found to increase in proportion to the magnification as soon as 
this limit was reached, and hence no additional information about 
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the object could be gained. It will be recalled from Chap. VII 
that the image of a point formed by a centered system of spherical 
refracting surfaces with a circular aperture stop consists of a 
central disk surrounded by rings of rapidly decreasing intensity. 
The central disk is the most important part of the diffraction 
pattern, and its radius was given by Eq. (164) of Chap. VII as 

, ^ 0.61 \ 

^ n' tan d' 

This can be written as 

, _ 0.61 X cos d' 

^ n' sin 6' 

In microscopy, 9' is ordinarily so small that cos 9' can be assumed 
to be equal to unity. Also, n' sin B' can be transferred to the 
object space by means of the sine law, Eq. (129); whence 

= 0.61 X- (249) 

n sin 9 

According to the criterion discussed in Chap. VII, z' is the 
distance between two points in the image that can just be 
resolved. The corresponding separation of the points in the 
object is 



m 


The quantity z also gives a rough indication of the radius of the 
smallest circle in the object space that can just be distinguished 
from a point. Substituting z' in terms of z, 

0.61 X 

Z = -:-^ 

n sin 9 


0.61 X 
N.A. ‘ 


(250) 


This treatment of the resolving power of a microscope is based 
on the assumption that the object is self-luminous, whereas 
microscopic specimens are almost invariably illuminated from an 
external source. Abbe was the first to show that it is not 
permissible to assume in the case of a microscope that a single 
point of the object radiates light in all directions. By means of 
an elaborate analysis, he found that the fine structure of the 
object produces a diffraction pattern instead. That such must 
be the case will be evident when it is recollected that the fine 
periodic structure of a microscopic object will produce spectra 
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just like a diffraction grating. Abbe showed that perfect images 
can be obtained only if all the spectra are collected by the objec¬ 
tive and take part in the formation of the retinal image. If the 
spectrum of zero order alone is allowed to enter the system, no 
detail in the object appears. At least one of the side spectra 
must enter the system if any detail in the object that produces 
it is to be distinguished. As the numerical aperture of the micro¬ 
scope is increased, more spectra enter it and the resolving power 
increases in proportion. 

It would be out of place here to attempt to reproduce the work 
of Abbe on the subject of microscopic vision. The chief result 
of practical importance is that the highest resolving power is 
obtained when the source of light is focused on the object with a 
condenser of such size that the beam fills approximately two- 
thirds of the aperture of the objective. This is called critical 
illumination. Abbe showed further that the finest detail which a 
microscope can resolve is 


■(W.A.),*,-. + (N.A.)„^ ■ (251) 

If the numerical aperture of the condenser is equal to that of 

the objective, as it is approximately for critical illumination, 
tills 6xpressioii beconiGs 


z = 


2(N.A.) (252) 

smallest separation of lino.s in 
the object that can be resolved is equal to the wave length 

till K b twice the numerical aperture of the objim- 

• f 1 substage condenser is omitted, as it frociu('ntIv 

r»wer of the microscope is'o^y half lVgtar%hrtim'Vha? 
the resolving power is found by exneriTnf^Tr+ ^ i ^ 

numerical aperture indicates th^ttb!f. "P”" 

to roiiiGrribpT’ t -j. i The importpiintf 

magnifying 

can be recognised vei^rliW^r ^ mcreased. This limit 
Uttle experience. ^ Particular instance after a 
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The question of the relationship between the magnifying power 
and the resolving power of visual instruments was discussed 
in Sec. 147, Chap. XIX, where it was shown that the normal 
magnifying power of a microscope is roughly 250 times its 
numerical aperture. At normal magnification, the exit pupil 
of the microscope is of the same size as the entrance pupil of the 
eye. Since the latter is then filled with light, the brightness 
of the object is the same as though the object were observed 
with the unaided eye, neglecting, of course, the absorption of 
light within the system. For reasons that are very similar to 
those discussed in the preceding chapter, experienced microsco- 
pists find that the best results are obtained with a magnifying 
power considerably higher than normal. This reduces the illu¬ 
mination of the retinal image in proportion to the square of the 
number of times that the actual magnifying power exceeds 
the normal, but the loss of light is not serious because plenty 
can always be obtained for visual work. However, if too high 
a magnifying power is used, the exit pupil of the system becomes 
so small that any minute particles floating in the humors of the 
eye cast shadows on the retina. These are sometimes mistaken 
by novices for particles floating in the specimen. 

184. Types of Objectives.—A microscope intended for serious 
work is always provided with a battery of oculars and objectives. 
Since it is very desirable to substitute one ocular or objective 
for another without causing the image to go out of focus, some 
convention must be adopted for the positions of the focal points 
of both elements. For instruments whose optical tube length 
is 180 mm, which is the most common to-day, the second focal 
points of objectives (except those of very low power) are placed 
32 mm below the shoulder that seats on the end of the microscope 
tube. The first focal points of the oculars are placed 12 mm 
below the shoulder that rests on the upper end of the tube. 
The distance from this end of the tube to the lower end, which 
is known as the 'iixecJicL'niccil tuhe length, is therefore 160 mm. The 
simplest microscopes have a fixed tube length, but the more 
elaborate ones have an adjustable draw tube engraved with a 
scale to indicate the mechanical tube length. 

It has long been customary to designate objectives in terms 
of their focal length in millimeters. According to Eq. (246), 
this value gives the initial magnification when divided into 180. 
IVIore recently, certain manufacturers have begun to designate 
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their objectives in terms of the initial magnification itself, 
which is a great convenience because the magnifying power 
of the entire microscope is simply the product of this Quantity 
and the magnifying power of the ocular. 

Even the simplest microscope objectives are achromatized for 
two wave lengths and are corrected for spherical aberration and 
coma. They are known as achromats, and a modern low-power 
objective of this type is shown in cross section at A in Fig. 242. 
For most purposes these objectives are eminently satisfactory, but 
when the finest definition is required, apochromats^ must be used. 

As was stated previously (see 
page 116), such objectives are 
achromatized for three wave 
lengths and are corrected for 
spherical aberration at two. 
A cross-sectional view of the 
lower portion of a 2-min 
apochromat having a numer¬ 
ical aperture of 1.40 is shown 
at B in the figure. The most 

tives: A, a 16-mm achromat, full size; a serioUS obstacle tO the wide 
2-mm apochromat, 1}^ times full size. apochromats is thofr 

high cost, and therefore semi-apochromats, so called, in which 
fluorite is used for some of the lens elements, have be<‘u 
developed. Although their performance is but slightly inferior 
to that of the apochromats, their cost is considerably less. 

Objectives for photomicrography must be selected by a dif¬ 
ferent criterion than that applied to visual work. Since color 
filters are almost invariably used, it might seem that the chro¬ 
matic errors of the objective would be less important. Even 
here, however, the superiority of the apochromat manifests itstdf 
because usually several filters must be tried, and the techni<iu(. 
becomes mvolved unless the objective performs equally well wit h 
each. On the other hand, certain objectives, known as rnotio- 
chromats, have been designed to function with light of but a single' 
wave length. They are used for work in the ultraviolet at 275 
m^ because of the impracticability of achromatizing quartz 
lenses. Monochromats have even been designed for visual use' 
and because the monochromatic corrections can be so great Iv 
improved, numerical apertures as high as 1.6 have been attained 



^ The compensating oculars described on page 477 must be used with those 
objectives to correct the outstanding lateral chromatism. the se 
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The characteristics of microscope objectives are shown by 
Table XXIX below, which is taken from the catalogue of a 
leading manufacturer. To make the relationships clear, the types 

Table XXIX.— Characteristics op the More Common Microscope 
Objectives Made by the Baxtsch and LiOmb Optical Company 


Achromatic objectives 


Focal length, 
millimeters 

Numerical 

aperture 

Type 

Initial 

magnification 

Working 

distance, 

millimeters 

48 

0.08 

Dry 

2 

53 

40 

0.08 

Dry 

2.6 

43 

32 

0.10 

Dry 

4 

38 

16 

0.25 

Dry 

10 

7 

8 

0.50 

Dry 

21 

1.6 

4L 

0.65 

Dry 

43 

0.6 

4S 

0.85 

Dry 

45 

0.3 

3 

0.85 

Dry 

60 

0.2 

7 

0.50 

Water 

26 

2.0 

4 

1.00 

Water 

44 

0.6 

2.2 

1.10 

Water 

1 

81 

0.15 

1.9 

1.25 

Oil 

97 

0.15 

1.9 

0.80 

Oil 

97 

0.35 


Somi-apochromatic objectives 


4 

0.85 

Dry 

43 

0.34 

1.8 

1.30 

Oil 

100 

0.13 

1.8 

0.80 

Oil 

100 

0.35 


Apochromatic objectives 


16 

0.30 

Dry 

10 

4.80 

8.3 

0.65 

Dry 

20 

0.60 

4 

0.95 

Dry* 

45 

0.18 

3 

0.95 

Dry* 

62 

0.14 

3 

1.40 

Oil 

62 

0.12 

2 

1.30 

Oil 

90 

0.12 


* With gradiiattid collar to correct for cuvcr-^plaHH thickucMH. See 506, 


designed for special purposes arc omitted. It will be noticed that 
the objectives of the very highest power arc of the oil-immer¬ 
sion type, the purpose being to increase the numerical aper¬ 
ture by raising the value of the refractive index in the object 
space. ^ The immersion liquid is usually cedarwood oil, but 

^ Physically, the effect is to shorten the wave length of the light. 
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different manufacturers dilute it to obtain an index best suited 
to their particular objectives. For the best results, there¬ 
fore, the oil supplied by the manufacturer should be used. 
The objective having a numerical aperture of 1.40 gives the 
highest resolving power, of course, but it is not a plaything for the 
novice because it is so likely to be injured. The front lens is 
hyper-hemispherical and therefore it cannot be securely mounted. 
The working distance is very short, and, if the objective should 
touch the cover glass, this lens might easily be knocked out of 
position. The water-immersion objectives are made because 
biologists frequently must study living specimens immersed in 

water and not because superior correc- 

a _ tions can thereby be obtained. 

1 r 1 The proper method of cleaning 

objectives is to use lens paper or a 

- JX \ soft lintless cloth. Only a very light 

Hri 1 J 11 IT pressure should be applied because the 

elements may otherwise be knocked 
c=^^==z=a. c=^p= loose. The back lens can be reached 

Fig. 243. —Standard types of by a sliver of wood padded with lens 
vertical Ulummatore. ^ objective should 

never be taken apart because the elements cannot be centered 
when they are replaced without special apparatus. If an 
objective is still cloudy after the first and last surfaces have been 
cleaned, it should be returned to the manufacturer for repairing. 

In the past, the microscope has been especially identified with 
biology, but other sciences are now finding it to be a valuable 
tool. When modified somewhat by suitable devices for illu¬ 
minating the specimen, it is widely used by metallographers. 
In this case, the light illuminating the specimen must be incident 
from above. The working distance of very low power objectives 
is so great that the specimen can be illuminated by directing a 
beam of light on it from a source beside the microscope. This is 
impossible with objectives of short focal length because the 
mount of the objective interferes. To overcome this difficulty, 
the illuminating beam is directed through the objective itself 
by means of a vertical illuminator. This apparatus consists 
optically of either a right-angle prism or a clear glass plate, 
as shown in Fig. 243. The objective is screwed into the illu¬ 
minator and the combination is screwed into the body tube of 
the microscope. The illuminator occupies a considerable 
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amount of space, and consequently the objectives used with it 
are made with especially short mounts. Even so, the standard 
mechanical tube length for these objectives is usually 190 mm. 
It is evident that both forms of vertical illuminator possess 
serious disadvantages. If the prism is used, the resolving power 
of the objective is diminished because the illuminating beam 
occupies one-half of the aperture. If the clear glass mirror is 
used, a certain amount of stray light is introduced. Neverthe¬ 
less, excellent results can be obtained with either form. 

Objectives are marked with their focal length or initial magni¬ 
fication, their numerical aperture, and, occasionally, the thickness 
of cover glass and the mechanical tube length for which they are 
corrected. It was formerly the custom to designate objectives 
by symbols, and if the maker’s catalogue is not at hand, the focal 
length and numerical aperture must be determined experimen¬ 
tally. The focal length can be determined from the magnifica¬ 
tion produced by the objective. A stage micrometer, which 
consists of a slide on which a minute scale is engraved, is laid on 
the stage, and a micrometer ocular^ is fitted to the instrument. 
The magnification between the stage micrometer and its image 
as seen in the ocular is measured for two different mechanical 
tube lengths. Then, by applying Eq. (52), it can be shown that 
the focal length of the objective is equal to the difference in the 
mechanical tube lengths divided by the difference in magnifica¬ 
tion. The numerical aperture can be found by suspending the 
objective at some distance above a dark-colored table top. The 
back lens of the objective is observed from a distance of 180 mm 
while a piece of paper is slid along the table top until its image 
just appears at the edge of the back lens of the objective. The 
numerical aperture can then be computed directly from the 
geometry of the arrangement. Evidently this method is suitable 
only for dry objectives. A special device invented by Abbe 
and called an apertorneter must be used for oil-immersion 
objectives. 

Although an objective made by a reputable manufacturer 
may be assumed to be of high quality, it is occasionally desirable 
to test its performance. The customary test objects are certain 
diatoms whose structure is well known. The method of using 
these to test objectives will be found in any textbook on micros¬ 
copy. A few firms have on the market a device called an 

1 If the ocular is of the Huygenian type, the field Ions must be removed. 
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Abbe test plate, which provides more definite information 
about the performance of an objective. This plate has six 
silvered spots under cover glasses of various thicknesses, the 
silver being ruled with a dividing engine in such a manner as 
to leave clear spaces of the same width as the intervening silver 
lines. No general rules can be laid down for the use of this 
test plate because the behavior of the different types of objectives 
is so different. It may be stated, however, that with a good 
apochromat or semi-apochromat, the edges of the lines should 
show hardly any trace of color when they are in focus. When 
they are inside the focus, a slight purple haze should encroach 
upon the dark lines, and when they are outside the focus, an 
apple-green haze should appear. When the lines are properly 
focused, the image should leave nothing to be desired. It must 
be remembered, however, that both apochromats and semi-apo- 
chromats have a noticeably curved field, and hence the outer 
portion and the center will not be in focus together. 

186. Types of Condensers.—It is evident from Sec. 183 that, 
for critical illumination, the cone of light incident on the specimen 
should nearly fill the objective. For low magnifying powers, 
the numerical aperture of the objective is small and no condenser 
is needed. All microscopes are furnished with a double mirror 
as shown in Fig. 241, and the concave side can be used as a 
condenser in this case. For objectives having a focal length 
shorter than about 16 mm, some sort of condenser is required, 
the function of the mirror then being merely to deflect the light 
upward into the instrument. The so-called Abbe condenser 
is widely used. It is, however, neither chromatically nor 
spherically corrected, and at high powers pronounced color 
fringes appear at the edge of the field, which becomes ill defined. 
Both aplanatic and achromatic condensers are now available, 
and one or the other of these types should be used where critical 
definition is required at high power. 

To avoid stray light, it is desirable to make the image of the 
source of light on the specimen no larger than the field covered 
by the objective. A certain amount of adjustment can be 
obtained by moving the lamp, but this procedure is usually 
inconvenient. Consequently, most condensers are constructed 
so that for low-power work, where a large field must be illumi¬ 
nated, the upper lens can be removed and the focal length thus 
increased. 
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A condenser that is used with an oil-immersion objective 
must have a drop of immersion oQ placed on it before it is racked 
into position. If the slide on which the specimen is mounted is 
excessively thin, the oil will not fill the space between it and the 
front lens of the condenser. The remedy is to fill part of the 
space with a piece of cover glass oiled to the slide. It is possible 
to use an objective as a condenser, and adapters are available 
for fitting an objective in the condenser mount. Since the 
working distance of an objective is short, the specimen cannot be 
mounted on an ordinary slide in this case but must be mounted 
between two cover glasses- Special metal slides are available 
for mounting specimens in this manner. 

186. The Adjustment of a Microscope.—The microscope is 
perhaps the finest example of the optician’s art, but all the 
skill and care of designer and artisan will be brought to naught 
if the user does not adjust the instrument to operate under the 
conditions intended. If the instrument is fitted with a draw 
tube, the first adjustment is always to withdraw the tube to the 
graduation marked ^‘160.”^ The elements of the microscope 
must be brought into alignment, but, fortunately for the novice, 
most microscopes are aligned once and for all at the factory. 
Sometimes the condenser can be centered, and if the objectives 
are fitted with sliding changers, they can be centered also. 
When such is the case, a suitable method of centering the con¬ 
denser and objectives can be devised by a little thought. 

After the instrument is aligned, the specimen should be placed 
in position and the source of light focused upon it by means of 
the condenser. The image of the source should be just large 
enough to cover the field. This condition can be brought about 
by using a condenser of the proper focal length and either moving 
the lamp or adjusting the diaphragm of the latter if it is provided 
with one. The next operation is to adjust the substage dia¬ 
phragm. When it is wide open, the specimen will be seen to be 
bathed in a glare of light; but, as it is closed, this glare gradually 
disappears and the details in the specimen stand out sharply. 

^ If the instrument is provided with anxiliiiry apparatus, such as a sliding 
objective changer or a revolving nosepiece, the space occupied by it must 
be allowed for unless this has been done by the manufacturer. This pre¬ 
caution applies with especial force to old microscopes. Nowadays micro¬ 
scopes are almost invariably equipped with revolving nosepieces, and 
therefore the manufacturer makes the necessary allowance when graduat¬ 
ing the draw tube. 
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As was stated above, the optimum results are produced when 
the aperture of the objective is approximately two-thirds filled. 
By removing the ocular and looking into the tube, it can be seen 
when this condition obtains. The ocular is then replaced and 
the instrument is ready for use. If the light is too bright, it 
may he reduced in intensity with neutral filters—^never by closing 
down the substage diaphragm because this procedure lowers 
the resolving power. 

Binocular microscopes are becoming popular. They possess 
two important adjustments in addition to those described. 
The separation of the oculars must be made to suit the inter¬ 
pupillary distance of the observer, and one ocular, which has a 
graduated collar, must be set to compensate for any anisome¬ 
tropia of the observer. In addition, the focusing must be done 
with due regard for the observer’s accommodation-convergence 
relationship. 

For the most exacting work it is necessary to correct for 
variations in the cover-glass thickness. Objectives are usually 
corrected for a thickness of 0.17 mm to 0.18 mm, and cover 
glasses especially selected for thickness can be obtained. If the 
cover glass varies much from the correct thickness, the resulting 
spherical aberration must be corrected by altering the length of 
the microscope tube. When the cover glass is too thick, the 
draw tube must be pushed inward; when it is too thin, the draw 
tube must be pulled outward. Experience is required to enable 
one to determine when the proper correction has been obtained, 
and the Abbe test plate mentioned above is useful for practice 
because the cover glasses of the separate specimens are of different 
thicknesses. This correction increases in importance as the focal 
length of the objective decreases. It is especially important 
for the 4-mm and the 3-mm objectives, and some microscopists 
do not use these objectives for this reason. In the case of oil- 
immersion objectives, the correction is almost negligible because 
the index of the oil is similar to that of the glass. Even in this 
case, however, it is desirable to adhere to the proper cover-glass 
thickness because the dispersion of the oil is somewhat different 
from that of the glass. Some high-power dry objectives are fitted 
with correction collars to compensate for variations in the cover- 
glass thickness by altering the separation of the lens elements. 

One of the chief precautions to be observed in microscopy 
is not to allow the objective to come into violent contact with 
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the slide. In focusing a dry objective having a focal length of 
8 mm or less, the proper procedure is to lower the microscope 
until the objective is seen to be almost in contact with the cover 
glass, and then to rack it backward until the specimen comes 
into focus. For a 4-mm or a 3-mm objective, this should be 
done with the slow-motion knob. If the objective is of the oil- 
immersion type, the microscope should be lowered until the drop 
of oil just makes contact and then carefully lowered further with 
the slow-motion knob until the specimen comes into focus. 
Microscopes are constructed nowadays so that the slow-motion 
mechanism ceases to function when the objective touches the 
slide. 

187. Photomicrography.—The technique of making photo¬ 
graphs with the aid of a microscope is called 'photomicrography. 
From an optical standpoint, the only change required is to form 
a real image that can be recorded on a plate rather than a virtual 
image to be observed by the eye. Since objectives are commonly 
corrected for a single working distance, it is clear that the real 
image should be obtained by withdrawing the draw tube rather 
than by refocusing the objective. A very satisfactory procedure 
is to compute a table giving the tube length required at each 
magnification to keep the working distance of the objective 
constant at the value for which it was corrected. 

One important problem in photomicrography is to obtain 
sufficient illumination to make the exposures reasonably short. 
With a source of a given brightness, the illumination on the 
plate depends, of course, upon the size of the cone of light 
that comes to focus there, as was shown in Chap. XIX. 
Now, from the sine law, the ratio of the numerical aperture in 
the object space to that in the image space is exactly equal 
to the linear magnification between the object and its image 
on the plate (for a dry objective). In photomicrography there 
is no quantity that corresponds to the normal magnifying power 
of a visual instrument, and hence there is a distinct advantage 
as regards time of exposure in making the magnification as small 
as is consistent with the graininess of the emulsion. In Fig. 
241, the effective source of light is a piece of ground glass or 
the equivalent, and, although its brightness is high enough for 
the visual use of a microscope, the time of exposure would be 
very great if this system of illumination were used in photo¬ 
micrography. As a consequence, most workers employ what 
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is known a.s Kohler illuTnination, which, is produced by a 
system like that sketched in Fig. 244. The source in this case 
is a ribbon-filament lamp like that shown in Fig. 79 of Chap. IX. 
An enlarged image of the filament is formed on the diaphragm 
of the substage condenser by means of the collector lens, and the 
substage condenser in turn focuses an image of this lens on 
the specimen. With this arrangement, the diaphragm at the 
collector lens acts as the field stop of the illuminating system 
and the diaphragm at the substage condenser acts as the aperture 
stop. The former can therefore be closed down until only the 
region of the object to be photographed is illuminated, and the 
latter can be regulated until the objective is properly filled and 
the image appears most satisfactory. If the collector lens 
and substage condenser are free from aberrations, it can be 
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Fig. 244.—^Appaxatus for making photomicrographs using KShler illumination. 


shown that this method of illumination gives a resolving power 
equal to that obtained by the conventional arrangement. 

An idea of the time of exposure required in photomicrography 
can be obtained by calculations involving the data on light 
sources given in Chap. IX and the sensitivity of photographic 
materials given in Chap. XI. Suppose, for example, that it is 
desired to make a photomicrograph of a specimen containing 
significant detail that is 0.0005 mm in size. Equation (252) 
indicates that for green light of a wave length of 500 inM, the 
numerical aperture should be approximately 0.5. Most micros- 
copists find it convenient to use a magnification approximately 
500 times the numerical aperture. According to this rule, the 
magnification in this case should be 250 times, and the smallest 
detail in the object will be represented by a diffraction disk a 
little more than 0.1 mm in diameter. Although photographic 
materials are capable of recording somewhat finer detail, magni- 
fying to this extent makes the graininess of the plate < 5 f little 
consequence. With a magnification of 250, the numerical 
aperture in the image space is 
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0.5 

250 


0 . 002 . 


Now, from Eq. (223) of Chap. XIX, the illumination on the 
plate is 

E' = ttB sin® 6'j 

where sin 6' is the numerical aperture in the image space. At 
the temperature at which the filaments of lamps used in micros¬ 
copy are generally operated, the brightness is in the neighbor¬ 
hood of 1000 candles/cm®. The illumination on the plate in this 
case is therefore approximately 0.01 lumen/cm® or 100 lumens/ 
meter® in the clear areas of the specimen. These areas should 
ordinarily receive an exposure approximately 100 times the 
inertia of the plate ^ in order that detail in the entire specimen 
may be recorded. With a photographic material having an H 
and D speed of 500, the inertia is 0.02 lumen-sec./meter® and the 
required exposure is therefore 2 lumen-sec./meter®. The time 
of exposure must therefore be sec. This calculation makes no 
allowance for losses within the system, which are very great 
because of the large number of air-glass surfaces. In addition, 
the specimen is frequently stained and a color filter may be used, 
thus increasing the time of exposure still further. 

It is coming to be realized that the combination of a micro¬ 
scope with a motion-picture camera is an exceedingly useful tool 
for both instruction and research. Processes that take place 
so slowly that they cannot be observed with the eye can be 
photographed at a slow speed. They can then be projected at 
the normal projection speed to accelerate the action and thus 
facilitate its study. The magnification required in cine-photo¬ 
micrography, as this technique is called, is ordinarily low because 
of the great magnification of the image projected on the screen. 
Sometimes the ocular may be dispensed with entirely and the 
image formed by the objective allowed to fall directly on the film. 

The most annoying feature about cine-photomicrography is 
the tendency of the image to quiver or to go out of focus because 
of the vibration of the camera. This can be greatly reduced 
by placing the microscope on a table and mounting the 
camera on a wall above it. With the usual type of optical 

^ This exposure gives a density of two when the plate is developed to a 
gamma of unity. If the plate is developed to a higher gamma, as it fre¬ 
quently is for the sake of increasing the contrast, the exposure may be 
somewhat less. 
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system, the slight relative displacements of camera and micro¬ 
scope due to the vibration will still be recorded on the film, but 
this can be avoided by a method described by one of the authors. * 
It consists in focusing the microscope visually, taking great care 
that the image is formed at infinity, and equipping the camera 
with an ordinary objective that is likewise focused for infinity. 
The apparatus is shown schematically in Fig. 245. By actual 
test, the camera can be moved by as much as 3^ in. either parallel 
to the optical axis or perpendicular to it without causing the 
image on the film to move perceptibly or to go out of focus. 




Fig. 2-45. Apparatus for cine-photomicrography. 


Even for ordinary photomicrography, this arrangement is very 
convenient because a single camera will serve any number of 

microscopes, and no additional adjustments are needed before the 
photographs are made. 

Field.—It was shown by Eq. (235) of Chap. 
- - that the total depth of field of any system forming a real 
image of an object that is not too distant is 

m p 

^^rhere s' is the permissible radius of the circle of confusion m is the 
hnear m^mfication between the object and its image, p is the 
distance from the object plane that is in focus to the entrance 
pupil of the system, and p is the radius of the entrance pupU. The 

Jour. Soc, MotioTi Picture Eug.^ 17 , 216 ( 1931 ) 
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ratio p/p will be recognized at once as the cotangent of 6, where 
sin 6 is the numerical aperture of the system for a dry objective. 
Since z' should be proportional to m, the depth of field is obviously 
fixed by the numerical aperture of the system. Stopping down 
the objective—a procedure that is permissible in ordinary 
photography—cannot be employed because the resolving power 
is reduced. Neither is it of any advantage to make a small 
negative and subsequently enlarge it, because m appears as the 
first power and not as the square.^ 

It is not often appreciated how extraordinarily small the 
depth of field of a photomicrographic camera really is. The 
smallest detail of the specimen that can be resolved is given by 
Eq. (262) as 

_ X 
® 2(N.A.) ■ 


There is no reason for requiring the circle of confusion to be 
smaller than the image of an object of this size, and we may 
therefore set the value of z' in Eq. (235) equal to m times the 
value of z computed from the above equation. With this substi¬ 
tution, Eq. (235) becomes 


But 


and 


Hence 


d = 




cot 6 = 


cos 6 
sin d 


z 


X_ 

2/7 sin ^ 


X cos d _X \/— (N.A.)® 

n sin^ d (N. A.) ^ 


(253) 


(254) 


For small values of the numerical aperture, the depth varies 
inversely as the square of the numerical aperture. 

The depth of field of a microscope when used visually is much 
greater than it is when used photographically for two reasons. 
In the first place, the range of accommodation of the eye corre¬ 
sponds to a considerable depth of field, which can be added to 
the ordinary depth of the system itself. A more important 

^ The difference between this case and the one discussed in Sec. 169, 
Chap. XXI, is that photographic objectives wcrci compared on the basis 
of equal exposures, whereas microscope objectives mvist be compared on 
the basis of equal resolving power and hence equal numerical aperture. 
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reason, however, is that the microscopist in studying a three- 
dimensional object is able to rack the microscope up and down 
so as to bring the various planes of the specimen into focus in 
succession. As a result, there is built up in the brain a mental 
picture of the specimen that cannot be obtained from a photo¬ 
graph. This factor is, of course, incapable of numerical evalua¬ 
tion, but we can evaluate the two other factors: first, the depth 
of field in a visual microscope for an observer lacking the power of 
accommodation; and, second, the additional depth resulting 
from the observer’s power of accommodation. 

Let us imagine first an observer focused on a real object at a 
distance of 250 mm in front of his eyes. Since the resolving 
power of the unaided eye is about one minute of arc, it follows 
that the smallest circle that can be resolved in the object has a 
radius of 0.036 mm. If we substitute this value for z in Eq. 
(110) of Chap. V and assume that the entrance pupil of the 
observer’s eye is 2 mm in diameter, the total depth of field is 19 
mm. Therefore, if the observer looks through the microscope 
with a 2-mm exit pupil at a virtual image that is 250 mm from 
his eye, he is able to see distinctly all objects whose images lie 
within this range of 19 mm. The corresponding range in the 
object space depends upon the longitudinal magnification of the 
system. By combining Eqs. (94) and (96) in Chap. IV and 
assuming the medium at each end of the system to be air, it is 
easy to show that 

dx' 

da: = - ^ • (255) 

In other words, if the image is displaced by a distance dx'^ 
the corresponding displacement dx of the object is obtained 
by dividing by the square of the magnification. Since the 
image is assumed to be formed at 250 mm, m is equal to the 
magnifying power given by Eq. (247). Thus, if an observer 
has an unaccommodated depth of 19 mm with the unaided eye 
when viewing a real object at 250 mm, the corresponding depth 
in a microscope is simply this quantity divided by M^. For a 
microscope with a magnifying power of 100, the depth of field is 
0.0019 mm. 

Now consider the effect on the depth of field if the observer 
is able to accommodate for an object at infinity as well as one 
at 250 mm. If a microscope is to form a virtual image at 
infinity, the object must, of course, lie in the first focal plane of 
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the entire system. On the other hand, when it forms an image 
at 250 mm, which can be assumed to be measured from the second 
focal point of the system since that is very close to the eye point, 
the object must be located inside the first focal point of the 
system by a distance 


fl 

X 


But since / is given by Eq. (239) in Chap. XXII as 



250 

Af 


(mm), 


and since x' = 250 mm, the displacement of the object plane 
required to form an image at 250 mm instead of at infinity is 


X 


250 

M2 


(mm). 


(256) 


Thus for a microscope with a magnifying power of 100, the 
depth of field due to the observer’s accommodation is 0.025 mm, 
which is considerably in excess of the factor calculated previously. 

A comparison of this depth with that obtained in a photo¬ 
micrograph is of interest. To secure the assumed 2-mm exit 
pupil in a visual microscope magnifying 100 times, the numerical 
aperture of the objective would be 0.4. Substituting this value 
in Ijq. (254), the depth of field in the photomicrograph is 0.0024 
mm, which is only about one-tenth of the depth of the visual 
microscope. 

189. Dark-field Illumination. Ultramicroscopy.—According 
to Abbe’s theory, the details in a microscopic specimen are 
visible by virtue of the diffraction patterns they produce. If a 
particle is too small to be resolved by the instrument, the result 
is a diffraction pattern on the retina whose size is independent of 
the size of the particle. However, the amount of light diffracted 
by the particle depends upon its size, so very small particles are 
invisible when viewed against the bright background. It is 
clear, therefore, that if the brightness of the background is 
diminished, particles can be distinguished that would otherwise be 
invisible. Of course, the shape of the particles cannot be deter¬ 
mined but their existence can be recognized. 

The method of reducing the brightness of the background is 
to use an illuminating system such that the direct beam will not 
enter the objective. This result can be achieved with an ordinary 
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condenser by moving the substage diaphragm to one side, in 
which case the only light entering the objective is the light that is 
diffracted by the specimen. A method that makes a more 
efficient use of the condenser is to open the diaphragm fully and 
insert a central stop that is just large enough to block off the rays 
that would enter the objective. The type of illumination thus 
produced is known as dark-field illumination in contradistinction 
to the oblique illumination produced by moving the diaphragm 
sidewise. A type of condenser especially adapted for dark-field 
illumination is shown at A in Fig. 246. It consists of a plano¬ 
convex block of glass, the curved sides forming a paraboloid of 
revolution. The entering rays of light are reflected to its focus, 
which is brought into coincidence with the specimen. The 



Fig. 246.—Condensers for dark-field illumination. A, a paraboloidal type; 

B, Siedentopf’s cardioid. 

diaphragm S blocks off the central rays, so the numerical 
aperture of the condenser varies from 1.1 at the diaphragm to 
1.4 at the outer edge. It is evident that, if the numerical 
aperture of the objective is less than 1.1, the only light entering 
the objective is that diffracted by the specimen. A better type 
of dark-field condenser is the cardioid of Siedentopf, shown at B 
in the figure. As can be seen, the illuminating rays are reflected 
first at the spherical surface a and then at the cardioid h. This 
condenser, like the one just described, is free from both chromatic 
and spherical aberration, and, since it obeys the sine condition, it 
may properly be termed aplanatic. Under favorable conditions, 
particles as small as 0.000004 mm (4 m^) in diameter can be seen 
under dark-field illumination. 

190. Ultraviolet Microscopy.—It seems doubtful that it will 
ever be possible to make objectives having numerical apertures 
much greater than 1.4. On the other hand, the resolving power 
depends also upon the wave length of the light, which can be 
varied within wide limits. By using an apochromatic objective, 
it is possible to make photographs in violet light having a wave 
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length in the neighborhood of 434 vaiJ. (the wave length of the 
(r'-line of hydrogen), and the resolving power is thereby increased 
25 per cent over its value for green light at the maximum of 
visibility. The possibility of bettering this value by using 
ultraviolet light immediately suggests itself, and in 1904 Kohler 
designed an apparatus for making photomicrographs in light 
having a wave length of 275 mju. The apparatus consists of a 
cadmium spark and a quartz monochromator to isolate the 
desired radiation. The optical elements of the microscope are 
similar to those of an ordinary microscope, but, of course, they 
are made of quartz and cannot be achromatized. Quartz must 
be used for the slide and the cover glass also, and the specimen 
must be mounted in glycerine because both glass and Canada 
balsam are opaque to ultraviolet light of this wave length. 

The chief difficulties that present themselves in connection 
with this apparatus are those of aligning it and of focusing 
accurately. Once it is aligned it can be fixed in position, but it 
must be focused anew for each specimen. This can be accom¬ 
plished by using an ocular furnished with a fluorescent ground 
glass, making a preliminary visual adjustment, and then taking 
several photographs, moving the slow-motion knob slightly 
between each. Trivelli and Foster’^ have recently devised 
photomicrographic equipment for light of 365 m/x that simplifies 
the technique enormously. The light is furnished by a mercury 
arc operating under conditions that make the radiations at 365 
mtx very intense. The objectives are achromatized for 365 m/x 
and 546 mix to permit the apparatus to be focused visually by 
light of the latter wave length. Since glass is fairly transparent 
at 365 mM, no extensive changes are required in the accessory 
equipment. The specimens can be mounted with glass slides 
and cover glasses as usual, and Canada balsam can be used as the 
medium. Sandalwood oil is used as the immersion liquid because 
it is more transparent at 365 m^t than cedarwood oil. The resolv¬ 
ing power of this apparatus with a numerical aperture of 1.40 is 
only 75 per cent of that of Kohler’s apparatus, but it is a question 
whether the greater convenience does not more than compensate 
for this disadvantage. 

Aside from furnishing greater resolving power, ultraviolet 
microscopy provides a means for studying specimens when all 
parts are equally transparent in the visible region but not in the 

^Jour. O'ptical Soc, Amer., 21, 124 (1931). 
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STEREOSCOPY 

In monocnlar vision, information is obtained with respect 
to the distance of an object in a variety of ways. If the size 
of the object is known, its distance can be estimated from the 
angle it subtends. Even if its size is not known, the amount of 
accommodation required to bring it into focus gives some infor¬ 
mation regarding its location, provided it is not too distant. 
If the observer happens to be in motion, as on a railroad train, 
the distance of the object can be estimated from its apparent 
velocity, extremely distant objects appearing to be stationary and 
those in the foreground appearing to move rapidly. The same 
effect is produced to a lesser extent by simply moving the head. 

A person possessing binocular vision ordinarily makes but 
slight use of these methods of estimating distances, as is easily 
demonstrated by attempting to thread a needle with one eye' 
closed. Since the entrance pupils of the two eyes are not in 
coincidence, the images on the retinas are slightly dissimilar and 
this dissimilarity enables the brain to construct a mental picture 
of the scene in three dimensions. This circumstance is the basis 
of several important instruments that utilize the principles of 
binocular vision to enable the observer to form a three-dimen¬ 
sional picture of the object space. The entire psychophysical 
process leading to the interpretation of the object space by the 
brain of the observer involves physiology and psychology quite 
as much as physics, and therefore lies beyond the scope of the 
present volume. Nevertheless, the principles of stereoscopy 
it,sclf“-thc method of representing a three-dimensional object 
space by means of an optical instrument adapted for use with 
both eyes—can be discussed from purely geometrical con¬ 
siderations. The binocular microscope and U^lescope and the 
stereoscopic camera are the principal stereoscopic instruments, 
and, for reasons that will appear later, they arc becoming of 
increasing importance. 
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191. The Theory of Stereoscopy.—The principles upon which 
stereoscopic instruments operate are the same for all, hut for 
simplicity the stereoscopic camera will be taken as an illustration. 
In Pig. 247, the pyramid ABC is photographed with a camera 
containing two lenses separated by a distance d, both lenses 
being focused on the plane AB Sbt a, distance xo from the entrance 
pupils. The image of A formed by the lens on the left is at 
Az, and the image formed by the lens on the right is at Ar. 
Similarly, the images of B are at Bz and Br respectively. The 
images of C are out of focus; but, if the depth of field is sufficiently 
great, the image formed by the lens on the left is at Bz and that 
formed by the lens on the right at A r,* 

Now suppose that the photographic plate is developed and 
that transparencies are made from it which are enlarged m times. 
Let the transparency made from the negative produced by the 
lens on the left be mounted as in Fig. 248 at a distance s' from the 
entrance pupil of the observer’s left eye. Let the transparency 
made with the lens on the right be mounted at the same distance 
from the right eye. The point A z corresponds to the point A z 
in the negative, Bz to Bzi Ar to Ar, and Br to Br. By sup¬ 
position, of course, 

Ul'Bz') = m(AzBz) 

and 

{A r'Br'') = TniAjtBi^ . 


Now it follows from the geometry of Fig. 248 that 

^ ^ {Az'Bzl _ {Ar'Br') 

Xq s' s' 

where d' is the interpupillary distance of the observer. 



AzBz 

_ Az'Bz' 


s 

ms 

and 

ArBr 

_ Ar'Br' 


s 

ms 

from which 

/ 

s'd' 


Xo = 

Tnsd 


But 


(257) 


* This example is, of course, a very special case, but, as it leads to the 
same result as the more general treatment, it is chosen because of the 
simnlification of the algebraic operations. 
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In other words, the observer looking at a pair of transparencies 
in the manner illustrated in Fig. 248 sees a pyramid whose base 



Fia. 248. 

A'B' appears to be at a distance xq . If the quantities in Eq. 
(257) are properly chosen, can be made equal to xq —that 
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is, the base of the pyramid will appear to be at the same distance 
from the eye as the actual object was from the camera. 

To represent the spatial relationships properly it is necessary 
in addition that the pyramid should not appear to be distorted. 
In other words, the ratio x'/A'B' must be equal to x/AB. From 
the geometry of the two figures, it is easily shown that 


x' ^ s' 

A'B' AB ms 


(258) 


The quantity s'/ms will be recognized as the reciprocal of the 
apparent magnification. In other words, if the observer views 
a transparency enlarged m times from a distance s', the visual 
angle subtended by the image is M times as great as the angle 
subtended at the camera by the object. Setting 


M 



ms 


(259) 


Eqs. (257) and (258) can be rewritten in the form 


and 


, d' 


(260) 


x' _ X 1 
A'B' AB ■ W 


(261) 


It is clear from Eq. (261) that, if the pyramid is to appear 
undistorted, M must be equal to unity. With this assumption, 
Eq. (260) indicates that, if the pyramid is also to appear at the 
proper distance, d must be equal to d'. It will be recalled from 
Sec. 170, Chap. XXI, that ilf must be equal to unity if the spatial 
relationships are to be properly represented in a single picture. 
Therefore the only additional requirement for orthostereoscopic 
results is that the separation of the camera objectives must equal 
the interpupillary distance of the observer. 

Since the above conditions are rarely fulfilled by binocular 
instruments, it is of interest to consider the types of distortion 
that may result. If the magnifying power of the instrument 
is greater than unity, as is generally the case, Eq. (261) indicates 
that the depth of an object is magnified less than its transverse 
dimensions. The apparent distance of the object depends not 
only upon the magnification but also upon the separation of the 
entrance pupils of the instrument. For example, if the sep¬ 
aration is too great, the reproduction has the appearance of a 
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model on a reduced scale situated at a proportionately di mi n ished 
distance from the observer. 

It is clear that if M is equal to unity and the separation of the 
entrance pupils of the instrument is the same as that of the eyes, 
the ability to recognize relief in 
the object space with a perfect 
instrument is the same as with 
the unaided eyes. The minimum 
relief that is perceptible with the 
unaided eyes can be computed 
by the aid of Fig. 249. Let the 
point A lie at a distance a from 
the observer and the point B 
at a distance 5, where a and h are 
both very large compared with 
the interpupillary distance d'. It 
can then be shown that 


OL 




(262) 



Fig. 249 . 


If A and B are to be visible in 

relief, it is reasonable to assume that a must be equal to or 
greater than the minimum angle that can be resolved, which has 
heretofore been considered to be approximately one minute of arc 
(0.00029 radian). From the above equation, the distance 

AB = b — a = oi • (263) 


d' 


Thus, if a is 100 ft. and the observer has a normal interpupillary 
distance (62 mm), the distance AB is 14 ft. If B is at an infinite 
distance, Eq. (262) becomes simply 


d' 


Oi = 


a 


whc^nce 

a = - • (264) 

OL 

In t.his case, a is the distance beyond which no relief is discernible 
This is frequently called the radius of stereoscopic vision, and 
equals 2CK) meters (700 ft.) when d' = 62 mm a = 

If an optical instrument has a magnifying power M and a 
pupillary separation d, it can be readily seen that Eq. (263) 

becomes 
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AB 


, ab 

= ^-““] 0 = 3 “ 


( 265 ) 


In corresponding fashion, Eq. (264) becomes 

dM 

a - - 

a 


( 266 ) 


The manner in which this increased ability to perceive relief is 
utilized in practical instruments will be discussed in the sections 
that are to follow. 

An interesting type of distortion of the spatial relationships 
is produced when the binocular instrument is so arranged that 

the images are transposed. This is 
illustrated in Fig. 250, which is similar 
to Fig. 248 except that the trans¬ 
parency made with the lens on the 
right is placed before the left eye, and 
that made with the lens on the left is 
placed before the right eye. Since C' 
then appears to the left eye to coincide 
with A' instead of with B'j and since 
to the right eye it seems to coincide 
with B' instead of A', the brain is led 
to assume that C is located behind the 
plane of AB. In other words, the relief 
is reversed—near-by objects appearing 
to be far away and distant objects 
appearing to be close at hand. This 
effect is said to be 'pseudoscopic in 
contradistinction to stereoscopic. A 
true pseudoscopic illusion is produced only when the brain is 
unable to obtain information about the spatial relationships in any 
other manner. In a landscape, for example, a previous knowledge 
of the relative sizes of the various objects and a realization of the 
positions of the shadows they must cast prevent the pseudoscopic 
effect from being produced. The best objects for exhibiting the 
pseudoscopic effect are those lacking any well-marked char¬ 
acteristics, such as spheres, cylinders, and other geometrical 
models. The effect is particularly striking in the case of a 
sphere, which takes on the appearance of the inner wall of a 
rubber ball. Stereoscopic photographs were made by aerial 
photographers during the war, and many of these exhibit striking 
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pseudoscopic effects when transposed. Not only is the topog¬ 
raphy of the country reversed, but shell holes take on the 
appearance of mounds and the water in a reservoir stands 
higher than the top of the dam. 

192. Binocular Telescopes.—Because the magnifying power 
of a telescope is always greater than unity, it follows from Eq. 
(261) that a true-to-nature representation of the object space is 
impossible. Fortunately, however, this inherent limitation is 
more than offset by the increased ability to separate the various 
planes in the object space when they lie at a great distance from 
the observer, as is shown by Eq. (265). This increased stereo¬ 
scopic effect is brought about partly as a result of the magnifica¬ 
tion and in some cases partly by separating the objectives more 
than the oculars. In prism binoculars, for example, the separa¬ 
tion of the objectives is approximately twice the interpupillary 
distance. Thus an eight-power binocular increases the radius 
of stereoscopic vision from 700 ft, to sixteen times this value or 
approximately two miles. Of course, the image appears to be 
sixteen times nearer, and the ratio of the depth dimension to the 
transverse dimensions is reduced eight-fold. 

Although the primary purpose of separating the objectives in 
ordinary prism binoculars is to enable an erecting prism system 
to be introduced, certain types of telescopes are made with 
objectives separated by comparatively large distances to attain 
a pronounced stereoscopic effect. These stereoscopic binoculars 
are of especial value to an artillery commander because they 
enable him to estimate with great accuracy the spots where 
shells land. 

One form of range-finder consists essentially of a binocular 
telescope with a scale in each ocular. This scale appears to the 
observer like a zigzag row of dots receding to infinity. These 
dots are superposed upon the scene itself, and every object in the 
scene appears to lie in the same plane as some one of them. It is 
not difficult to determine which dot coincides with an object, and 
the stereoscopic sense of a normal individual is so acute that the 
determination can be made very quickly. This is of importance 
in locating rapidly moving objects, such as airplanes, for which 
the coincidence type of range-finder is not suited because of its 
slowness of operation.^ 

^ The coincidence type of range-finder is essentially a binocular telescope 
in which the iiuago. in one half of the field is formed by one objective and 
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One result of an increased separation of the entrance pupils 
■ in a binocular telescope is to increase the so-called penetration 
effect. It is clear that if observations must be made in a snow¬ 
storm or through underbrush, the object toward which tho 
instrument is directed may be momentarily obscured from one 
eye but not the other. The greater the separation of the entrance 
pupils of the instrument, the greater the ability to see around an 
obstruction. Of course, the penetrating power of even a monocu¬ 
lar instrument is ordinarily greater than that of the eye alone 
because of its larger entrance pupil. 

193. Binocular Microscopes.—The principles just discussed 
apply with equal force to the binocular microscope. However, 

the objects examined by the micro¬ 
scope are frequently invisible to the 
unaided eye, so it is impossible to 
set up any standard of true-to-nature 
representation. Nevertheless, binoc¬ 
ular microscopes are being used to 
an increasing extent. For magnify¬ 
ing powers below approximately 
seventy times, an instrument of the 
type shown in Fig. 251 is eminently 
satisfactory. Since the images must 
be inverted and reversed, an optical 
system similar to that of the prism 
binocular is used. At high powers, 
the working distance is so short that 
a single objective is used, the beam 
being divided so that the light enter¬ 
ing each half of the objective passes 
into the corresponding ocular. This 
is done by means of a suitable prism system, which also assumes 
the duty of inverting and reversing the images. Such an instru¬ 
ment has in effect two entrance pupils of semicircular form, the 
centers of which subtend a considerable angle at the object. 



Fig. 251.—A typical two- 
tube binocular microscope for 
low powers. (J5y courtesy of 
Baxtsch and Lomb O%>tic al 
Company.) 


that in the other half is formed by the other. The angular movement of a 
prism that is required to bring the images in the two halves of the field into 
coincidence is a measure of the distance of the object. An excellent dis¬ 
cussion of range-finders will be found in the English translation of Gleichen^s 
*‘The Theory of Modern Optical Instruments.” 
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Fia. 262 . 


Many binocular microscopes that are not stereoscopic are on 
the market, and they are becoming popular among those who use 
microscopes for long periods at a time because of the increased 
comfort of viewing an image with both eyes rather than with one. 
Figure 252 shows the optical system 
that is frequently used in such micro- 
scopes. The beam from the objec¬ 
tive enters a prism as shown, where 
part of it is reflected at the half- 
silvered interface AB and part of it 
is transmitted. The two beams are 
then reflected into the oculars Ez, 
and Er. The coating of metal on the 
face .<4. J? is of the proper thickness to 
transmit approximately the same proportion of light that it 
reflects and thus the two images have the same brightness. 
When a stereoscopic effect is desired, a cap can be placed on each 
ocular to cover one half of each exit pupil. 

Stereoscopic photomicrographs can be made with the instru¬ 
ment shown in Fig. 251 by attaching a camera to record both 
images. The method of viewing the photographs will be 
described in the following section. If this type of instrument 
is not at hand, or if the magnifying power is so great that it can¬ 
not be used, two photographs can be made in succession, the 
specimen being moved between the exposures. This movement 

can be a rotation about an axis parallel to the 
stage of the microscope or it can be a translation 
of the specimen along the stage. A much more 
satisfactory procedure is to place a diaphragm 
of the shape shown in Fig. 253 against the back 
lens of the objective and to rotate it through 
180° between the exposures. By all these 
methods, the entrance pupils for the two photographs are effec¬ 
tively separated and a stereoscopic result is therefore produced. 

It is difficult to lay down any exact rules for the amount of 
stereoscopic effect that is desirable in either microscopy or 
photomicrography. At best the appearance of relief is obtained 
only within the limited depth of field of the system. Hence 
the proper correlation of magnification with the stereoscopic 
viewing angle varies considerably with the type of specimen and 
must be found by experiment. 
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194. Stereoscopic Photography.—The essential principles of 
stereoscopic photography were set forth in Sec. 191 in connection 
with the theory of stereoscopy. It was there shown that if a 
pair of stereoscopic photographs is placed before the eyes 
in the proper manner, as in Fig. 248, a three-dimensional repre¬ 
sentation of the object space is obtained. Unless some sort of 
viewing apparatus is used to assist the accommodation process, 
it is obviously necessary to place the transparencies or prints 
at least 10 in. from the eyes. Even so, the observer’s accommo¬ 
dation-convergence sense would cause him to rotate his eyes 
until their axes intersect at the distance for which the eyes are 
accommodated rather than to diverge as shown in the figure. 
With practice, some observers are able to overcome their accom¬ 
modation-convergence sense sufficiently to fuse the two images 



Fia. 254.—The path of the light rays in a prismatic stereoscope. The soptviin 
prevents the picture Pi. on the left from being seen by the right eye uiid vico 
versa. 

while keeping them sharply focused at the same time. Unless 
an observer is especially trained, however, an instrument known 
as a stereoscope is required for viewing stereoscopic photographs. 
About a generation ago, every parlor table boasted a stereoscope 
and a set of slides, but with the increased use of magazine 
illustrations and the introduction of the motion picture, the 
stereoscope went thoroughly out of fashion. This abandonment 
ot the instrument was entirely undeserved because it is possible 
with two pictures to produce a lifelike representation that is 
beyond the ability of even the motion picture. 

The most common type of stereoscope is shown in Fig. 254, 
and its operation is self-evident. Inasmuch as the objectives 
of stereoscopic cameras have focal lengths of approximately 5 
in., the apparent magnification is unity only when they are viewed 
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from this distance. Lenses of some sort are therefore necessary 
to assist the accommodation process of the observer. If these 
lenses have a focal length of 5 in., the axes of the eyes will be 
parallel. The individual photographs could then be no wider than 
the interpupillary distance, but, by introducing prisms as shown, 
the axes can be diverged so as to permit larger pictures to be 
viewed. In inexpensive stereoscopes, the prismatic effect is 
obtained by decentering the lenses. In precision instruments, 
rhombs are preferable because they avoid the distortion intro¬ 
duced by prisms. 

An early type of stereoscope, invented by Wheatstone in 
1838, is sketched in Fig. 255. The two pictures jPx, and are 
seen in the mirrors Mx, and Ms. This type of apparatus is 
used to-day for viewing X-ray stereograms, which are so large 



Fio. 266,—A type of stcreoscopo used for viewing X-ray stereograms. 

that, they cannot be conveniently mounted side by side. They 
are illuminated by the lamps Sz and Ss, pieces of opal glass 
Ol and Gs being placed as shown to make the illumination 
uniform. 

Stereoscopic photographs can be made with an ordinary 
camera by photographing the scene twice, the camera being 
moved sidewise by the proper amount between the exposures. 
This procedure cannot be used if the object is in motion, so 
cameras especially designed for making stereoscopic photographs 
have two objectives of the same focal length, both shutters being 
arranged to operate simultaneously. Both pictures are made on 
the same film. By following through the various processes of 
development and printing, it will be seen that contact prints 
made from a plate or film exposed in such a camera must be 
cut apart and transposed to satisfy the primary requirement 
of stereoscopy—namely, that the left eye view the positive 
made with the left-hand lens and the right eye view the positive 
made with the right-hand lens. Ingenious cameras for making 
the original exposures in the proper relative positions on the 
film have been devised, but they are little used. 
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If there is no motion in the object space to record, stereoscopic 
photographs with a greatly enhanced relief can be made with a 
single camera by photographing from two widely separated 
points of view. This ability to enhance relief was used to great 
advantage by aerial photographers during the war. To keep 
out of range of anti-aircraft guns, it was necessary to fly at 
elevations of 10,000 ft. or more, and from such eleva.tions the 
ground and objects upon it lie beyond the radius of stereoscopic 
vision for the unaided eyes. However, by making two photo¬ 
graphs with the same camera several seconds apart, a stereoscopic 
pair can be obtained in which the relief is greatly exag¬ 
gerated. One would expect the practical limit to the amount of 
exaggeration to be reached when the stereoscopic base is such 
that the nearest object appears to be at the conventional reading 
distance. Equation (260) shows that if two photographs are 
made with a stereoscopic base equal to one-fourth of the elevation 
above the nearest plane in the object space, this plane will appear 
to be only 250 mm from the eye when the prints are viewed under 
an apparent magnification of unity. That this is the practical 
limit to which relief can be enhanced is borne out by experience. 
It has been found that, when the base is equal to the altitude, 
an excessive strain is required on the part of the observer; but, 
when the base is reduced to one-tenth of the altitude, the observer 
feels that the relief could be enhanced still further without 
discomfort. 

These stereoscopic photographs with enhanced relief were 
exceedingly useful during the war in locating gun emplacements, 
which, although skillfully camouflaged, necessarily extended 
several feet above the ground. In the stereoscope, the exaggera¬ 
tion of the depth dimension caused these emplacements to become 
conspicuous. In other words, the scene in the stereoscope 
appeared to the observer exactly as the original scene would have 
appeared to a giant with an interpupillary distance equal to the 
stereoscopic base. 

One detail in the mounting of aerial stereograms is of sufficient 
interest to justify mentioning. The photographs are generally 
made with the camera pointed vertically downward, so the 
center of each picture can ordinarily be assumed to lie directly 
below the airplane at the time the exposure was made. Thus 
the two photographs represent slightly different portions of the 
terrain, and the stereoscopic effect is obtained only in the portion 
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that is common to both. This is illustrated in Fig. 256, which 
shows two such photographs overlapped in register. The line of 
flight of the airplane is the line joining the centers A and B of the 
two prints, which, for obvious 
reasons, must be mounted on the 
stereoscopic slide so that the line 
of flight is horizontal. The dotted 
rectangle indicates the method by 
which a stereoscopic pair of photo¬ 
graphs could be cut out. 

Stereoscopic photography is used 
to a limited extent in surve 3 dng. It 
is possible to prepare a map in this 
way from photographs made on the ground, and, if the camera 
is properly constructed and the base is accurately measured, 
excellent results can be obtained. Several ingenious instruments, 
known as stereo-comparators, have been devised for rapidly 
tracing the contours from a pair of stereoscopic pictures. 

Many astronomical phenomena can be exhibited in a very 
striking manner with the aid of stereoscopic photography, the 
moon being one of the most interesting subjects. The period of 
rotation of the moon on its axis is exactly the same as its period of 
revolution about the earth, and hence, if its orbit were circular, it 
would always present the same side to the earth. Actually its 
orbit is somewhat elliptical and, as a consequence, it appears to 
oscillate slightly.^ By making two photographs of the moon 
several days apart, the effect of a very great stereoscopic base 
is obtained. 

A very interesting method of making a photograph that pro¬ 
duces a stereoscopic effect without the use of a stereoscope was 
patented in 1903 by F. E. Ives. It is shown diagrammatically 
in Fig. 257, where Oi and O 2 are the objectives of the camera, 
P is the plate, and R is sl grating that causes alternate strips 
of the plate to be exposed through the two objectives. If 
the apparatus is properly designed, the plate when proc¬ 
essed and viewed through a similar grating R' will produce a 
stereoscopic effect because each eye sees only the strips that 
constitute the image made through one of the objectives. Stereo¬ 
grams of this type were called by their inventor “parallax 
stereograms. ’’ 

^This apparent motion is what astronomers term “libration." 
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IVIany attempts have been made to devise a satisfactory 
method for projecting stereoscopic pictures, especially stereo¬ 
scopic motion pictures. It is desirable, of course, to project 
both images on the same screen; and, to satisfy the requirements 
for stereoscopic vision, some means must be provided to enable 
the left eye to see only the picture taken with the left-hand 
objective of the camera and the right eye only the picture taken 
with the right-hand objective. One method of doing this is to 



Fig. 267. 


project the two pictures, either simultaneously or in rapid alter¬ 
nation, through red and green filters respectively. If the 
observers wear spectacles with a red filter over one eye and a 
green filter over the other, the requisite separation is obtained. 
If the filters are approximately complementary in color, the screen 
looks white. Stereograms of this type are known as anaglyphs. 
Another method of separating the pictures is to project the left- 
hand and right-hand pictures alternately and to provide each 
observer with spectacles in which a shutter covers first one eye 
and then the other in synchronism. The outstanding disad¬ 
vantage of any of these methods is that the spectator must wear 
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some viewing device. To avoid this difficulty, H. E. Ives^ has 
devised a method based upon the principle of the parallax stereo¬ 
gram mentioned above. Although this method in its present 
form is hardly suitable for commercial projection, it embodies 
many ingenious tricks that are highly suggestive. 

It may be remarked in passing that almost every invention 
for improving the motion-picture art is accompanied by the claim 
that it produces a stereoscopic effect. Not infrequently the 
term is used to describe the impression of depth that is produced 
when a single photograph is viewed under the proper conditions. 
If the meaning of the term is restricted, as it should be, to the 
reproduction of the spatial relationships by the aid of the 
observer's binocular sense, it is clear that such claims are absurd. 
An understanding of the requirements for producing truly 
stereoscopic results would save much time and trouble for both 
the inventors of “stereoscopic” projection schemes and the 
examiners in the patent ofldce. 

196. The Measurement of Binocular Sense.—A numerical 
evaluation of the binocular sense is an important part of the 
examination of aviators and may occasionally be required in 
certain clinical cases. Persons suffering from strabismus lack 
this sense entirely, of course, because the images do not fall on 
corresponding parts of their two retinas. Even persons suffering 
from heterophoria frequently lose it to some extent, partly 
because of the constant distortion of the accommodation- 
convergence relationship, but more because such persons tend 
unconsciously to suppress the image formed by one eye. 

An ordinary stereoscope, such as is shown in Fig. 254, is suitable 
for a quantitative determination of the acuity of the binocular 
sense when suitable test slides are used. Such a slide might 
consist of a series of photographs of a double row of rods arranged 
as shown in Fig. 258, the separation of the two rows and hence 
the angle a being different for each photograph. When only a 
qualitative determination is required, simple figures like a hollow 
cyhnder or an arrow piercing a ring are satisfactory. For 
children, a drawing of a bird in a cage is commonly used. A very 
effective object is a rock pile in which one of the rocks is slightly 
displaced sidewise between exposures. A person lacking binoc¬ 
ular sense sees nothing unusual in the resulting picture, but to a 

'^Jour. Optical Soc. Anrier. and Reo. Sci. Instruments, 18, 118 (1929); 
Jour. Optical Soc. Amer., 21, 109 (1931). 
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person possessing binocular sense, the rock that was moved 
appears to stand out in mid-air.^ 

Stereoscopic slides can be used to train the eyes to work 
together in cases of strabismus and severe heterophoria. One 



type of slide that is often used for this purpose consists of a series 
of words that appear to approach the observer from infinity. As 

^ The binocTilar sense of an individual is frequently utilized to detect a 
small change in a complicated scene or configuration. For example, a 
carpet may be compared with its master pattern by photographing both 
to the same scale and mounting the prints in a stereoscope with a red 
filter in front of one eye and a green filter in front of the other. Wherever 
the prints are identical, the two complementary colors are fused by the 
brain into a single image in black and white. On the other hand, the 
slightest difference between the two prints is immediately evident because 
the parts in question appear in color. This method was used to good 
advantage during the war for the detection of signs of activity by the enemy, 
a comparison of two aerial photographs taken on successive days indicating 
at a glance the trenches that had been dug during the interval. Astronomers 
used this method for the detection of new stars until the invention of the 
blink microscope. In this instrument, the new plate and an old plate are 
brought into register in the field of the ocular by means of a suitable optical 
system. The illumination is then switched from one to the other at a rate 
that is well below the critical frequency. This causes the new star to blink, 
since its image appears on only one of the plates, whereas the star images 
that appear on both plates remain constant in intensity. 
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the observer reads downward, he continues to fuse the image 
seen by the two eyes until the convergence required becomes 
excessively great, when the images are thereafter seen separately. 
The same result can be accomplished by using an ordinary slide 
and placing a Risley prism in front of one eye. This prism con¬ 
sists essentially of two ophthalmic prisms of equal power mounted 
so that they can be simultaneously rotated in their own plane 
at the same rate but in opposite directions. A ray of light 
passing through the pair of prisms is therefore deviated by a 
variable amount. 

The least perceptible value of the angle a has been assumed 
in the discussion to be one minute of arc, because this is the 
approximate value of the resolving power of a normal eye. It is 
found, however, that a normal observer can perceive a much 
smaller angle than this stereoscopically, and a good representative 
value is 30". Many people can detect an angle of 10", and some 
especially keen individuals can detect an angle as small as 5". 
Perhaps the most striking illustration of the extraordinary 
acuteness of the binocular sense is one given in 1859 by Dove 
and confirmed by Helmholtz. If two medallions cast from 
different metals but struck with the same die are viewed, one with 
the left eye and the other with the right, the resultant image 
appears curved simply because of the slight difference in the 
amount by which the two metals recover from the pressure 
exerted by the die. 
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PROJECTION SYSTEMS 

In general, a projection system is characterized by two dis¬ 
tinguishing features: It usually forms a real image which is inter¬ 
cepted by a receiving surface, and it contains a source of light 
of high intrinsic brightness. The most typical instruments of 
this type are lantern-slide and motion-picture projectors, which 
form on a projection screen an image of the lantern slide or motion- 
picture film. Some projection systems, such as searchlights, 
spotlights, and signal lights, merely project an image of the 
source, which is usually formed at infinity. Others, which 
are used chiefly in the laboratory, record the deflection of a 
galvanometer or other measuring instrument by means of a spot 
of light that is projected on a screen or on a piece of photographic 
material. 

196. Searchlights.—The optical system of the searchlight 
is represented schematically in Fig. 259. The source is the 

positive crater of an arc, which is 
located at the first focal point 
of the lens L, and hence the image 
of the arc is formed at infinity. 
This type of system was discussed 
in Sec. 146, Chap. XIX. It was 
there shown that, if the source obeys Lambert’s law and the 
lens is aplanatic, the illumination at a point on the axis is given 
by the product of the brightness of the source and the solid angle 
subtended by the lens at the point in question.^ This result leads 
at once to two rather important corollaries: first, the illumination 
at a point on the axis varies inversely as the square of its distance 
from the lens; second, the illumination depends only on the 

^ This is not true if the point is so close to the lens that the source is the 
aperture stop of the system. In this case, the exit pupil of the system is at 
infinity, and hence the illumination is independent of the position of the 
point. 
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intrinsic brightness of the source and not at all on its dimensions. 
In other words, increasing the size of the source merely produces 
a greater spread of the beam without increasing the illumination 
on an object within the beam. 

Most light sources obey Lambert’s law fairly well except for 
the obstruction of the light produced by the negative carbon or 
the supporting mechanism. Furthermore, lenses of 
low relative aperture are so nearly aplanatic, even 
when they are not especially designed with this end 
in view, that the conclusions reached above hold 
in practice to a close approximation. When the 
relative aperture is excessively high, however, the 
aberrations become so serious that an ordinary lens 
is inefficient. To remedy this difficulty, lenses 
of a type originally designed by Fresnel for light¬ 
houses are commonly used. As can be seen from 
Fig. 260, a Fresnel lens may be regarded as a plur¬ 
ality of lenses, the curvature of the back surface 
of each zone being so chosen as to eliminate spherical 
aberration. Since Fresnel lenses are comparatively 
thin, their weight is less than that of an ordinary 
lens and they absorb a comparatively small amount fiq. 260 . 
of light. ‘ 

The Fresnel construction can be modified to distribute light 
in almost any desired manner. Thus, in a lighthouse lens, 
the light that would pass uselessly into the sky is directed 
horizontally where it can be seen from the surface of the water. 
Perhaps the best known modification of the Fresnel construction 
is in lenses for automobile headlights. These lenses are designed 
to dist.rilnitc over the roadway the light that would otherwise 



roach the eyes of approaching motorists. 

I.arge searchlights, such as are used for military purposes, 
usually contain a mirror instead of a lens. One important 
reason for this is the reduction in weight that can be effected, the 
difference in weight between a lens and a mirror 5 ft, in diameter 
being considerable. Moreover, the mirror is inherently free 
from chromatic aberrations; and, if it is paraboloidal in form, it is 
also free from spherical aberration when the source is image 


1 A similar typo of construction is used in the lenses of signal lights to 
keep the thickness approximately the same for all zones, so that the color 
will appear to be uniform over the entire surface of the lens. 
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at infinity.^ It goes without saying that the underlying principles 
are the same for both lenses and mirrors. 

The mirrors used in projection systems are commonly silvered 
on the second surface, a procedure that is permissible because 
the glass of which such mirrors are constructed is so thin that it 
has no appreciable effect on the course of the light rays. Before 
practical methods of making aspheric mirrors were invented, 
spherical mirrors had perforce to be used. These suffer severely 
from spherical aberration when the image is formed elsewhere 
than at the center of curvature. This defect was remedied in 
large measure by the Mangin mirror, which is essentially a nega- 


Screen^ 



tive meniscus lens whose second surface is silvered. By choosing 
the radii properly, the spherical aberration can be corrected for 
any given position of the image. 

197. Lantern-slide Projectors.—A lantern-slide projector con¬ 
sists essentially of an illuminating system behind the slide and a 
projection lens which forms an image of the slide on the screen. 
A very simple sort of projector is shown diagrammatically in 
Fig. 261. The source of light and a suitable reflector serve to 
illuminate an opal glass, which, because of its diffusing properties, 
becomes a secondary source of illumination. The projection lens 
is designed to form a sharp image of the slide on the screen. A 
photographic objective used in the reversed position would make 
an excellent projection lens, but, since the field to be covered 
is small, a simple triplet construction is generally used for reasons 
of expense. 

The illumination on the screen depends only on the brightness of 
the opal glass and the solid angle subtended at the screen by the 

^ If the source is to be imaged at a point at a finite distance, the mirror 
should be ellipsoidal, the source being placed at one focus. 
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exit pupil of the projection lens.^ This solid angle is determined 
by the projection distance (throw) and the diameter of the lens.^ 
The focal length of the lens is determined by the size of the 
picture,® which should be chosen to satisfy the requirements of 
true-to-nature representation. From the principles that were 
discussed in Sec, 170, Chap. XXI, it follows that the reproduction 
on the screen should subtend the same angle at the eye of the 
observer that the original scene subtended at the entrance pupil 



q£ £,be camera objective. In practice, the lantern is generally 
placed at the rear of the auditorium, and the focal length of the 
projection lens is about twice that of the camera lens. This 
makes the perspective correct at a point midway between the 
lantern and the screen. 

The maximum brightness of a diffusing glass is so low that, 
although the system shown in Fig. 261 is used in projection 
printers for motion pictures and in enlarging cameras, it rarely 
provides enough screen illumination for lantern-shde projection.^ 
For best results, the screen illumination should be approximately 
10 foot-candles. If the aperture of the projection lens is 2 h^- 

and the throw is 20 ft., the necessary brightness of the diffusmg 
glass can be computed by means of Eq. (223) to be 150 can¬ 
dles/cm®. A brightness as high as this could scarcely be obtained 
with an illuminating system containing a diffusing element, and 


1 The screen ilhimination is always measured with the slide removed. 

2 Projection lenses arc made in certain standard diameters. The standard 
diameter adopted by one leading manufacturer for lenses having focal 
lengths of 10 in. or loss is in. (41 mm) and for those havmg focal lengths 

of 10 in. or more, 2^iG in. (58 mm). i + „ „„ qi/ v' 4- in 

» In this country, the dimensions of lantern-slide plates a . >4 • 

and the opening in the mask seldom exceeds 2M X m. obiects 

* The aame difficulty is encountered in the projection °P ^ and^even 
which can be done only with lenses having a very large aperture and even 

then is practical only when the throw is short. 
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it is therefore common practice to make use of a system like 
that of Fig. 262. In this case, the source of light, which is here 
assumed to be the crater of a carbon arc, is imaged on the entrance 
pupil of the projection lens by means of a condenser. If the 
image of the crater more than fills the entrance pupil of the 
projection lens, it is obvious that the aperture stop of this lens 
is the aperture stop of the entire system. If the diameter of the 
condenser is larger than the diagonal of the slide, the mask in 
the slide is the field stop of the system, as it should be. Since 
the brightness of the crater of an arc is approximately 13,000 
candles/cm®, it is clear that this system provides ample screen 
illumination even for very great projection distances. 

It is evident that the size of the source is immaterial provided 
its image fills the entrance pupil of the projection lens. From a 
practical standpoint, however, it is desirable to employ as small 
a source as possible because the amount of current required to 
operate an arc depends upon its size. This means that the 
magnification between the source and its image should be as 
great as possible. The limit is set by the aberrations of the 
condenser, which become serious as the focal length of the con¬ 
denser is reduced. Moreover, to obtain a high magnification, the 
source must be placed so near the condenser that there is danger 
of pitting the latter by hot particles thrown off from the arc or 
even cracking it by the heat. Ordinarily, a magnification of 
approximately six times between the source and its image is 
found to represent the useful limit. 

Nowadays, incandescent lamps are used more than arcs in 
lantern-slide projectors because they are much more convenient 
to operate and provide ample illumination unless the throw is 
excessively great. Special projection lamps are made with the 
type of filament shown in Fig. 263, all the coils of which lie in a 
single plane. By placing such a filament at the center of curva¬ 
ture of a spherical mirror located behind the lamp, an image of 
the filament can be formed between the coils of the filament 
itself. The result is a nearly uniform rectangle of light having a 
brightness approaching that of a tungsten surface at the tem¬ 
perature at which the lamp is operated. Since the filament is 
imaged at the aperture stop of the projection lens, it is clear that 
an image of the filament is not formed on the screen. Hence 
the illumination of the screen is uniform even though the bright¬ 
ness of the source is not, 
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198. Motion-picture Projectors.—The optical system shown 
in Tig. 262 is seldom used for projecting motion pictures because 
a frame of motion-picture film is smaller than the projection lens. 
Hence, with a condenser that is capable of a given magnification, 
a smaller source can be used if its image is formed on the film 
gate rather than on the projection lens. Imaging the source on 
the film gate imposes the additional requirement that the source 
shall be of uniform brightness. T'his condition is fulfilled 
by the high-intensity arc.^ In case the light source is not 
sufficiently uniform in brightness to permit it to be focused upon 



Fig. 203.—The filament of a projection lamp. A spherical mirror behind 
the lamp forms an imago of tho filament in the interstices between the coils 
themselves. courtesy of Ocncral Electric Co77ipa7ii/*) 

the film itself, as frequently happens, the usual procedure is to 
form an image somewhere between the film gate and the pro¬ 
jection lens—as close to the former as possible without causing 
the screen illumination to become appreciably non-uniform. 

The requirements for a motion-picture projection lens are 
somewhat different from those for the lantern-slide projection 
lenses described above. The focal length is commonly in the 
neighborhood of five or six inches, and, since the frame is approx- 

1 With this type of source, an ellipsoidal reflector is frequently used instead 
of a condenser. The arc is placed at one focus and the film, gate at the other, 
the constants of the reflector being such that the image is magnified six or 
seven times. 
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imately one inch across, the angular field to be covered is very 
small. On the other hand, to produce sufficient screen illumina¬ 
tion, the relative aperture must be high, a value off/2.5 being not 
uncommon. Until comparatively recently, a modified Petzval 
type of construction was used, but the higher magnification 
required by the smaller frame size of sound films has made it 
increasingly difl&cult to correct the aberrations of this type of 
lens satisfactorily. With the possible necessity for projecting a 
wider film in mind, some designers have abandoned the Petzval 
construction in favor of types which, although more expensive to 
manufacture, give a much superior definition. Por the sake of 
interchangeability, projection lenses for theaters are made in two 



standard sizes, the external diameter for one series being 21^2 
(52 mm) and that of the other series, 22^2 in. (71 mm). 

The correction of the condenser is of considerable importance 
because, if spherical and chromatic aberrations are present, the 
homogeneity of the illuminating beam is destroyed—in other 
words, the film is not uniformly bright when viewed from the 
projection lens. Now that practical methods for figuring 
aspheric surfaces in quantity have been developed, motion- 
picture condensers are commonly made of two elements, each 
having a weak spherical curve on the side toward the light and a 
strong parabolic curve on the other side. 

199. The Optical System of Recording Instruments.—There 
are many measuring instruments of such delicate construction 
that a record of their deflections can be obtained only by optical 
means. These instruments may be classed as projection systems 
because they usually contain a mirror that serves to project a 
spot of light on either a scale or a piece of photographic material. 

typical arrangement, such as might be used for recording the 
deflection of a galvanometer, is shown in Fig. 264. The fight 
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from a tiny lamp is reflected from a plane mirror attached to the 
galvanometer suspension and is brought to focus on the surface 
of the film by the lens. The film is assumed to be wound on a 
rotating drum to produce a record of the deflection as a function 
of time. 

It is easily shown that the angular deflection of the beam 
reflected from the mirror is equal to twice the angle through which 
the mirror is rotated. The linear deflection of the spot on the 
film is, of course, proportional to the distance of the film from the 
mirror. The accuracy with which the trace can be read depends 
upon the ratio of the deflection to the size of the spot. Ordinarily, 
the lower limit to the size of the spot is set by the size of the 
diffraction pattern that is produced by the system. Since 
the diameter of the diffraction pattern increases at the same 
rate as the deflection when the distance of the film is increased, 
and, furthermore, since the illumination decreases approximately 
as the square of the distance of the film from the mirror, it is 
decidedly advantageous to place the film as near the mirror as 
possible. The ultimate limit is set by the graininess of the film. 

A numerical example will make this point clear. Suppose that 
the mirror is 1 mm in diameter, which is not excessively small for 
an instrument with a delicate suspension. If the film is placed 
1 meter away, the diameter of the diffraction disk is approxi¬ 
mately 1.2 mm. By increasing the distance to 2 meters, the 
deflection would be doubled, but the size of the spot would be 
doubled also. Consequently, the uncertainty in reading the 
record would remain constant. It goes without saying that the 
figure given for the size of the diffraction disk represents a 
minimum value which is realized only if the optical system is 
perfect and the mirror is accurately flat. 

In the system just described, the illumination and the size of 
the spot arc limited by the condition that the mirror is the 
aperture stop, and one naturally wonders whether in some way 
this restriction cannot be removed. An analysis of this problem 
was published by one of the present authors^ in connection with 
the optical system of the oscillograph and similar recording 
instruments. It was there shown, in effect, that if the system is 
designed with a view to making the exit pupil subtend a larger 
solid angle at the film, the result is inevitably to decrease the 
deflection just enough to compensate for the greater illumination 

' Jour, Optical Soc. Anier. and Rev. Sci. Instruments, 14 , 505 ( 1927 ). 
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and smaller area of the spot of light. In the limit, the mirror 
itself might be imaged upon the film, but in this case the deflec¬ 
tion would evidently be aero. The simple system shown in 
Fig. 264 is therefore as efificient as any system of spherical lenses 
that can be devised. 

If cylindrical lenses are used in the system, the condition that 
the mirror shall be the aperture stop can be removed in part. 
Although the mirror must always be the aperture stop in the plane 
that is perpendicular to the axis of rotation, it need not be the 
ai)erture stop in the plane of the axis. In a system composed of 
spherical lenses, the one condition imposes the other, but this is 
not true of a system like that shown in Fig. 265. In this figure, 
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the upper diagram is a view in a plane perpendicular to the axis of 
rotation of the mirror, and the lower diagram is a view in the plane 
of the axis of rotation. With the ordinary vertical suspension, 
the upper diagram represents a plan view and the lower diagram, 
a side elevation. For simplicity, the mirror is represented merely 
as an aperture that is, as though it produced no deviation of 
the beam. The source of light is assumed to be imaged by a 
spherical collector lens on the mirror in such a manner as to fill it 
completely. The lens at the mirror, which performs the same 
faction as the one shown in Fig. 264, is drawn twice because, 
since the hght traverses it twice, it behaves like two lenses. A 
cylindrical lens is inserted somewhat in front of the film so as to 
image the mirror on the film in the lower diagram, but it has no 
effect in the upper diagram. Evidently this lens permits the slit 
to^ made very long without increasing the size of the spot. 

ihe prmciples just outlined are applicable to other types of 
recor mg instruments. Instruments for recording sound on 
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motion-picture film have assumed especial importance of late.^ 
An oscillograph, which is essentially a high-frequency galva¬ 
nometer, is used in one method, and a modified form of the 
Einthoven string galvanometer in another. Both instruments 
can be used to produce records of either the variable-width or the 
variable-density type, although the oscillograph is better suited 
to the former and the string galvanometer (or light valve) to the 
latter. 

' The peculiar problems that arise in this connection are discussed in a 
paper by one of the present authors in ta. )Soc. Mofa Ptoc En§., 12, 
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SPECTROSCOPIC APPARATUS 

AU the image-forming instruments discussed in the preceding; 
chapters are at least partially achromatized. We come now to a 
consideration of a class of instruments that are purposely made 
non-achromatic, usually by the insertion of a prism or other 
dispersing element, for the purpose of studying the spectral 
character of the radiation traversing the instrument. For 
obvious reasons, the object to be imaged by these instruments 
must be simple, so, unless the source is a point (such as a star) or 
a narrow line (such as the filament of a lamp), a slit is introduced 
in the apparatus where it can be focused either on the retina of 
the eye or on a photographic plate. 

The most versatile instrument of the class we are about to 
study is the spectrometer. It was shown in Sec. 138, Chap. 
XVII, that this instrument can be used for measuring the angle 
of a prism by reflecting light first at one face and then at the 
other. If light is allowed to traverse the prism instead, the 
observer sees in the telescope a spectrum of the source; and, by 
setting the cross hairs on the image of a given spectral line, he 
can determine the deviation suffered by a beam of light of this 
particular wave length. The index of the prism can then be 
computed from the measured deviation and the refracting angle 
of the prism. Conversely, if one particular prism is always used, 
the divided circle can be calibrated to read wave lengths directly, 
and the instrument becomes a spectroscope. If the ocular is 
removed from a spectrometer or spectroscope and a second slit 
is placed in the plane of the cross hairs, radiation of any desired 
wave length can be isolated. An instrument arranged in this 
maimer is called a monochromator. If the telescope is removed 
entirely and a camera is substituted for it, an image of the 
spectrum may be formed upon the photographic plate. Such an 
instrument is known as a spectrograph, and the photographic 
record of the spectrum is called a spectrogram. Most of the 
principles underlying these instruments have been discussed 
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previously in other connections, and it only remains to develop 
the principles that are peculiar to the dispersing system. 

200. The Theory of the Dispersing Prism.—A prism is used in 
spectroscopic apparatus so much more frequently than any other 
dispersing element that we shall consider it first. In Fig. 266, 



let a ray of light be incident at an angle i with the normal to one 
of the faces of the prism. We shall assume that this ray lies in a 
plane perpendicular to the line of intersection of the refracting 
surfaces. Let the angle between these surfaces be A. If the 
refractive index of the prism is n, the angle of refraction at the 
first surface is given by 


1 . . 

sin r — — sin t, 
n 


(267) 


From the geometry of the figure, the angle of incidence at the 
second surface is 

i' = A - r, (268) 

The ray emerges again into the air after being refracted at this 
surface, the angle of emergence being given by 

sin r' = n sin . (269) 

Although these three equations can be combined in such a manner 
as to give r' directly as a function of i, n, and A, it is generally 
easier in a numerical case to compute each angle in turn by 
means of the separate equations.^ 

It is obvious that the deviation of the ray produced by the 
refraction at the first surface is 

= i — r. 

^ Even in so sirn pie a <*nl{'!ulation as this, it is usually worth while to prepare 
in advance an argiunont like those shown in Chap. IV, especially if the 
calculation is to l>e repeated many times. 
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Similarly, the deviation at the second surface is 

£>2 = r' - i '. 

Hence the total deviation of the ray is 

D = jDi + Da = ^ - r -f- r' - t'. (270) 

Combining this equation with Eq. (268), we have 

D - A. (271) 

When the prism is thin and the incident ray makes only a small 
angle with the normal, a very simple expression for the deviation 
can be obtained. In this case, Eqs. (267) and (269) become 
respectively 



Substituting these values in Eq. (271) and noting from Eq. 
(268) that 

i' r = A j 

the deviation is found to be simply 

D = (ji~ l)A, (272) 

This equation is of use in determining how nearly parallel the 
two faces of a plane-parallel plate must be to keep the deviation 
within given limits. For example, if the plate is to be placed 
before the eye, which may be assumed to have a resolving power 
of 1 minute of arc, the angle between the faces must not exceed 
about 2 minutes of arc if no perceptible deviation is allowable when 
the plate is introduced (assuming the eye is focused on an object 
at infinity). If the plate is to be placed before an optical instru¬ 
ment, the maximum permissible angle is less in proportion to 
the magnifying power of the instrument. 

The variation in deviation with wave length is called the 
dispersion of the prism. If the prism is thin, an analytical 
expression for the dispersion can be obtained by differentiating 
Eq. (272) with respect to n, which gives 

dD = dn • A . (273) 

This equation can be expressed in a different manner by sub¬ 
stituting for A its value in Eq. (272), which gives 
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dD - - D . (274) 

n — 1 

If we substitute ns> — Uc for duy this becomes 

dD==-D, (275) 

V 

where l/v is the dispersive power of the glass. Since the v- 
value of the more common types of optical glass varies from about 
28 to approximately 65, it will be seen that the dispersion from 
the C- to the F-line in the spectrum formed by a thin prism is 
from yis to Jejs of the deviation. 

Except for the case of minimum deviation, which will be 
discussed presently, it is impossible to find a simple expression 
for the dispersion produced by a thick prism. For the general 
case, the dispersion can be determined when required by differ¬ 
entiating Eqs. (267), (268), (269), and (271) with respect to n, 
assuming the value of i to be constant. 

Differentiating Eq. (271) gives 

dD = dr'. 


Equations (269) and (268) when differentiated give respectively 


dr' = 


• V di' 

sin t n cos ^ 

cos r' 


dn 


and 


di' _ _dr 
dn ~ dn 


C'ombining these equations, we have 


sm i — n cos 'i 


dD = 


dn 


cos r 
dr . 




dn. 


From Eq. (267), the value of is found to be 

dr sin r 


dn 


n cos r 


(276) 


(277) 


sinc(^ t he value of / is assumed to be constant. Equations (27()) 
and (277) suffice for computing the angle dD subtended by a- 
portion of the spectrum for which the difference of index of t he 
prism is dn. In terms of wave length, the dispersion dD/d\ of 
the prism can be computed by dividing Eq. (276) by d\, I ho 
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value of dn/d\ appearing on the right-hand side of the resulting 
equation may be determined from the dispersion curve of the 
glass; but since it is equivalent to the quantity a in Sec. 56, 
Chap. VI, it can be computed by means of Eq. (152) if the 
constants in Hartmann^s formula are known. The values of or 
for some representative types of glass are given in Table V, 
page 113. 

It will be evident that by combining two or more prisms, a 
deviation can be produced without dispersion or a dispersion 


S/fl CoJlimarfor 



Fig. 267. -The optical system of the direct-vision spectroscope. The crown 
and flint elements of the prism are indicated by C and F respectively. 


without deviation. Prisms of the latter type are used in direct- 
vision spectroscopes, which produce a dispersion of the light 
without deviating the central portion of the spectrum. The 
optical system of such an instrument is shown in Fig. 267. 

There is one special case of considerable practical importance 
for which the mathematical relationships become simple. This 
is the case where the angle of incidence is so chosen that, for some 
specified wave length, the deviation produced by the prism is at 
a minimum. It can be shown that minimum deviation occurs 
when 


This means that 


% = r 



(278) 


so that minimum deviation is obtained, as might be expected, 
when the ray traverses the prism in the symmetrical fashion 
illustrated in Fig. 266. The angle of incidence corresponding to 
minimum deviation is then 



/ -d. -}- D 

t~r' - 2 • 

(279) 

From Eq. (268) 

A 




(280) 

and hence 

„ _ + D) 

sin r sin 

(281) 
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This form of the equation is convenient because the refractive 
index is so often determined experimentally by measuring the 
angles A and D with a spectrometer. The procedure require<i 
for measuring A was discussed in Sec. 138. To measure the 
angle of minimum deviation, one has merely to moimt the prism 
as shown in Fig. 268, so that the image of a given line in the 
spectrum is visible in the telescope, and then to rotate the prism 
until the deviation becomes a minimum. The deviation is 
determined by reading the divided circle with the cross hairs set 
on the line in question, removing the prism, and resighting tho 



Fi<». 208.—Tho optical system of the conventional spectroscope. 


telescope on the undeviated beam. The difference between the 
two readings is the angle of minimum deviation. 

When a prism is set at minimum deviation for a given wave 
length, the dispersion can be found by simply differentiating 
lOq. (281), which gives 

dD = - tan ^ ^ ^ - dn (282) 

71 

2 

= — tan i ’ dn. (283) 

n 

The usefulness (^f this equation will bo clear from a numerical 
example, Suppose that a 60° prism is constructed from aix 
ordina.ry silicate flint, like 0-103 in Table V, Chap. VI. Kquatioii 
(281) shows that, the angle of minimum deviation at 500 mjj. its 
approxiinal.(dy 50°, and lOq. (279) shows that the corresponding 
angles of incidence'! is 55°. From the value of <r given in Table V 
for t.h<‘ assumed wave Icsngth, the value of dn corresponding to jx 
diff(‘r(‘nc<i of 1 mg in wave length is 0.0001471. The index of 
refraction at this wave length is 1.6302, and hence the changes 
in deviation dl) corresponding to a difference of 1 m/x in wavo 
length is aj)proxiinat(‘:ly 0.00025 radian or about 0.9 minute of arc- 

The case of minimum deviation is of considerable practical 
importance. As was shown above, it furnishes a convenient 
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means for determining the refractive index of a substance. 
Indeed, this is a fundamental method since it depends only upon 
the measurement of angle and not upon the properties of any 
particular substance. Even when the prism is to be used for 
analyzing radiation, it should ordinarily be set for minimum 
deviation because the loss of light by reflection at the surfaces 
is then at a minimum. Moreover, the resulting symmetrical 
arrangement of the prism ordinarily gives the largest effective 
free aperture for a prism of a given size. 

When the prism just discussed is used in a spectroscope, as 
shown in Fig. 268, it is obvious that even if the slit is infiinitely 
narrow, the image of the slit in the plane of the cross hairs 
formed by light of a definite wave length is a diffraction pattern 
whose width depends upon the diameter of the telescope objec¬ 
tive, assu min g it for convenience to be the aperture stop of 
the system. The ability of such an instrument to resolve two 


spectral lines depends upon the dispersion produced by the 
prism and the resolving power of the telescope. For example, 
with the 60° prism considered above, the angular separation of 
two spectral lines that are 1 m^t apart in wave length is about 
0.9 minute of arc. Since the resolving power of the unaided eye 
is 1 , the resolving power of the telescope must equal that of 
the eye to utilize the full resolving power of the prism. With 
a telescope of normal magnifying power, the diameter of the 
objective would be 3 mm and the prism need obviously be only 
large enough to fill the objective with light. If higher resolution 
IS required, the entire system, including the collimator, prism 
and telescope objective, must be proportionately increased in 
size. The resolving power of a prism evidently depends not 
only on its effective free aperture but also on its angle and the 
spersive power of the glass from which it is made. A mathe- 
matical expression for the resolving power of a prism can b<^ 
readily derived; and, on the basis of this expression, it is fre¬ 
quently stated that the resolving power of a prism made from a 

Th^ JT® depends only upon the length of the base. 

provided the prism is the aperture stop 
the mfr^ting aTje. " Perpendieular to the bisector of 

na^ow’^a!id® tV® “'T'f "se a slit that is infinitely 

, d the calculation of the resolving power becomes 

xcee ingy complex for a slit of finite width. The diflaculty 
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arises from the fact that the slit itself is rarely self-luminous—a 
difficulty similar to that encountered in connection with the 
resolving power of the microscope. As the apparatus is cus¬ 
tomarily arranged, the source is focused on the slit by means 
of a collector lens. If the source and the collector lens are 
sufficiently large to fill both the slit and the collimator lens, the 
system would at first glance appear to be used most effectively. 
If the source emits a continuous spectrum so that no question of 
resolution is involved, this system is indeed perfectly satis¬ 
factory. In fact, any other system can be used equally well 
provided both the slit and the collimator are filled with light. 
However, in work requiring the resolution of the fine structure 
of spectral lines and especially the measurement of the relative 
intensities of such lines, the most careful consideration must 
be given to the choice of the proper method of illumination and 
the proper width of slit to use under a given set of conditions. 
Recent papers by van Cittert^ and by Stockbarger and Burns^ 
may be consulted for references to the literature of the subject. 
The former paper is largely mathematical while the latter 
gives a very convincing experimental proof of the necessity for 
choosing the proper slit width for a given set of conditions. 

We have so far considered the behavior of rays lying in prin¬ 
cipal sections of the prism—that is, in planes perpendicular to 
the line of intersection of the two refracting surfaces. It can 
be shown that the rays traversing the prism in other planes are 
deviated more than these rays. The result is that the rays from 
the top and bottom of the slit are deviated more than the rays 
from the center, and therefore the spectral lines are curved. This 
curve has been shown to be a parabola, the radius of curvature 
at the vertex for the case of minimum deviation being 

where / is the focal length of the telescope or camera objective 
and i is the angle of incidence on the prism. The curvature 
changes but slowly with wave length, and hence in commercial 
apparatus the slit is often given the proper curvature to 
approximately neutralize the curvature of the spectral lines 
throughout the spectrum. This correction is of especial impor- 

^Zeits. Physik, 66 , 547 ( 1930 ). 

^Phys. Rev., 37 , 920 ( 1931 ). 
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tance in a monocliromator, in which case either the entrance slit 
or the exit slit may be cxirved. 

201. Prismatic Instruments.—A dispersing prism is used in 
so many different types of instruments that only the salient 
features of the more important types can be described here. 
The spectrometer has already been discussed in Sec. 138, Chap. 
XVII. It may be worth while, however, to mention Schuster’s 
method of focusing such an instrument, which is useful if a 
Gauss ocular is not at hand. In this method, the telescope is 
set for a deviation somewhat greater than the minimum, in 
which case a given spectral line will be coincident with the cross 
hairs for two positions of the prism. The procedure is to turn 
the prism until the angle of incidence is greater than that for 
minimum deviation and to adjust the telescope to bring the image 
into focus. The prism is then turned to the other position, and 



Pig. 269.—The optical system of the Abbe autocollimating spectrometer, 

the collimator is adjusted to focus the image. This procedure 
is repeated until the line is in focus for both positions of the 
prism. 

The method of determining the refracting angle of the prism 
was described in Sec. 138, and it only remains to add that this 
method is preferable to the method described in many textbooks 
in which the beam from the collimator is split at the refracting 
edge of the prism. The reason is that aberrations in the colli¬ 
mator and telescope reduce the accuracy of the latter method. 

The Abbe autocollimating spectrometer is of considerable 
importance because of its convenience of operation. As shown 
in Fig. 269, light from the source S is reflected at the right-angle 
prism R through the lower end of the slit the lens L serving to 
focus the source upon the slit. The beam from the slit is colli¬ 
mated by the objective O and enters the prism P. Part of this 
beam is reflected at the second face AB and is brought to focus 
by the objective in the plane of the slit. The image thus formed 
is observed by means of an ocular E. The slit projects a trifle 
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above the prism R, and consequently it serves as an index for 
locating the image. Since the light is always reflected normally 
from the face AB oi the prism P, it always traverses this prism 
at minimum deviation; and since it traverses the prism twice, 
it is evident that a 30° prism in this instrument is equivalent to a 
60° prism when used in the ordinary manner. 

The prism is mounted with its face AB on a ring that can be 
rotated in its own plane and can also be tilted in a perpendicular 
plane. To adjust the instrument, the prism table is first rotated 
until the face AP is nearest the objective. Then the prism is 
tilted until the image of the slit appears in the ocular between 
the jaws of the slit itself, the lower end of the image being coin¬ 
cident with the upper edge of the prism R. The prism table 
is then rotated until the face AC is nearest the objective, and 
the ring on which the prism is mounted is rotated until the 
image reflected from this face is in the same position as before. 
It is clear that the angle through which the prism table is turned 
between these two positions is the supplement of the refracting 
angle of the prism. The prism table is then turned until the 
image formed by refraction is located, and the amount of rota¬ 
tion necessary is, of course, the angle of incidence i. It can 
(‘asily be shown that the index of the prism is 
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sin ^ 
sin A 


(285) 


wh(o-e A is its refracting angle. The great advantage of this 
types of spectrometer is the comparative facility with which 
dot erminal ions can be made. It also contains fewer moving parts 
and is less alTected by mechanical strains, but it has the slight' 
disadvantiiige that the light reflected at the face of the objective 
appears as st.ray light in the field. 

A spectroscope is gjimilar to a spectrometer except that the 
divided circle can be reduced to a mere rudiment or even dis¬ 
pensed with altogei.hcr. The spectrum is explored by moving 
eil her the prisin or the telescope. If the telescope is movable, 
it can be provided wil.h cross hairs, and then its angular position, 
when the cross hairs intersect the image of the slit, is a measure 
of the wave length of the line under examination. Another 
method is to use a,n auxiliary wave-length scale in such a manner 
that it appears to be superposed upon the spectrum. 

The const.ant.-deviatiion type of spectroscope, in which both the 
collimator and the telescope are fixed and the prism alone is 
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movable, is of considerable importance. In this instrument, 
the rays entering the telescope must traverse the prism at a con¬ 
stant deviation for every wave length. This can be accomplished 
with the apparatus shown in Fig. 268 by reflecting the rays into 
the telescope from a plane mirror linked mechanically to the 
prism table so that it rotates simultaneously. Wadsworth^ has 
designed several mechanisms by which this can be done, and 
he finally hit upon the very elegant arrangement shown in Fig. 



Fig. 270. —Sketcli showing th.© principle of the Wadsworth prism system. 

270. Here the prism ABC and the plane first-surface mirror 
DE are mounted on the prism table as shown. It can be demon¬ 
strated mathematically that the emergent ray that traverses 
the prism at minimum deviation makes an angle of 90° with the 
incident ray no matter what the wave length of the light or the 
dispersion of the prism may be. The angle between the inci¬ 
dent ray and the emergent ray can be made to have any value 
whatever depending upon the position of the mirror, the 
only requirement being that the intersection between the plane of 
the mirror and a plane bisecting the angle A of the prism shall 
coincide with the axis of rotation O. In practice, of course, the 
^Phil. Mag., 38 , 337 ( 1894 ). 
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prism table is not a complete circle but has the form indicated 
by LMN. It may be noted that the autocollimating spectrom¬ 
eter described on page 552 is only a special form of the Wads¬ 
worth type. 

A type of prism that itself performs the function of a mirror is 
shown at a in Fig. 271. This prism may be considered to be 
composed of the two 30° prisms ABB and BCD and the 90° 
prism BAD. The path of a ray traversing this prism at mini¬ 
mum deviation is shown. Since the angle i equals the angle r' 



and the face AB is perpendicular to the face BC, it is evident 
that, the emergent ray is perpendicular to the incident ray. 
Unlike the Wadsworth type, this prism causes a slight lateral 
displacement of the emergent ray as it is rotated, but this dis¬ 
placement can be minimized by properly locating the axis of 
rotat ion. One objection to this type of prism is the absorption 
of light due to the long glass path, which is serious in the violet 
region when flint glass is used. In addition, the free aperture of 
t he prism is small compared with the dispersion that it produces. 
A system that avoids these difficulties is shown at 6 in the same 
figure. It consists of two 30° prisms so connected mechanically 
t hat they can be rotated simultaneously by equal amounts in 
opposite directions. This system is especially useful in instru¬ 
ments (Unsigned for the ultraviolet, partly because of the difficulty 
of obtaining large pieces of quartz and partly because a prism 
of right-handed quartz and one of left-handed quartz must be 
used in any case. 

By substituting a slit for the ocular and cross hairs, a spectro- 
se.ope becomes ti monochromator. The constant-deviation type 
is especially convenient because the beam emerging from the 
instrument proceeds in the same direction regardless of its wave 
length. The requirements for a monochromator are rather 
different than for a spectroscope. In the first place, the usual 
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function of a monochromator is merely to isolate a relatively 
narrow portion of the spectrum. For this reason, the slits can 
be wider than the slit of the spectroscope and the tolerances in 
the construction and calibration of the instrument are less severe. 
In the second place, a monochromator is generally used in con¬ 
junction with another optical system and must be designed with 
regard to the characteristics of the remainder of the system. If 
the monochromator forms part of a visual instrument, the 
requirements discussed in Sec. 147, Chap. XIX, for visual instru¬ 
ments must be met. If it is to be used for photography, it must 
usually have a high relative aperture. If, on the other hand, it 
is to be used in connection with photoelectric cells, whose 
response depends only on the total flux transmitted, the relative 
aperture is unimportant and the free aperture of the system is 
all that matters. 

A monochromator becomes a spectrograph when the exit slit 
is replaced by a photographic plate. Since it is desirable to have 
all the lines in sharp focus, the plate must be tilted at the proper 
angle and must be given the proper curvature to suit the chro¬ 
matic correction of the objective. In the ultraviolet, for which 
it is impractical to make achromatic objectives, the foci for the 
short wave lengths lie so much nearer the objective than the foci 
for the long ones that the plate must be tilted at a rather steep 
angle (approximately 60°) to bring the entire spectrum into 
focus. To facilitate focusing, the instrument should be provided 
with means for moving the camera lens parallel to the axis and 
for rotating the plate about an axis in its own plane intersecting 
the axis of the lens. 

Spectrographs of many different types have been devised, 
especially for exploring the ultraviolet. One form due to F6ry* 
is noteworthy because the prism itself serves not only as the 
dispersing element but as colhmator and objective as well. As 
shown in Fig. 272, the refracting faces of the prism are spher¬ 
ical. The center of curvature of the first surface PQ is at A. 
Consider two rays of monochromatic light CP and CQ emerging 
from a slit at C so placed that LCPA = ZCQA = i. After 
refraction at the first surface, the rays continue to iW and N 
respectively as though they had come from B without being 
refracted. By making B the center of curvature of the second 

^ Jour. Physique, 9, 762 (1910). Reprinted in Astrophys. Jour., 34, 
79 (1911). 
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surface MN (which is silvered), the rays reflected from this face 
traverse their original path and come to focus at C. It can be 
shown that B and C lie on a circle through A, P, and Q; and, if 
the light is heterochromatic, it can be shown further that the foci 
for the various wave lengths all lie on this same circle. In 
practice, the slit is placed a little to one side of C and the plate 
a little to the other side. 

A more common form of spectrograph was devised by 
Littrow. Its optical system is similar to that of the auto- 



FitJ. 272.—SkoUsh Bhowing the principle of the F6ry apootrograph. 


collimating spectrometer shown in Fig. 269. Sometimes the 
objective is replaced by a concave mirror behind the prism. 

Spectrographs are sometimes used for spectrophotometry. 
If the light entering one end of the slit passes through a cell 
containing a substance that absorbs selectively, and the light 
entering the other end of the slit passes through a neutral filter 
or rotating sector wheel, there are, in general, certain points 
along the juxtaposed spectra where the densities of the plate are 
equal. By making several spectrograms with the neutral filter 
or sector wheel absorbing a different proportion of light for each, 
it is evident that data can be obtained for plotting a spectro- 
photometric curve of the sample. 
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The spectrographs used in astrophysics are in a class by them¬ 
selves because most of them are merely attachments for existing 
telescopes.^ They are usually mounted at the eye end of a 
telescope in such a position that the image formed by the objec¬ 
tive is focused on the slit. It is obvious that such an arrange¬ 
ment is not entirely satisfactory for making stellar spectra, not 
only because the telescope must be trained very accurately but 
also because only one star can be examined at once. For making 
rapid surveys of stellar spectra, therefore, a prism is usually 
placed over the objective of the telescope. Then a photographic 
plate in the focal plane of the objective records the spectra of all 
the stars in the field. To make these spectra consist of a series 
of lines instead of points, the telescope is allowed to drift in a 
direction parallel to the refracting edge of the prism during the 
exposure. 

The performance of any spectroscopic instrument depends 
to some extent upon its mechanical design, but we can discuss 
only the single feature that is common to all types—namely, the 
slit. The jaws must be extremely sharp, smooth, and free from 
dust. The preparation of a first-class slit, especially if it is 
curved, is an operation that tests the skill of the best mechanic. 
Even the design of the mechanism for opening the jaws requires 
some thought. Both jaws should be in the same plane and 
should be parallel to each other so that when closed they touch 
along their entire length. The mechanism should be such that 
they cannot be closed violently because this is likely to dull the 
edges. A unilateral slit, in which only one jaw moves, is satis¬ 
factory if settings are always made on the fixed edge.^ Bilateral 
slits, in which both jaws move simultaneously in opposite 
directions, are more difficult to construct. Both jaws must move 
at the same rate, remain parallel to themselves, and yet have no 
lost motion. 

The difficulty in using a spectroscope or spectrometer of the 
usual type is that, if the slit is narrow, the cross hairs are difficult 
to see. Guild has proposed to use a very wide slit with a spider 
web in the middle between the jaws. In this case, the position 

^ See a series of papers in. Astrophys. Jour, for 1895. The spectrogniphs 
for some of the famous telescopes have been described in this publication 
in 1900, 1902, 1904, 1912, and 1919. 

® A slit of this type that is especially meritorious because of the delicacy 
with which the adjustments can be made has been constructed by de 
Gramont. It is described in Rev. (TOptigue, 7, 68 (1928). 
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of each spectral line is represented by a dark line in the middle 
of a bright band and the cross hairs can be very readily set to 
intersect the dark line. Another suggestion has been to use a 
comparatively wide slit and to place in the focal plane of the 
ocular a straight wire that nearly fills the image of the slit. The 



eye is able to estimate very accurately when the bright areas on 
the two sides of the wire are equal. 

202. The Diffraction Grating.—The simple theory of the 
diffraction grating is illustrated in Fig. 273. Light entering a 
slit at the left of the figure is rendered parallel by the collimator 
lens and falls on the grating, which 
we shall assume for the present is 
merely an opaque screen containing 
a large number of infinitely narrow 
rulings equally spaced. We shall 
make the further assumption that 
the light entering the slit is mon¬ 
ochromatic. Then, from Huygens's 
principle, the rulings of the grating 
may bo considered as secondary 
sources from which light radiates 
in all directions. Some of this 
light will of course coniinue in its 
original direction and will be brought to focus at Afu by the 
telescope or camera objective. Let us now consider the rays 
diffracted at an angle a with the original direction. These rays 
are brought to focus at Afi by the objective; and, for the sake of 
clearness, an enlarged view of the grating showing two such rays 
A A' and BB' is given in Fig. 274. Manifestly, if the distance 
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BC in this figure is equal to one wave length, the disti^bnnce 
from B will arrive at Mi exactly one period behind the dis¬ 
turbance from A. Reinforcement will therefore take place. 
Now, from the geometry of the figure, 

BC = AB ■ sin a.. 

Designating the distance AB by e, for convenience, the condition 
for reinforcement at Mi is simply that 

e sin a = X. 

Since all the rulings of the grating are assumed to be separat eti 
by the same interval, it is clear that they will all contribute 
disturbances of the same phase at Mi. An image of the slit will 
therefore be formed at this point. This would be true also if th<» 
distance BC were equal to 2X, 3X, or any other integral number 
of wave lengths. Thus the general condition for reinforcennent 
is 

e sin<x = m\, (2H6) 

where m is any integer. Evidently a number of images, such 
as Ml, M2, M_i, M_2, etc,, will be formed on both sides of M t he 
limit to the number being set by the fact that sincy cannot c*xc(‘<h 1 
unity. 

If the slit is illuminated by white light instead of monochro¬ 
matic light, it is apparent that light of all wave lengths will be 
combined at Mo to form a white image of the source. If now 
we assume m to be unity, it is clear that, since cx varies with X, 
two spectra will be formed on opposite sides of Mo, t lu* blu(‘ 
ends lying closer to Mo than the red ends. These arc^ cu11(m1 
the first-order spectra. With m = 2, a second pair of sjxMilra 
are formed, the corresponding portions of which lie at a greater 
distance from Mo than those of the first order. The spc'ctra of 
different orders overlap, of course. For example, the image of a 
yellow line at 600 m^ in the first order coincides with t he lint^ 
at 300 m^ in the second order, 200 m/x in the third <)rd(‘r, <'t<^. 
This is ordinarily a disadvantage, although it was turned to 
good use by Rowland in his classical determination of t he wav<^ 
lengths of the lines in the solar spectrum. 

The dispersion produced by a grating can be determined by 
differentiating Eq. (286) with respect to X, which gives 

dot _ m 1 
dX e cos Q 5 


( 287 ) 
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It win b© seen that the disjjersion is approximately proportional 
to the order of the spectrum and to the fineness of ruling of the 
grating. 

The image of a spectral line formed in the plane of the cross 
hairs of the telescope or on the photographic plate is, of course, 
a diffraction pattern whose size depends upon the aperture of 
the system. Hence, it is clear that the resolving power of a 
grating depends upon both its size and the dispersion which it 
produces. A little consideration will show that the resolving 
power in the spectrum of a given order depends on the total 
number of lines of the grating that are effective in producing 
the spectrum. We may therefore write that the resolving 
power 

where N is the total number of rulings and m is the order of 
the spectrum. If we consider the numerical example discussed 
in Sec. 200, where a prism was required to separate two lines 
1 vciiJL apart at a wave length of 500 m/x, it will be seen that a grat¬ 
ing containing only 500 lines will suffice in the first order, one of 
250 lines in the second order, etc. Rulings as fine as 20,000 lines 
per inch are not uncommon, and hence, even in the first order, a 
grating less than 1.5 mm in size will resolve two lines that are 
1 m/x apart. 

Another consequence that can be deduced from Eq. (287) is 
that the spectrum produced by a grating is normal. In any 
practical application, the angle <x is usually small, and conse- 
(luently the value of cos« is sensibly constant over a reasonably 
short angular interval. The value of dot/d'K is therefore approxi¬ 
mately constant, and the linear separation of two lines in a 
spectrogram made with a diffraction grating is therefore very 
nearly proportional to the corresponding difference in wave 
length. It will be recalled that this is far from being true for 
the spectrum produced by a prism, which is much extended at 
the blue end in comparison with the red end. 

AVe have assumed in this discussion that the grating consists 
of infinitely narrow rulings, but in practice such gratings would 
transmit an infinitesimal amount of light even if they could be 
prepared. The grating will function, however, if the rulings 
have a finite width and even if the intervening spaces are not 
completely opaque; in fact, the theory just developed holds 
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equally well if the grating has any sort of periodic structure 
whatever. The only effect of varying the ratio between the 
transparent and the opaque portions of the grating is to vary 

the distribution of light among the 
various orders of spectra. For ex¬ 
ample, by making the opaque and trans¬ 
parent portions equally wide, the spectra 
of even orders disappear. 

To see that the simple theory ap¬ 
plies regardless of the type of ruling, 
let us consider the case of a reflection 
grating, which consists of a mirror 
scratched with parallel equidistant lines 
by means of a diamond point. A cross 
section of such a grating when enlarged 
might have the appearance shown in 
Fig. 275. The light incident upon the 
grating will be diffracted by each infini¬ 
tesimal area of a grating element, but in any specified direction 
and for some point of each element indicated by A, B, C, etc., 
the disturbance produced in the resultant image will have the 
same phase as the resultant disturbance from the entire element. 
Since the simple theory applies to the rays diffracted at A, C, 
etc., it also applies to the rays diffracted by the entire grating. 
Here again the only effect of the form of the ruling is to vary 
the distribution of light among the various orders of spectra. 
Hence, by properly selecting the diamond point with which the 
grating is ruled, practically all the light can be concentrated in a 
single order. 

The ruling of a grating is done with the aid of a dividing engine, 
which consists essentially of a carriage that can be moved along 
a track by means of a very accurate screw. The mechanical 
diflB.culties that are involved in the manufacture of a fine grating 
are of unbelievable magnitude. The most serious fault pro¬ 
duced by a dividing engine that is anything less than perfect is a 
periodic error in the ruling. This may be due to a periodic 
error in the screw or in some part of the driving machinery. A 
ruling containing a periodic error produces not only the spectra 
characteristic of the nominal grating interval but also spectra 
corresponding to the interval of the periodic error. Such false 
spectra are termed ghosts. They can be detected by placing 
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the grating in a spectroscope as usual, substituting a hole for 
the slit, and placing a prism against the grating with its refract¬ 
ing edge perpendicular to the ruling of the grating. The prism 
draws out each spectrum into a curve similar to the dispersion 
curve of the glass, and a little consideration will show that any 
images of the pinhole that do not lie upon this curve are due to 
ghosts produced by the grating. 

A few gratings with 50,000 lines per inch have been ruled and 
at least one with 100,000 lines per inch. The ghosts in such 
fine gratings are so pronounced, however, that better results 
are obtained with coarser rulings. Most of the work on the 
fine structure of spectral lines is being done with gratings having 
15,000 lines per inch. Such a grating 8 in. long, used in the 
fifth order, has a theoretical resolving power of 600,000. In 
other words, at 4000 A., two lines 0.007 A. apart should just be 
resolved. 

The cost of even a moderately good grating is very high, but 
for many purposes replicas made by Thorp’s process as modified 
by Wallace 1 are quite satisfactory. This process consists in 
pouring a layer of collodion upon an ordinary reflection grating, 
stripping it from the latter when it is dry, and mounting it 
between glass plates. The possibility of injuring a replica during 
the process of manufacture is considerable, and the price varies 
according to the quality. 

Nowadays, reflection gratings are more widely used than 
transmission gratings.^ If a grating is ruled on a concave 
mirror, it can be made to serve as its own collimator and camera 
objective. This was done by Rowland in 1882, and it was by 
means of such a grating that he made his classical determina¬ 
tion of the wave lengths of the Fraunhofer lines in the solar 
spectrum. The essential features of Rowland’s mounting® 
are shown in Fig. 276. The grating G forms an arc of a circle 
AGB (really a cap of a sphere of which AGB is the trace). The 
slit S and the photographic plate P lie on a circle SGP whose 
diameter is eciual to the radius of curvature of the grating. It 
can be shown that the spectra also lie upon this circle. Sharp 

^ Aatrophya. Jour.j 22, 123 (1906). . • r v,, 

2 Ilopliciis can be coated with platinura by cathodic sputtering for use y 

reflection. , 

* For the details of construction and adjustment, see a paper by Am 

PUL Mag., 27, 369 (1889). 
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images of the slit can therefore be produced by curving the 
plate to coincide with the circle. The dispersion of the grating 
is so great that only a portion of even a single order can be 
photographed at one time. Some mechanical arrangement is 
therefore necessary to enable the entire gamut of spectra to 
be investigated. If the lines SG and SP represent two tracks 
mounted at right angles and the line PG represents a tie rod 
holding P and at a fixed distance from each other, it is evident 
that the plate can be kept in focus by placing a swiveled truck 
under the grating G to ride on the track SG and another truck 
imder P to ride on the track SP. This type of mounting has the 
advantage that a line in the second order coincides with the 



Fig. 276.—Sketch sho'wmg the principle of Rowland's mounting of the concave 

grating. 

line in the first order having twice the wave length, and thus 
the spectral lines can be measured by the method of coincidences. 
On the other hand, the apparatus is large and is therefore diffi¬ 
cult to maintain at a constant temperature. Moreover, the 
angle of obliquity for spectra of high order is so great that only 
the first few orders can be studied. 

The method of coincidences has been shown by Kayser to be 
inaccurate, and therefore a form of mounting due to Eagle ^ is 
nowadays considered superior. In this mounting, the sfit and 
plate are placed together as shown in Fig. 277. The various 
spectra are brought into focus by sfiding the grating in the 

^ Astrophys, Jour.^ 31 , 120 ( 1910 ). 
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direction PG and at the same time rotating it. The photographic 
plate must also be rotated about an axis in its own plane 
SO that both ends of the spectrum will be in focus ^ 

It would take us too far afield to discuss the technique of 
spectroscopy in the infrared and ultraviolet regions. The 
instruments used in the infrared are essentially spectrorkdiom- 
eters; those used in the ultraviolet are spectrographs. The 
chief difficulty in exploring the extreme ultraviolet (300-100 mAi) 
is atmospheric absorption. The absorption of the gelatin of 
the photographic plate is also troublesome, but this can be over¬ 
come by the methods discussed in Sec. 93, Chap. XI. The 
pioneer in ultraviolet spectroscopy was Schumann, who devised 



F'lo. 277. Tho optical system of the concave grating in Sagle’s mounting. 
The plate is above the right-angle prism to prevent the latter from obstructing 
the beam returning from the grating. 

a vacuum spectrograph to avoid atmospheric absorption. His 
apparatus was iihprio^ed by Lyman,^ who made the classical 
wave-length determinations in this region. 

203. Applications of the Spectroscope.—The spectroscope® is 
undoubtedly the most powerful tool for investigating the nature 
of the universe that man possesses. In the early part of the past 

1 Tho similarity between tho F<Sry, Littrow, and Eagle mountings is 
apparent at once. This circumstance has been turned to advantage by the 
firm of Hilger in the design of their “Universal” spectrograph. This versatile 
instrument can be used in a wide variety of ways by merely interchanging 
a few opti<;al parts. 

^ A atrophy s. Jour., 23, 181 (1906). This entire subject is well covered in 
his “The Spectroscopy of the Extreme Ultra-Violet.” 

® Although strictly the term “spectroscope” should be applied only to 
instruments in which the spectrum is viewed with the eye, it is frequently 
used loosely to mean spectroscopic instruments in general. 
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century, Auguste Comte remarked: “There are some things of 
which the human race must forever remain in ignorance; for 
example, the chemical constitution of the heavenly bodies.” 
Yet he was in his grave little more than a decade (1868) before an 
element (helium) unknown on the earth was discovered in the 
sun. 

We now know by means of the spectroscope not only the 
constitution of many of the stars but also their temperature, 
density, and stage of evolution. Our own star, the sun, has been 
virtually peeled into layers Hke an onion with the spectrohelio- 
graph,^ invented by Hale about 1890. The motion of the stars 
and even of our own solar system through space has been 
measured by means of the Doppler effect; and, in the same way, 
double stars that we could never hope to resolve with the finest 
telescope have been discovered and their orbital velocities 
measured. At the other end of the cosmic scale, the mystery 
of the atom is being solved by a veritable army of eager workers. 
But, for a detailed account of the applications of the spectro¬ 
scope in these fields, the reader must consult the voluminous 
literature. 

Whereas the physicist uses the spectroscope primarily in the 
field of pure science, the chemist generally uses it in the field of 
applied science. A study of the absorption spectra of substances 
yields much information about their chemical constitution. By 
causing a substance to produce its characteristic emission 
spectrum, the elements of which it is composed can be identified. 
This is often possible even when the proportion of an element is 
so small that the element is regarded as an impurity. This 
method of detecting impurities is of especial value when other 
methods are for some reason impractical. ■ For example, the 
melting point of fusible plugs used in sprinkler heads and in the 
safety vents of steam boilers is raised to a dangerous extent by 
the presence of exceedingly minute traces of impurities such as 

^ This is similar to a monochromator with a photographic plate at the 
exit slit. The whole instrument, except the plate, is moved across the sun’s 
image, and thus the photograph is taken in monochromatic light emitted 
by some particular element. Since the elements lie in layers, the com¬ 
parison with peeling an onion is evident. See Astrophys. Jour., 23, 54 (1906) 
for the final form of the instrument. The spectrohelioscope for visual 
observations was derived from the earlier instrument by adding an ocular 
to examine the exit slit and moving the instrument at a speed greater than 
the critical frequency. See Astropkys. Jour., 70, 265 (1929). 
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iron. To test these plugs individually, by chemical methods 
would obviously be out of the question, but it is a simple matter 
to use the plugs as the electrodes of a spark gap. When this is 
done, some of the lines due to the impurities appear in addition 
to those of the predominant metals. As the proportion of the 
impurities is diminished, the lines due to them disappear in a 
characteristic order, leaving a few p&siM lines or raies uHim 
at the limit. Thus, the lines due to the impurities not only 
identify the impurities but also indicate the approximate pro¬ 
portion in which they are present. A striking feature about the 
roies uliim is that they are not always the lines that are pre¬ 
dominant when the element producing them is present in large 
proportions. A detailed description of spectrographic analysis 
by this method will be found in the Bureau oj Standaris Scienr 
tific Paper 444. 



CHAPTER XXVIII 


INTERFERENCE ANI> INTERFEROMETERS 

The principle of superposition, which underlies all interference 
phenomena, was discussed briefly in Sec. 4, Chap. I. It was 
there shown that the combination of two light waves pursuing 
approximately the same path and having the same frequency 
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and plane of polarization produces a resultant sinusoidal dis¬ 
turbance whose frequency is the same as that of the components, 
and whose amplitude is 

CL = -s /+ 2aia2 cos<;f>, (289) 


where ay and are the amplitudes of the components and <p is 
the phase of one with respect to the other. If both components 
have the same amplitude, the resultant has double the amplitude 
of either when ^ = 0, 27 r, 47r, etc. On the other hand, when 
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^ Sttj ©tc.j iili© iTBSu.l'bSiiD.'t diixi^li'fcu.cLc is z©ro. Tliis 

ph©nom©iion is known as interf©rence. 

204. Th© Theory of Interference.—Xh© plienom©non of 
interfer©nce was first correctly explained by Young about 1807. 
H© used the apparatus sketched in Fig. 278. Light was caused to 
pass first through a pinhole S and then through two other pin¬ 
holes A and B. By Huygens’s principle, A and B can be treated 
as the centers of two disturbances that impinge upon the screen. 
These disturbances reinforce each other at all points of the 
screen for which the distances to A and B either are equal or 
differ by an integral number of wave lengths. They annul each 
other for points on the screen for which the difference between 

Screen 


A ^ 


Fig. 279.—Fresnel’s double mirror. 

the two distances is an odd number of half wave lengths. As a 
result, a system of interference fringes is formed on the screen. 

Young’s explanation of the phenomenon was not immediately 
accepted because of the possibility that the light undergoes some 
modification in passing through the pinholes. This objection was 
removed by Fresnel, who obtained interference with the appa¬ 
ratus shown in Fig, 279. The mirrors Mi and are inclined to 
each other at an angle of almost 180°, and hence images of the 
source >8 are produced at A and B. Where the beams from A 
and B overlap, as indicated by the crosshatching, a system of 
interference fringes appears. Since the interfering beams do not 
originate at pinholes with this apparatus, the objection to 
Young’s experiment does not apply. 

During the first half of the nineteenth century, several other 
ingenious methods of demonstrating interfererree phenomena 
were devised. Among these may be mentioned Fresnel’s 
biprism, Lloyd’s mirror, and Billet’s split lens, a description of 
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which will be found in any text on physical optics. Experiments 
with these devices invariably indicated the essential correctness 
of Young’s explanation of interference, and they played an 
important part in bringing about a general acceptance of the 
wave theory. Actually, of course, such experiments indicate 
merely that the wave theory is capable of explaining interference. 

In all the experimental arrangements for producing inter¬ 
ference, it has been found necessary that the interfering beams 
be derived from the same source of light. This is commonly 
explained by assuming that light is emitted in wave trains having 
a finite length. Thus, although two wave trains derived from 
different sources will produce an interference pattern, two 
succeeding wave trains wiU, in general, have a different phase 
relationship and will therefore produce a pattern that is displaced 
with respect to the first. Since a large number of wave trains 
are required to produce an effect on either the eye or a photo¬ 
graphic plate, the screen appears to be uniformly illuminated. 
Schuster explains this failure to observe interference with two 
independent sources by assuming that no source emits radiation 
that is strictly monochromatic; in other words, that even a single 
spectral line represents a band of frequencies. Since the phase 
relationships between the various frequency components are all 
different, the pattern produced by one frequency is masked by the 
patterns produced by the others.^ 

Let us assume for the moment the ideal case of a source that 
emits continuously light of only a single frequency. Let this 
source be used in conjunction with suitable apparatus to form an 
interference pattern on the screen shown in Fig. 280, which may 
be either a ground glass or a photographic plate. A more efficient 
arrangement for visual observation of the fringes is to dispense 
entirely with the ground glass and to look toward the oncoming 
light with the accommodation adjusted for the plane that the 
ground glass would have occupied. The interference fringes are 
then formed directly upon the retina, since it is conjugate to the 

^ If the reader is familiar with Fourier analysis, he will immediately 
recognize that the two explanations are essentially equivalent because a 
wave train of finite length is resolvable into a spectrum composed of infinitely 
long wave trains of all possible frequencies. The energy within a given band 
of frequencies is practically zero except in the immediate vicinity of the 
nominal frequency of the original wave train. The longer the original wave 
■ train, the narrower is the band of frequencies for which the amplitude is 
sensibly difiEerent from zero. 
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plane of the ground glass. The observations are greatly facilitated 
by using either a magnifier or a telescope to examine the fringes, 
the former being used when the fringes are 
formed close to the eye and the latter when 
they are formed at a great distance. 

At any point of the screen, such as P in 
Fig. 280, the phase difference between the 
two disturbances producing the interference 
has a definite value. This phase difference 
results from a difference in the length of the 
optical path of the two beams. It is easy 
to see that reinforcement takes place when 
the path difference 5 = 0, X, 2X, 3X, etc., 
and annulment when 5 = 3^^ X, X, ^ X, etc. 

The ratio 5/X evidently determines what 
may be called the order of the interference. 

Thus the order of interference at P may be represented by 



Pig. 280. 


W = - = A" + e. 


(290) 


where K is an integer and t a fraction. 

Now let us suppose that the source emits light waves lying 
within the spectral band having a width d\ and a mean wave 
length X. By differentiating Fq. (290), it is found that 


dm _ 
rn X 


(291) 


If the change in wave length represented by dX is to produce a 
negligible effc‘ct on t he interference pattern, dm must be small in 
comparison with unity. Therefore, if the order of interference 
is high, 1-he purity of the radiation, which is measured by the ratio 
X/dX, must also be high. The green line of mercury (X = 546.1 
niju) Ih remarka.bly pure and produces observable fringes when the 
order of int erfcvrc^nce is nearly 800,000. This order of interference 
corresponds to a path difference of more than 40 cm. Unfor- 
t.unately, this lino is accompanied by satellites that complicate 
the interference pattern. The cadmium arc used by Michelson 
has a red line which is free from satellites and which produces 
observable fring(>s when the order of interference is 400,000. It 
will be recalkui from Sec. 78, Chap. IX, that this radiation has 
been chosen as the primary standard of wave length. Buisson 
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and Fabry found in 1912 that a discharge tube containing krypton 
in liquid air produces observable fringes when the order of 
interference is nearly 1,000,000. The inference is that the 
individual wave trains emitted by this source must contain at 
least one million waves. 

When white light is used as a source, d\ becomes nearly equal 
to X. The interference pattern consists therefore of a white 
central fringe with a few colored fringes on either side. The 
pattern becomes so complex at higher orders that the fringes 
gradually blend into a uniform white field. For such purposes as 
the routine measurements in the machine shop or the testing of 
optical parts, only the first few orders are necessary and white 
light is therefore satisfactory. A greater number of fringes can 
be seen by placing a deep red filter in the path of the light . 

206. Stationary Light Waves.—In the vast majority of inter¬ 
ference phenomena, the interfering beams have substantially 
the same direction of propagation. This feature is not essential, 
however, for interference is observed between beams traveling 
in opposite directions. To see how interference takes place in 
this case, it is merely necessary to write the equations for the 
two waves and add them together. Let the displacement 
produced by one wave at any point along the direction of prop¬ 
agation be given at some particular instant of time by 


y = a sina;. 

For a given value of x, the displacement varies with time in 
accordance with the expression 


y = a sui27rft . 


Both expressions may be combined to give the general expression 
for a wave traveling in the positive direction of x: 

(292) 


2/1 = a sin27r 


(t 


wherein T is the period and X the wave length. A similar wave 
traveling in the opposite direction would be represented by 


2/2 


== a sin2Tr 



(293) 


If, in some manner, the two waves are combined, the resultant 
displacement at any point x and any time t is found to be 
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3/ = 2/i + 2/2 = 2a cos27r^ sin27ri- (294) 

A Jt 

This equation represents a sinusoidal disturbance in time whose 
amplitude is zero where x/\ = etc. Such points are 

known as nodes. The amplitude attains its maximum value 2 a 
where x/\ = 0, 3^^, etc., and 

such points are known as antinodes. 

The distance between successive 
nodes or antinodes is obviously 
Since the nodes and anti¬ 
nodes have fixed positions in space, 
this kind of interference is said to 
produce stationary waves. 

The phenomenon of stationary 
waves has long been known in 
the fields of mechanics and acous¬ 
tics, and it was suggested as an ex¬ 
planation of the colors exhibited 
by some of Becquerel’s photographs 
made in 1850. It was not until 
1890, however, that Wiener dem¬ 
onstrated conclusively the existence of stationary light waves. 
His apparatus consisted, as shown in Fig. 281, of a plane 
mirror M upon which a parallel beam of monochromatic light 
was allowed to fall. Since the reflected beam had the same 
wave length and very nearly the same amplitude as the orig¬ 
inal beam, a stationary-wave pattern was produced. This 
pattern was recorded on a thin photographic emulsion F*, which 
was inclined at a slight angle to the mirror. Upon develop¬ 
ment, the emulsion was found to exhibit an interference pattern 
consisting of parallel light and dark lines. This was to be 
expected because, wherever the emulsion coincided with a node, 
as at A and B, the silver halide should be unaffected. At other 
points, however, a developable image should be produced. 

Soon after Wiener’s experiment was published, Lippmann 
employed the phenomenon of stationary light waves as the basis 
of a process of color photography.^ The plates used for this 

‘ Although the subject of color photography is beyond the scope of this 
volume, this process deserves a brief description because of its theoretical 
interest. A comprehensive account of the methods that have been devised 
for making photographs in natural colors will be found in E. J. W^all’s “The 
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Fia. 281.—Sketch showing the 
principle of Wiener’s experiment. 
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Fia. 282.—The principle of Lippmann’s 
process of color photography. 


process must be especially prepared because the grains of com¬ 
mercial plates are much too coarse. The plates are placed in 
the camera with the glass side facing the lens and the emulsion 

is backed with a reflecting layer 
of mercury, as shown in Fig. 
282. Because of the stationary- 
wave pattern that is formed in 
the emulsion, the developed im¬ 
age consists of thin laminae 
whose separation is half of the 
wave length of the light that 
produced them. The plate is 
prepared for viewing by coating 
the back of the glass with a black 
varnish and cementing a thin 
prism to the emulsion side to 
avoid the annoying surface re¬ 
flection. When white light is 
then allowed to fall upon the 
laminae, the condition for reinforcement is satisfied for the wave 
length that produced them but not for other wave lengths. The 
existence of the laminae can be proved by examining a transverse 
section of the developed image under a microscope. When this 
is done, it is found that a node is produced at the boundary of the 
emulsion where the reflection takes place. This is explained by 
assuming that a wave is reversed in phase when it is reflected at 
the boundary of a denser medium. Although the complica¬ 
tions of the Lippmann process have prevented it from being 
used to any great extent, it has the advantage over other proc¬ 
esses of color photography that it is capable of reproducing spec¬ 
tral colors. 

206. Interference at T hin Films. Newton’s Rings.—The 
colors exhibited by a thin film, such as a soap bubble or a layer 
of oil on water, are familiar to everyone. Certain crystals, 
notably potassium chlorate, are composed of successive layers, 
and they also appear colored although they have no selective 
absorption in the ordinary sense. The first quantitative inves¬ 
tigation of this phenomenon seems to have been made by Newton, 


History of Three-color Photography/' American Photographic Publishing 
Company. 
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who studied the colored rings produced when two spherical 
surfaces having almost the same radius of curvature are placed 
in contact. A hundred years later, Young showed that the 
phenomenon is due to interference between the beams reflected 
at the two surfaces. 

The simplest case to investigate is that of a plane surface 
in contact with a spherical surface of large radius of curvature. 
Such a combination is shown in Fig. 283, where O is the center 
of curvature of the spherical surface and R is its radius. If 
monochromatic light is incident from above, some will be reflected 



at the spherical surface and some at the plane surface. The 
point of contact is dark because, although there is here no path 
difference between the beams reflected at the two surfaces, 
the beam reflected at the plane surface is reversed in phase. 
This phase reversal is equivalent to a path difference of }y^ \ and 
therefore produces annulment. Annulment takes place also at 
points for which the thickness i of the air film equals 3 - 2 ^, 

etc. The result is an interference pattern consisting of a 
dark center surrounded by alternate light and dark rings, called 
Newton^s rings. The value of t for any given ring cannot be 
measured conveniently, but it can be determined by measuring 
the radius r of the ring. Since, from the geometry of the figure, 
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= ie2 - (B - ty 
= 2Rt — 


and is negligible compared with 2R ty it follows that 


t = 


y2 

2R 


( 295 ) 


The radii of the rings evidently increase as the square root of 
the natural numbers. 
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Fia. 284.—^Two arraagements for checking surfaces by means of test glasses. 


Evidently, the interference fringes in the arrangement just 
described form a contour map of the spherical surface. The 
application of this principle to the testing of the figure of optical 
surfaces was alluded to in Sec. 135, Chap. XVII, but we are now 
in a position to consider it in more detail. The apparatus that 
is ordinarily used in practice is represented schematically in 
Fig. 284a. The source S is an incandescent lamp, which illu¬ 
minates the diffusing screen D. The optical part to be examined 
is laid on the table with the surface to be tested uppermost and a 
test glass is placed upon it. Let it be assumed for concreteness 
that the part is being tested for flatness, and that the test glass 
has a truly plane surface. If the surface of the part is also truly 
plane, it can be made to coincide with the test glass at all points 
and the field will therefore appear uniformly dark all over. This 
procedure is not followed in practice because of the danger of 
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scratching the surfaces. Instead, the surfaces are placed in 
contact at only one point, leaving a wedge of air between. The 
result is a system of straight, parallel fringes, as shown at A in 
Fig. 285, where the point of contact is at c. Parallel fringes do 
not always indicate a true figure with the apparatus we have 
assumed because the pattern must be observed at an angle. For 
this reason, the arrangement sketched in Fig. 2846 is better. 
The diffusing glass D is placed as shown, and the light from it is 
reflected downward by means of the clear glass plate M. The 
interference pattern can then be observed from a direction normal 
to the surfaces. 

If the surface being tested is slightly convex, a Newton^s ring 
pattern as shown at B in Fig. 285 results. Assuming that light 



with a mean wave length of 660 m^u is used and that the radius 
of the fifth dark ring is 50 mm, Kq. (295) shows that the radius 
of curvature of the surface is 770 meters. A concave surface 
would produce the same pattern except for the obvious differences 
result ing from the edge being in contact instead of the center. 
If the surface is convex, the test glass can be rocked upon it to 
move the point of contact. When it is at the edge, the patterr 
nppcuirs as shown at C in the figure. 

If the surface of the part is irregular, the interference patterr 
may have an appearance like that shown at D. In this particular 
case, there arc two points of contact, Ci and c^. If the cor- 
rc^sponding portions of the surface under test are visualized as 
elevations on the surfaces, the similarity of the interference 
I^attern to a topographic map is at once evident. 

With the increasing importance of the quantity production 
of standardized machine parts, interference methods have found 
their way int.o the machine shop. A set of Johansson gauges used 
in conjunction with a plane test glass in either of the types of 
apparatus shown in Fig. 284 can be used for the extremely 
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accurate measuremejit of thickness. In Fig. 286a is shown an 
arrangement for comparing a metal block—for example, a part 
of a machine or a gauge under construction—directly with a 
gauge of known thickness. Both block and gauge are “wrung” 
on a base plate ^ having a plane surface, and the test glass is 
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Fig. 286 .—Typical arrangements for testing the thickness of objects by means 

of a gauge and a test glass. 


laid upon them. The number of dark fringes at the surface of 
the gauge (neglecting the one at the line of contact) indicates 
the error in the thickness of the block in terms of half wave 
lengths of the particular light used. Thus, if red light (X = 
650 m^ = 0.000026 in.) is used and ten fringes appear, the block 
is 10 X 0.000013 = 0.00013 in. thicker than the gauge. Another 
common problem in the machine shop is to measure the diameter 
of a spherical or cylindrical object—ball bearing, hairspring, or 
plug gauge, for example. A suitable arrangement is shown in 
Fig. 2865. If the difference in the thickness of the two gauges 
is equal to the nominal diameter of the object, it is obvious that 
the error in diameter can be computed directly from the number of 
fringes that are visible on the surface of the thicker gauge, the 
width of this gauge, and the distance of the object from the 
line of contact of the test glass and the gauge. IVIany other 

The process of wringing” consists in sliding one part along the othtir 
in such a manner as to exclude air and dust. "W^hen the operation is properly 
performed, the two pieces stick together by the pressure of the air and can 
be removed only by sliding. The surfaces must be clean and must be covered 
with alight film of moisture, which is produced by breathing upon them. 
Two parts that are “wrung ” together should be separated as soon as the test 
is completed or they may adhere permanently. It may be added that the 
Johansson gauges consist of metal blocks whose thicknesses are such that 
either singly or in combination any thickness within the capacity of the set 
can be obtained in steps of 0.0001 in. The precision of any combination 
less than 6 in. thick is said to be 0.00001 in., and the error of 0.000001 in. 
introduced by the film between the blocks is quite negligible. 
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arrangements similar to those just mentioned can be devised for 
special purposes. 

207. The Measurement of Length. Interferometers.—Con¬ 
sider the ray /, in Fig. 287, which is incident on a plane-parallel 
plate having a thickness t and a refractive index n'. This ray 
gives rise to the ray R^. on reflection at the first surface and the 



ray on reflection at the second surface. The path difference 
between the rays Ry and R^ is 

« = n'{AB + BC) - nAD + ^ 

= ‘Zn't cos r' + (296) 

where r' is the angle of refraction in the medium of index n'. 
l’'he value of 5 can be varied by varying either t or r. The 
fringes produced by varying t are called fringes of equal thickness; 
the fringes produced by varying r are called fringes of equal 
inrlination. The production of fringes of equal thickness was 
discussed in the preceding section, and the production of fringes 
of etpial inclination will be discussed in the present section. 
'Fhe distinguishing feature between the two cases is that, to 
observe fringes of equal thickness, the eye must be focused on 
the plate itself, whereas to observe fringes of equal inclination, 
the eye must be focused for infinity. 

The method of producing fringes of equal inclination can be 
understood most readily in terms of an apparatus devised by 
Fizeau in 1849 for determining the separation of spectral lines. 
As shown in Fig. 288, the apparatus consists of a source S, a 
mirror R containing a hole for observing the fringes, and two 
glass disks Mx and M^. The upper surface of Afi is inclined at a 
slight angle so that the reflected light does not enter the eye of 
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the observer, and the lower surface of iWa is blackened. The 
interference pattern that is produced is therefore the result of 
reflections at the lower surface of Mi and the upper surface of 
Mz. If these surfaces are exactly parallel and are separated by 
an integral number of wave lengths, the point at the foot of the 
F>erpendicular dropped from the eye will be dark because of the 
reversal of phase suffered by the light reflected at the surface of 
Mz- This point is surrounded by alternate bright and <lark 
rings, since the angle of obliquity increases the path difference 
between the interfering rays. 



provided with a screw for movinK t he 

airbetw^Crks® 

the frSge system conWte ol f "®® 

at the center. Obviouslv « ^ fringes vunisii 

^ave length causesX c Jnter^^the " 
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through which the center of the pattern passes for a known dis¬ 
placement of M 2 , the wave length of a monochromatic radiation 
can be determined. 

Consider now the case where the source emits two monochro¬ 
matic radiations having wave lengths Xi and X 2 . Suppose that 
the distance between the two disks is such that both radiations 
produce fringe systems with dark centers. The two fringe sys¬ 
tems will then be superposed upon each other near the center of 
the field, which will have an appearance not unlike that produced 



2S5).~Tho Mic^holaon iiiterforoniotcr. 

by either radiation alone. If, however, one radiation produces a 
fringe system with a bright center and the other a system with a 
dark center, the two systems will be intermeshed in such a manner 
as to produce a uniformly bright field, provided the two radia¬ 
tions are of equal intensity. Suppose that, as the separation of 
the two disks is slowly varied, iVi fringes of the radiation whose 
wave length is Xi arc observed to appear or disappear at the center 
of the field between successive positions for which the field has 
the same appearance. The change in the path difference is 
obviously Ni\\, and this causes the appearance or disappearance 
oi N\ ± 1 fringes of wave length X 2 , whence 
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Ni\\ = (iVi ± 1)^2 
or 

= (297) 

Thus it is a simple matter to determine the wave length of an 
unknown radiation in terms of one that is known. 

The instrument just described is known as an interferometer 
because it can be used to measure a length in terms of the length 
of a wave of light. The usefulness of the type j ust described is 



very restricted, however, and other types having a wider range of 
applications have been devised. One of the best known is the 
one designed by Michelson^ for determining whether the earth 
is in motion with respect to the ether. Figure 289 is a photograph 
of a small model of this instrument. It consists, as shown by Fig. 
290, of two first-surface mirrors C and D, a half-silvered mirror 
A, and a clear compensating plate B whose thickness is exactly 
equal to that of A. The lens L makes the light from the source 
<S approximately parallel. The incident beam is divided at A, 
approximately one-half being reflected to the mirror C and the 

1 Phil Ma^., 24, 449 (1887). 
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remainder being transmitted to the mirror D. The returning 
beams are recombined at A and enter the observer’s eye to 
produce fringes of equal inclination. These fringes are observed 
through the telescope T, which is necessary because of their 
small angular separation when the path difference is great. 
This apparatus is essentially equivalent to Fizeau’s apparatus 
except for the important advantage that a substance can be 
introduced into one of the beams independently of the other. ^ 
The path difference can be varied by moving either C or D and, 
in contrast to Fizeau’s apparatus, the path difference can be 
made equal to zero. If the virtual image of D formed by reflec¬ 
tion at A is parallel to C, the fringe system is a series of concentric 
circles as in Fizeau’s apparatus. Sometimes the instrument is 
used with the mirrors inclined at a slight angle, in which case the 
fringes are arcs whose direction of curvature depends upon 
whether the virtual image of D is in front of C or behind it. 
When the two coincide, the line of intersection is marked by a 
straight fringe that is achromatic in white light. This fringe of 
zero path difference is easy to detect and serves as a useful point 
of reference. 

The application of this interferometer to practical problems 
can be illustrated by the procedure developed by Michelson for 
measuring the standard meter in terms of the length of light 
waves. This might have been accomplished by placing one of 
the mirrors, C for example, in coincidence with one of the scratches 
on the standard meter. Then by moving C until it coincided 
with the other scratch and counting the number of fringes that 
appeared or disappeared at the center of the field during the 
operation, a direct measure of the number of light waves in a 
meter could have been obtained. This procedure has two serious 
objections. In the first place, there are 1,553,164 red cadmium 
waves in the standard meter, and to count the corresponding 
number of fringes would be a superhuman task. In the second 
place, no radiation is sufficiently homogeneous to produce 
sharply defined fringes over a path difference as great as one 
meter. M ichelson therefore used nine etalons of the type shown 
in Fig. 291, each having approximately twice the length of the 
next shorter. The shortest was 0.391 mm long and the longest 

^ This fact, is the V>asia of Twyman’s adaptation of the instrument for 
testing optical systems. A brief ^description was given in Sec. 139, Chap. 
XVII. 
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100 mm (0.1 meter). The length of the shortest was accurately 
determined in the manner described above, which was a com¬ 
paratively simple operation since only 1200 fringes had to be 


FfrS'i--sur-face 
m/rror 


I_ Bofse 

Fig. 291.—Diagrammatic sketch of an etalon used by Miohelson in determining 

the length of the standard meter. 

counted. This etalon was then compared with the next longer, 
and the process was repeated until the number of fringes corre¬ 
sponding to the 100-mm etalon was found. ^ The final operation 
was to compare this etalon with the standard meter. To do 
this, an auxiliary meter was prepared and the etalon was provided 
with an arm on which a scratch was made. The auxiliary meter 


F'/rs f-^surFcrce 
mirror 



was placed on the interferometer beside the etalon, and the length 
of the auxiliary meter was stepped off ten times, the operation 
being started at one end of the auxiliary meter and finished at 
the other. Finally the standard meter was compared with the 
auxiliary meter by means of a comparator. 

The fringes obtained with either the Fizeau or the Michelson 
interferometer pass through their successive maxima and minima 
gradually, so the exact position of a fringe is difficult to estimate. 
The fringes are much sharper in interferometers that are based 

^ For the details of the procedure, see Travaux et M4moires du Bureau 
Iritemational des Poids et Mesuresy 9, (1894) or Michelson's Studies in. 
Optics,” University of Chicago Press, Chicago. 
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on the principle of multiple reflections between parallel plates. 
The formation of fringes in this case can be understood from 
Fig- 292, which shows two parallel plates with a light coating of 
silver on their adjacent surfaces A and B. If a ray of light is 
incident on these surfaces, the transmitted rays produced by the 
multiple reflections are parallel to each other and the path 
difference between any pair of adjacent rays is the same. These 
rays will therefore produce an interference pattern in a telescope 
focused for infinity. It can be shown that the intensity in the 
maxima of this pattern is 


lo = 



(298) 


where R and T are, respectively, the reflectance and the trans¬ 
mission of the surfaces A and B. Calling 5 the path difference 
between adjacent transmitted rays (in practice, approximately 
equal to twice the separation of the surfaces), the intensity at 
any other point can be shown to be 

I = - — -(299) 

1 -f- C sin^x^ 


where 


C = 


4i2 


(1 ~ Ry 

At the minima, it is clear that the intensity is 

/o 


I niln. 


1 + c 


(300) 

(301) 


Ry examining Fq. (299), it can be seen that the sharpness of 
the fringes is determined by the value of C, which in turn depends 
upon the reflectance R of the surfaces. Taking R equal to 0.8, 
which is found to be the optimum value in practice, C = 80. 
''rhe distribution of intensity in the fringe system under these 
condit ions is shown in Fig. 293, which is a plot of I against 5/X. 

fringes are very narrow compared with the intervening dark 
spaces; and, since the intensity in these spaces is only of 

that in the maxima, the contrast is very marked. If the light 
consists of more than one monochromatic radiation, the patterns 
due to the separate radiations are clearly distinguishable, which 
is not the case for the Michelson or the Fizeau interferometer. 
This circumstance can be turned to advantage in analyzing 
spectral lines, as will be explained in the next section. 
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Fabry and Perot^ have designed an interferometer based on the 
principle just discussed. It consists essentially of two parallel 



Fig. 293. —Plot of the intensity of the fringes produced by a Fabry-Perot 

interferometer. 

mirrors whose adjacent faces are very accurately plane and 
whose reflectance is 80 per cent. The instrument is arranged 
as shown in Fig. 294, where the mirrors are represented by Mx 
and M 2 . The lens L forms a magnified image of the source S 



Fig. 294. —The optical system of the Fabry-Perot interferometer. 


near the mirrors, and the fringes are examined with a telescope T. 
Mirror Mi is movable in a direction normal to its surface. This 
instrument was used by Benoit, Fabry, and Perot in a repetition 
of Michelson^s determination of the length of the standard meter. 
The manner in which the length of an etalon is measured with 
this instrument is indicated in Fig. 295. The etalon in this case 



Fig. 296. 

consists of two partially silvered mirrors Nx and Nzj whose 
silvered surfaces face each other. White light from a source at 
the left of the figure is sent through the etalon and the interfer¬ 
ometer mirrors Mi and M 2 in turn. Consider a ray reflected first 
N 2 and re-reflected at Nx. This ray interferes with another 
ray reflected first at M 2 and re-reflected at Mi. If NxNz = 
M 1 M 2 , there is no path difference between the rays and the 
observer sees a imiform white field when all the mirrors are 

^ Ann. Chimie PhysiqziBj 22, 564 (1901). Reprinted in Astrophys. Jour., 
13, 265 (1901). 
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parallel. This condition can be readily detected because a 
slight motion of M i causes colored rings to appear. If the etalon 
is slightly rotated about a vertical axis, a straight, achromatic 
fringe bordered by curved, colored fringes indicates the vertical 
plane in which the path difference is zero, as with the Michelson 
interferometer. Now consider the effect of moving M\ to M\ , 
where Mi M 2 , = H NiNi • A ray reflected once between Ni 
and N 2 will interfere with a ray reflected twice between Mi and 
M 2 , and a uniform white field or a straight white fringe will again 
be seen. This is true also when Mi M 2 = M A’iA ’2 , }/i,NiN 2 , etc. 
The distance between the various positions ot Mi can be readily 
measured in terms of the wave length of any desired mono¬ 
chromatic radiation, and thus the distance between Ni and N 2 
can be computed. In determining the length of the meter, five 
similar etalons were used, each being twice as long as the next 
shorter. The length of the shortest, which was 62.5 mm, was 
found directly; and the length of the longest, which was approxi¬ 
mately 1 meter, was found by comparing the etalons successively 
with one another. The 1-meter etalon was compared with the 
standard meter by means of a comparator.^ 

The interferometer is a valuable tool for the measurement of 
distances which arc cither excessively small or which must be 
determined with a degree of precision that makes other methods 
of measurement unsuitable. The two determinations of the wave 
length of the red cadmium line described above differed from 
each other by l(>ss than 5 parts in 10,000,000, and hence the wave 
length of this line is known to a greater degree of precision than 
is ever required in the ordinary measurements of distance. This 
establishes the wave length of this radiation as a unit of length 
whose constancy makes it unnecessary to maintain physical 
standards. To measure an unknown distance, one needs merely 
to count the number of fringes that appear or disappear in the 
field as the interferometer mirror is moved from one end of the 
distance in question to the other. 2 The cadmium arc is not 
always convenient but the radiations from other sources have 

1 Trawiux ci Mcnuyircn du Bureau Internatio 7 uil des Folds et Mesures, 
16 ( 1013 ) for tlui clota.its of tbo procedure. 

2 Thcn^ jtro ocrluiii luljustnionts that must be made to an interferometer 

hefoni it can l)c used. 'TIk^sc are made most conveniently by following a 
systcunatic proctulun^, is given in some detail in most treatises on 

physical opticis and in advanced laboratory manuals such as Mann’s “Man- 
iiai of Advanced Optics” and Taylor’s “College Manual of Optics.” 
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since been determined by interference methods in terms of the 
red cadmium radiation with a precision that is entirely adequate 
for all practical purposes. 

208. Interference Spectroscopes.—The interferometers de¬ 
scribed in the preceding section can be used to determine the wave 
lengths of the components of spectral lines. The procedure 
followed by Fizeau in his determination of the separation of the 
sodium lines was to count the number of fringes appearing in 
the field as the lower plate is moved between positions of uniform 
illumination. Michelson developed a method for analyzing still 
more complex radiations by means of his interferometer. The 
method consists in estimating the variation in the distinctness 
or ‘‘visibility” of the fringes as the interferometer mirror is 
moved. He defined visibility as 

V = - ^ 

J- max, i" min. 


where Jtna*. and represent, respectively, the intensity of the 
bright fringe at a given point and the intensity of the adjacent 
dark fringes. The visibility varies in a characteristic manner for 
every type of complex radiation. Thus, for a radiation consisting 
of two components of equal intensity, the visibility varies 
periodically between zero and unity. Although the satellites of 
many lines were discovered by this method, there was no way of 
determining whether a given satellite was on the long or the short 
wave-length side of the principal line. Moreover, in the hands 
of one less skillful than Michelson, the method is quite impracti¬ 
cal. On the other hand, the interferometers based on the 
principle of multiple reflections produce fringes of such sharpness 
that the fringe system is in effect an enlarged view of a limited 
portion of the spectrum. In this case, the problem of estimating 
the visibility does not arise. 

It will be recalled from Sec. 202, Chap. XXVII, that the 
resolving power of a spectroscope is expressed by \/d\ where d\ 
is the smallest distinguishable wave-length difference. For an 
interferometer, Eq. (291) shows that 


\ _ m 
d\ ~ dm’ 


(303) 


where m is the order of interference. For example, if the fringes 
due to one component of the radiation are to lie midway between 
those due to the other, dm = , and therefore 
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Thus the resolving power can be increased at will by increasing 
the order of interference. In the Fabry-Perot interferometer, 
this is done by moving the mirrors farther apart. The limit is 
reached when the order becomes so great that the inhomogeneity 
of the components causes the interference pattern to become 
indistinct. When absolute values of wave length are not required 
and the only problem is to analyze the structure of a spectral 
line, the Lummer-Gehrcke plate^ is more convenient because it is 
less complicated and therefore less difficult to keep in adjustment. 
It consists essentially of a thick plane-parallel plate as shown in 



Fig. 296. The radiation to be examined is isolated with a 
monochromator, rendered parallel by a lens, and caused to enter 
the plate as shown through one face of the prism P. This prism 
is cemented to the plate to prevent the heavy loss of light by 
reflection that would otherwise occur. The rays suffer many 
internal reflections within the plate and emerge in a condition to 
intcirfere. The resulting fringes are viewed by means of a 
telescope placed either above or below the plate. The surfaces 
of the plate are not silvered, a high reflectance being attained by 
causing the reflections to take place near the critical angle. A 
very high resolving power can be attained, 500,000 being a 
typical value. The chief difficulty in manufacturing and mount¬ 
ing a Ijurnmer-Gehrcke plate is to keep the faces parallel. A 
slight departure from strict parallelism will introduce ghosts 
similar to those produced by an imperfect diffraction grating. 
These ghosts can be detected in the manner described in Sec. 202, 
by crossing another plate with the one in question. 

Michelson’s echelon grating^ is another device for analyzing 

1 Ann. Ffiysik, 10, 457 (1903). 

2 Aslrophya. Jour., 8, 37 (1898) 
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radiation. As shown in Fig. 297, it consists of a pile of plane- 
parallel plates arranged in step formation. Each step is made 
to have the same height and width so that the retardation of the 
various portions of the beam varies in arithmetical progression. 
The plates usually have a thickness of approximately 10 or 20 mm 



Fig. 297. —The Michelson echelon grating. 

and each extends 1 or 2 mm beyond its neighbor. As many as 
30 plates can be used before the absorption of light becomes 
excessive. The expression for the resolving power of an echelon 
is the same as that for an ordinary diffraction grating, which is 
given by Eq. (288) in Chap. XXVII as 



where m is the order of the spectrum and N is the number of lines 
in the grating. In the case of the echelon, m is the path differ¬ 
ence, expressed in wave lengths, between rays passing through 
adjacent plates. This path difference is evidently 

m = (n — 1)^} 


where t is the common thickness of the plates. Substituting 
t = 20 mm and X = 0.0005 mm, the value of m is found to be 
equal to 20,000. The corresponding value of X/dX is 600,000 
when 30 plates are used. As this resolving power can now be 
attained with ruled gratings, the echelon grating no longer 
possesses the unique importance that it did at the time of its 
invention. One of its serious disadvantages is the small separa¬ 
tion of the successive orders of spectra. 

209. Miscellaneous Applications of Interference.—Interference 
methods are generally employed whenever a length, an angle, or a 
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displacement must be measured with high precision. Many- 
ingenious arrangements have been devised to meet special 
conditions, but they are all based on the principles discussed in 
the preceding section.^ There are, however, two important 
applications of interference that are sufficiently different to 
warrant special mention. 

One of these applications is the determination of indices of 
refraction. Since the quantity measured by an interferometer 
is the optical path difference, it is clear that the index of a sub- 



Fia, 208 .—The optical systom of the Jamiu interferometer^ 


stance whose thickness is known can be found by inserting it in 
one of the beams of an interferometer and measuring the amount 
by which the optical path is altered. This method is especially 
valuable for gases, whose indices differ but slightly from unity. 
An early type of interferometer for this purpose was devised by 
Jamin,^ and the principle of the instrument is illustrated in Fig. 
298. It ct)nsists essentially of two thick mirrors M\, and A 

beam of approximately parallel light is incident on Mi, where it is 
divided into two interfering beams. These are reflected at M 2 
into a telescope Two evacuated cells C and C' having the 

same length are inserted, one in the path of each beam. The 
gas under examination is then allowed to enter one of the cells 
slowly and the resulting displacement of the fringe system is 
noted. From the known length of the tube and the increase in 

1 The field of interference measurements is well covered by Fabry’s 
monograph, *T..os Applications des Interferences Lumineuses,” published 
by the Rev. d’Oplique. 

Ann. Chirnie Physique, 49, 282 (1857). 
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the path difference, the index of refraction is easily computed. 
A more common type of instrument was designed by Ldwo ‘ after 
an apparatus designed by Lord Rayleigh^ for measuring the 
indices of argon and helium. These interferometers are often 
used in the analysis of a mixture of gases to determine the propor¬ 
tion in which the components are present.® For example, the 
Lowe type is made in a portable form for determining the 
presence of a dangerous concentration of carbon monoxide in coal 
mines. 

The second noteworthy application is to the measurement of 
the angular separation of the components of double stars. The 


D 



theory of the method was worked out by Michelson-* in 1«9(). A 
complete discussion of the theory would be out of place iK'n*! hut 
the principle will be clear from Fig. 299. Let it be assum(‘d t hat 
the two stars S and S' are so small that they can be treated as 
points. In other words, if these stars are observed in a t elescoixi 
in the ordinary manner, two overlapping diffraction pat t.<*rns 
similar to those of Fig. 60 in Chap. VII will be formed in t he focal 
p ane F . If now a diaphragm D containing two apert ur<'s A 
and B is placed in front of the objective, one of the component s, .S* 
for example, will produce a system of parallel fringt^s. 'rh(>r 
^ntral fringe will be located at F' where the two paths AF' and 
BF are equal. The component S' will produce a similar nyHlem 
of paraUel fringes with the central fringe in a slightly difh.rcmt 
position. If the two components are of equal intensity, tin. t wo 

produce a uniformly briRht patch of 
light when the angular separation of the two component s is 


^ Zeits. Instrumentenk.y 30, 321 (1910). 
Measuring Instruments,"' Chap. IX. 

^Ptoc. Roy. Soc., 69, 198 (1896). 

* See Bur. Standards Tech. Payer 131. 

* Phil, Mag., 30, 1 (1890). 


See also Martin’s "‘Optical 



INTERFERENCE AND INTERFEROMETERS 


593 


oc 


X 

2AB' 


(304) 


Hence by varying the distance between the apertures until the 
fringe systems intermesh in this manner, the angular separation 
of the components can at once be determined. In practice, A 
and B are located at the opposite ends of a diameter of the objec¬ 
tive and their effective separation is altered by rotating the 
diaphragm about the axis of the telescope. 

Since the diffraction patterns that are produced when a 
telescope is used in the ordinary manner without the diaphragm 
are merely manifestations of the phenomenon of interference 
between the various portions of the wave front entering the objec¬ 
tive, it is not immediately obvious that the insertion of the 
diaphragm should increase the effective resolving power. The 
difference between the two cases is simply that in ordinary 
telescopic vision the recognition of the dual character of the over¬ 
lapping diffraction patterns is more difficult than the determina¬ 
tion of the separation of the apertures for which the interference 
patterns produce a uniformly bright field. If Eq. (304) is 
compared with the customary equation for the resolving power, 

« = 1 . 22 -^^ 


which was derived in Sec. 61, Chap. VII, it will be seen that, by 
inserting the diaphragm, the resolving power of the telescope is 
more than doubled. This method is applicable only to the case 
of objects like double stars and does not permit the resolution 
of finer detail in extended objects. 

The usefulness of this method has been extended by Michelson® 
in an ingenious manner by mounting a system of mirrors outside 
the telescope as shown in Fig. 300. This arrangement was first 
tested wit h the 100-in. reflector at the Mount Wilson Observatory 
in a determination of the diameter of the star ol Orionis (Betel- 
geiise), which was known to be comparatively near and was 
suspecte<l of being very large. The interference fringes exhibited 
by a single star can be shown to vanish when the angle subtended 
by the st,ar is 

^ A (loHcriptioii of the application of this method to the detormii^ation 
of th(^ angular separation of the components of a Aurigae (Capella) has been 
given l>y Anderson, Astrophys. Jour., 61, 263 (1920). 

Astrophys. Jour., 63, 249 (1921). 
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a = 1.22^ ■ (305) 

The distance AB in this arrangement is the distance between 
the mirrors Mi and M 4 . Experiments showed that when the 
distance between the mirrors was 121 in. (3070 mm) the fringes 
disappeared. The angle a subtended by the star was computed 



Fig. 300. The optical system of the stellar interferometer as applied to the 
lOO'in. Hooker reflector used in the Cassegrainian form. 

to be 0.047 second of arc, assuming the effective wave length to 
be 575 rriji. This star is so close that it appears to describe an 
orbit whose semi-diameter subtends an angle of 0.018 second of 
arc as a consequence of the motion of the earth around the sun; 
and, since the semi-diameter of the earth’s orbit is 92,900,000 
miles, it is easy to compute that the diameter of oc Orionis is 
240,000,000 miles. 



CHAPTER XXIX 

POLARIZED LIGHT AND ITS APPLICATIONS 

AH light sources of practical importance emit radiation that 
exhibits little evidence of polarization. For this reason, the 
optical instruments based on the phenomena of polarization are 
provided with some element, such as a Nicol prism, for polarizing 
the natural light supplied by the source. The use of such instru¬ 
ments is therefore limited to a few highly specialized applications, 
an adequate discussion of which would be beyond the scope of 
this volume. A general knowledge of the subject is essential 
nevertheless, but this involves the comprehension of a compara¬ 
tively few basic principles. 

210. Double Refraction.—Most of the phenomena that have 
been discussed hitherto could be interpreted by assuming that 
light, is some sort of wave motion, and it was not necessary to 
raise t he question as to whether the displacements are longitudi¬ 
nal or t ransverse. The early experimenters believed the displace¬ 
ments t.o be longitudinal, like those of sound waves, and they were 
therefore unable to explain what Hijygens called the strange 
refraction” of calcite, which was discovered by Erasmus Bartho- 
linus in 101)9. Bartholinus noticed that a ray passing through 
calcite is divided into two rays which arc deviated by different 
amounts, and that one ray is deviated even when the incident 
ray is normal to t he surface of the crystal. This effect is illus¬ 
trated in Fig. 301. The ordinary ray O is undeviated, but the 
exiraordituiry my E is deviated in the manner shown. This 
eff(>ct is calhnl double refraction or birefringence. Huygens 
demonstrated that the principle he had devised for determining 
t he behavior of ordinary rays can be applied to the extraordinary 
rays if the wavolcits are assumed to be ellipsoidal instead of 
spherical, ''riie procedure is illustrated by Fig. 302 , where the 
circles represemt the wavelets whose envelope is the ordinary 
wave front and the ellipses represent the wavelets whose envelope 
is the extraordinary wave front. In other words, the ordinary 
ray travels at the same velocity regardless of its direction within 
the crystal, whereas the velocity of the extraordinary ray depends 
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upon its direction. There is one direction, however, for which 
the two velocities are equal, and this is represented in Huygens’s 



Fig. 301. 


construction by making one axis 
of the ellipses (in the case of cal- 
cite, the minor axis) equal to the 
diameter of the circles. This di¬ 
rection, which is indicated in Fig. 
302 by XX', is called the optic 
axis of the crystal. ^ It should be 
noted that the optic axis is a di¬ 
rection and not a line. 

Since the velocity of the ordi¬ 


nary ray is the same as that of the 


extraordinary ray along the optic axis, the refractive indices are 


the same also. The value of the refractive index for the ordinary 



ray is, of course, independent of the direction of propagation, and 
its value for calcite at the Z)-line is 1.6584. The refractive index 
for the extraordinary ray varies from this value to a minimum of 

^ In many crystals, the wave fronts together form a fourth-order surface. 
The intersection of this surface with a reference plane containing the axes of 
greatest and. least elasticity consists of a circle and ellipse intersecting each 
other at four pointsj these points, tak.en hy diametrically opposite pairs, 
determine two directions along which waves polarized in any azimuth 
travel with the same velocity. Crystals thus possessing two optic axes 
are called hzasutcil in contradistmction to the degenerate unictxicbl crystals 
described in the text. Although of the greatest interest to the crystallog- 
rapher, biaxial crystals are little tised in optical instruments. 
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1.4864 in a direction perpendicular to the optic axis. Calcite is 
sometimes called a negative crystal because the index is less for the 
extraordinary ray than for the ordinary ray. Crystals like 
quartz, in which the index is greater for the extraordinary 
ray than for the ordinary ray, are known as positive crystals. 
In a negative crystal, the minor axis of the ellipsoidal wave¬ 
lets in Huygens’s construction must be assumed to be equal 
to the diameter of the spherical wavelets. It should be noted 
that in any uniaxial crystal the direction of propagation of the 
extraordinary ray is not perpendicular to the wave front except 
when the ray is either parallel or perpendicular to the optic axis. 

Although Huygens was able to devise a construction that would 
indicate the paths of the rays in a doubly refracting medium, 
he was laboring under the belief that the vibrations are longi¬ 
tudinal and therefore he could not bring forth a convincing reason 
for the existence of the two rays. This task was not accom¬ 
plished until a hundred years later, when Young made the bold 
hypothesis that light waves are transverse. Then it was an easy 
step to the assumption that the action of a doubly refracting 
crystal is to separate natural light into two components whose 
vibrations take place in mutually perpendicular planes. Experi¬ 
ments have since indicated that the direction of vibration at any 
point in the ordinary wave front is perpendicular to the plane 
(H)ntainirig the ray in question and the optic axis, and that the 
direction of vibration at any point in the extraordinary wave 
front lies within such a plane. 

211. Methods of Producing Plane-polarized Light.—The 

simplest device for obtaining plane-polarized light from a beam 
of natural light is a crystal of tourmaline. This is a uniaxial 
cryst al which has the peculiar property of absorbing the ordinary 
and ext raordinary rays in different proportions. If the thickness 
of the crystal is more than about 2 mm, the ordinary ray is 
almost completely absorbed whereas the extraordinary ray is 
absorbed only slightly. Unfortunately, the absorption is some¬ 
what selective as to wave length, and the transmitted beam is 
therefore colored. For this reason, tourmaline is seldom used 
except- for demonstration purposes. 

The most widely used device for producing polarization is the 
Nicol prism, which was devised early in the nineteenth century 
ty William Nicol. In its original form, it consisted of a natural 
rhomb of calcite, split as shown at a in Fig. 303 and cemented 
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together with Canada balsam. The behavior of this prism can 
be seen from Fig. 304, which represents a plane passing through 
the corners A, C, and D. The optic axis is indicated by XX', 

A B 


b 

Fio-. 303.—Diagrammatic sketch of a Nicol prism. The direction of vibration 
of the emergent beam is indicated in the end elevation, at b. 

and the approximate values of the angles are shown. When a 
ray of natural light is incident on the end face of the prism, it is 
divided into an ordinary and an extraordinary ray. At the 
interface, the critical angles for the two rays are different because 
of the difference between the two indices. The form of the 

yc 



Fiq- 304-—Cross section of a Nicol prism through the corners B, C, and 
D in Fig. 303. The values of the angles are those of Nicol’s original prism. 
The optic axis is indicated by XX'^ 

prism is such that the ordinary ray makes an angle of incidence 
that is greater than the critical angle, but the extraordinary ray 
makes an angle of incidence that is less.^ Hence, the ordinary 
ray is totally reflected toward the side of the prism, where it is 
absorbed by a coating of black lacquer. The extraordinary ray 
continues on its course and emerges from the face BC in its 

^ Although Canada balsam is commonly used in the construction of 
polarizing prisms, any substance such as linseed oil, poppy oil, etc., may be 
used provided its index is lower than that of calcite for the ordinary ray. 
In the Foucault prism, which is used for ultraviolet light, the two parts are 
separated by a layer of air. 
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original direction. The plane of vibration of this ray lies in the 
plane of the paper. This plane is known as the pHncipal plane 
of the prism. It contains the short diagonal of the end faces 
as shown at h in Fig. 303. 

The field of this type of prism is approximately 24°, being 
limited on one side by the angle for which the reflection for the 
ordinary ray ceases to be complete and on the other by the angle 
for which total reflection for the extraordinary ray takes place. 
The field is unsymmetrical about a line through the center of the 
prism. 

Many modifications of the Nicol prism have been devised to 
increase the field, to make the field symmetrical, to decrease the 
amount of calcite required, or to eliminate the slight elliptical 




—X 


Fu». 306.^—Sido clovatioii and end olovation of typical Glaii-Thompaon. prism. 

Tho optic axis is indioatod by XX'. 


polarization produced at the slanting end faces. ^ The most 
common type to-day is the Glan-Thompson prism shown in 
Fig. 305. Tho angle of the interface varies according to the use 
for which the prism is intended but is usually in the neighborhood 
of 20°. A prism of this type has a field angle of approximately 
40°. 

These polarizing prisms are designed to transmit one of the 
beams produced by the double refraction and to absorb the other. 
Somet iiiK's it is desirable to t ransmit both beams, as in the case 
of the liochon prism shown at A in Fig. 306. This prism consists 
of t wo wedges of calcite cut with their axes as indicated by the 
crossluit ching. In the first half of the prism, both the ordinary 
and the ext raordinary rays travel with the same velocity. In the 
second half, the ordinary ray continues at the same velocity, but 
the extraordinary ray travels more rapidly and is therefore 
dcivijit.ed by an amount t hat depends upon the angle of the inter¬ 
face. The Wollast on prism shown at B in Fig. 306 deviates both 
beams in opposite directions. The ordinary ray in the first half 

‘ All (ixif^riHivc survey of ttioso various typos has lioim given by Thompson 
in Procectlinga of the Optical Convention of 1905,” p. 216. 
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of the prism becomes the extraordinary ray in the second half 
and vice versa. Therefore one ray is deviated by the same 
amount that a Rochon prism would deviate the extraordinary ray, 
and the other is deviated by very nearly the same amount. 

It was found by Malus in 180S that the light reflected at the 
proper angle from the surface of a non-conductor is plane polar¬ 
ized.^ A few years later, Sir David Brewster showed that the 



Fig. 306.— A, Roclion prism. B, Wollaston prism. The optic axes are indi¬ 
cated by the crosshatching. 

condition to be satisfied for complete polarization is that t r = 
90° , a condition which obtains^ for glass when the angle of 
incidence is approximately 57°. This method of producing 
polarized light is useful in practice when a beam of large aperture 
and small field is required, as in a projection lantern. It has the 
disadvantage, however, that the proportion of light reflected is 
small, as is shown by Fig. 11 in Chap. I. For this reason, a pile 
of plates is often used instead. Gf course, the light transmitted 
by the pile is never completely polarized, but the amount of 
polarization becomes greater as the number of plates is increased. 
The angle of incidence for which the polarization of the trans^ 
mitted light is a maximum is somewhat less than the Brewsterian 
angle, but it approaches this angle as a limit as the number of 
plates approaches infinity. 

^ As shown in Sec. 16, Chap. I, the plane of vibration in the reflected beam 
is normal to the plane of incidence, which is defined as the plane containing 
the incident ray and the normal to the surface. It will be recalled that the 
term plane of polarization,” which is sometimes used, refers to a plane 
that is normal to the plane of vibration. 

® In practice, it is found that the light is not completely polarized even 
at this angle, the reason probably being a contamination of the surface 
of the glass. 
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With conductors of electricity, notably the metals, the condi¬ 
tions are quite different. The reflecting power for light polarized 
in all azimuths is high at all angles of incidence, and there is no 
angle at which the reflecting power for the beam vibrating in the 
plane of incidence becomes zero. Moreover, a beam of plane- 
polarized light, in general, becomes elliptically polarized on 
reflection. Even non-conductors, such as glass, produce a slight 
amount of elliptical polarization, probably because of strains 
existing at the surface of such materials. These phenomena are 
exhaustively treated in the standard textbooks on physical optics. 
They are, however, of little practical importance except that 
they must be guarded against in using polarizing instruments. 


Fia. 307. 

If two Nicol prisms^ are placed in the same beam as shown in 
Fig. 307, the intensity of the beam emerging from the second 
prism depends upon the azimuth of this prism with 
respect to the first. Let a represent the amplitude of 
the beam transmitted by the first Nicol. Then if the 
principal plane of the second Nicol coincides with 
that of the first, the amplitude of the beam emerging 
from the second Nicol will also be a, neglecting losses 
by absorption and reflection. If the principal planes 
are at right angles to each other, the Nicols are said to be crossed 
and the amplitude of the beam emerging from the second Nicol is 
zero. At an intermediate position, as shown at A in the figure, the 
amplitude of the emergent beam is evidently equal to acos0, 
where d is the angle between the two principal planes. Since the 
intensity is proportional to the square of the amplitude, it follows 
that 

’ Although the particular form of polarizing prism that was devised by 
Nicol has boon largely superseded, the term "Nicol priana’^ is commonly 
used to denote any type of prism that produces a single beam of plane- 
polarized light from natural light. 
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I = lo cos^9, (306) 

where /o is the intensity of the beam that is incident on the 
second Nicol and I is the intensity of the emergent beam. This 
is sometimes called the law of Malus. It should be noted that, if 
the second Nicol is rotated through 360®, the intensity passes 
through two maxima and two minima. 

212. The Production of Circularly and EUiptically Polarized 
Light.^—Consider the uniaxial crystal shown in Fig. 308, whose 
optic axis is perpendicular to the plane of the paper. Let a beam 
of plane-polarized light of amplitude a be incident normally on the 
face of the crystal as shown, and let the plane of vibration make 
an angle d with the optic axis. This beam can be represented 
by two components a cos 6 and a sin 6 vibrating parallel and 
perpendicular to the optic axis, respectively. In the crystal, 
these components become the extraordinary beam and the ordi¬ 
nary beam. Because the direction of propagation was assumed 
to be normal to the optic axis, both beams traverse the same path 
but at different velocities. The light emerging from the crystal 
therefore consists of two beams whose vibrations are parallel 
and perpendicular to the optic axis. The resultant motion of an 
ether particle acted upon by these vibrations can be readily found 
by applying the customary method for compounding two 
mutually perpendicular vibrations of the same frequency. In 
the present case, the amplitudes of the component vibrations 
depend upon the angle 0; and the phase difference depends upon 
the thickness of the crystal and the difference in velocity for the 
ordinary and the extraordinary beam. An expression for the 
resultant motion will be found in any text on physical optics, and 
it will be sufficient to state here that, in general, the orbit of an 
ether particle is an ellipse. In special cases, however, the orbit 
may become a circle or even a straight line. Hence, a crystal of 
this kind is capable of converting a beam of plane-polarized light 
into elliptically, circularly, or plane-polarized light. 

To produce circularly polarized light, the phase difference must 
be 7 r /2 and the azimuth angle d must be ±45°. Since a phase 
difference of Tr/2 is equivalent to a path difference of 3^ X between 
the component vibrations, a crystal of this thickness is known as 
a quarter-wave plate. If such a plate were made of quartz,^ 

1 Mica and selenite are most commonly used. Mica is especially con¬ 
venient for improvising quarter-wave plates because of the ease with which 
thin sheets can be split off. 
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which at the 2)-line has indices of 1.5443 and 1.5534 for the 
ordinary and the extraordinary ray respectively, its thickness 
would be 0.016 mm. When the azimuth of the incident vibration 
is other than ±45®, the emergent beam is elliptically polarized 
with the axes of the vibration parallel and perpendicular, respec¬ 
tively, to the optic axis. Conversely, a quarter-wave plate will 
convert elliptically polarized light into plane-polarized light if its 
optic axis is parallel to the proper axis of the elliptical vibration. 
It will convert circularly polarized light into plane-polarized 
light regardless of its azimuth. 

A crystal whose thickness is such that it produces a path 
difference of X (or any integral number of wave lengths) obviously 
does not cause the emergent vibration to differ in any manner 
from the incident vibration.^ On the other hand, a crystal for 
which the path difference is }^X produces plane-polarized light 
having an azimuth angle —0, whatever the azimuth angle 6 
of the incident vibration may be. Such a crystal is known as a 
half-wave plate. 

213. The Analysis of Polarized Light.—The problem in 
analyzing polarized light is to determine whether the beam is 
elliptically, circularly, or plane polarized. If it is plane polarized, 
the azimuth of the vibration must also be determined. If it is 
elliptically polarized, the azimuths of the axes of the ellipse and 
the ratio of the lengths of the axes must be determined. Some¬ 
times polarized light is contaminated by natural or unpolarized 
light, but this complication will be considered in a later section. 

The first step in investigating the state of polarization of a 
beam of light is to determine whether it can be extinguished with 
a Nicol prism alone. If so, the beam is plane polarized and the 
plane of vibration is perpendicular to the principal plane of the 
Nicol prism—that is, to the shorter diagonal of its end face. 
Should there be no position of the Nicol for which extinction takes 
place, the beam is either circularly or elliptically polarized. If 
tihe original beam is circularly polarized, its intensity will remain 
constant as the Nicol is rotated. This is true for natural light 
also, but circularly polarized light can be differentiated by 
introducing a quarter-wave plate, which converts the circularly 
polarized beam into a plane-polarized beam. lOxtinction can 
then be produced when the principal plane of the Nicol is at 46° 

^ As will be shown in Sec. 216, a pronounced cffiict is producod when the 
li|j;ht is hcterochromatic. 
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with, the optic axis of the quarter-wave plate. If the beam is 
elliptioally polarized, its intensity will vary between a maximum 
and a minimum as the Nicol is rotated but will never become 
zero unless a quarter-wave plate is introduced at the proper 
azimuth. When the Nicol and the plate are set for extinction, 
the azimuth of the latter indicates directly the orientation of the 
axes of the ellipse. The ratio of the lengths of the axes is equal 
to the tangent of the angle between the optic axis of the plate and 
the principal plane of the Nicol, as can be readily seen by making 
a vector diagram representing the action of the plate. 

The quarter-wave plate is not used for analyzing polarized 
light when a high degree of precision is required because the exact 


Q 



the direction AB, 

setting for extinction is difficult to determine. It has the further 
disadvantage that a single plate is suitable for only a very limited 
range of the spectrum. Many ingenious devices, such as the 
Babinet compensator, have been developed for facilitating the 
analysis of polarized light, but an adequate description would 
be beyond the scope of this volume. 

214. Polarization by Scattering.—Although the practical 
methods of polarizing light have already been described, the 
fact that the light scattered by small particles is plane polarized 
is of some importance. The scattering of light was discussed in 
Sec. 71, Chap. IX, but to understand how the polarization is 
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produced, the mechanism must be examined more closely. In 
Fig. 309, let O be a minute particle of matter upon which a beam 
of light is incident. Let it be assumed that the direction of this 
beam is normal to the plane of the paper and that the vibrations 
take place along the line AB. Since light waves are of high 
frequency, the particle O is unable to vibrate in synchronism and 
there is therefore a relative movement between the particle and 
the ether. This causes the particle to emit secondary radiation. 
The effect of this radiation should be zero in the direction of G 
and K) for a displacement in this direction would have to be 
transmitted longitudinally. The effect should be a maximum in 
directions such as OC and OjD, which are normal to AB. The 



Ki<i. 310.—The optical system of a Martens photometer desiicnod espocially 

for transmission moasuronionts. 


light, scattered in these directions should be completely plane 
polarized, the plane of vibration being parallel to AB. This 
should be true even when the primary beam is unpolarized, as 
can be seen Viy imagining the vector AB to rotate constantly 
about an axis normal to the paper. ^ 

Tyndall’s experiment d<unonstrated most strikingly the truth 
of the foregoing conclusions. A large part of his success was due 
t o his care in producing very minute particles, since the polariza- 
t ion becomes less complete as the size of the particle increases. 
Sky light is due to the scattering of comparatively large particles, 

* Althovinh an(l<;r woinc conditioiiH tlio. Mc.iittoring of light by small partiolea 
may produtKi p<»ljiriznt.if>n, a pi(M;<< of opjil gljiHH inakos a very cfTootivc dopo- 
larizor. roasoii is ohvion.s wh<*n it is r(^ali5!<'!d that, in the siinx>le theory 

of Hcattciring, it in aHHunuMl that the wave's produeed by eaeh fmrt.ielo ar<i 
traiiHinitted iiiihind(^r<Ml to the observer. In a of opal glass, on the 

other hand, the. an? so d<*nsely paeked that the secondary dis- 

phuiements |)rodu(HHl by tlui original wave cause in turn tertiary disturb- 
nn(■<^s when th<\v impinge upon otluir partu'les. The effect at an external 
X>oint is th<*rcfor('. th(^ resultant of a large mimber of disturbances emanating 
from different portions of the glass and polarized in all possible azimuths. 
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and it is therefore only partially polarized as can be readily 
verified by looking at the sky through a Nicol prism. 

216. The Polarization Photometer.—The extent to which sky 
light is polarized can be determined by means of an instrument 
designed by Martens. This instrument was discussed briefly 
in Sec. 107, Chap. XIII, and the optical system of a modern 
form is shown in Fig. 310. Two beams of light from the same 
portion of the sky are allowed to enter the windows Si and S 2 and 
are polarized in mutually, perpendicular planes by the Wollaston 
prism W. These beams illuminate the two halves of a photo¬ 
metric field, which is provided by the biprism M. If the light 
is unpolarized, the two halves of the field will balance when the 
principal plane of the Nicol prism N is set at 46° to the planes of 
vibration of the two beams transmitted by the Wollaston prism. 
If the light is partially polarized, the percentage of polarization 
can be measured by rotating the entire instrument until the line 
joining the two windows is either parallel or perpendicular to the 
plane of vibration. Under these conditions, one half of the 
field is illuminated by the unpolarized component alone, whereas 
the other half is illuminated by the polarized component in 
addition. From the setting of the Nicol prism when the fields 
are balanced, the proportion of polarized light in the incident 
beam can be computed. 

This instrument is frequently used as a photometer because of 
its compactness and simplicity of operation. It is especially 
convenient for measuring the transmission of a substance, and 
the method of using it for this purpose will be described. The 
instrument is first directed toward a source of uniform brightness, 
such as an illuminated sheet of opal glass or a surface of plaster 
of Paris. If the instrument is in perfect adjustment, the azimuth 
of the Nicol prism for a brightness match is 45°, but the match 
will usually occur at an angle <p which is slightly different from 
45°. The substance whose transmission is to be measured is 
then placed in front of one of the windows of the photometer, 
and the Nicol is again adjusted to produce a brightness match. 
The transmission can be shown from the law of Malus to be 

Ti = tan^^ cot^0i , (307) 

where di, the azimuth of the Nicol prism at the balance point, is 
assumed to be obtained with the sample in the beam that makes 
$1 greater than 45°. If the substance is then placed in the other 
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beam and a second photometric setting is made, the transmission 
is 

= cot2^ tan“02. (308) 

These equations can be combined to eliminate the result being 

T — cot tan 02 . (309) 

Thus it is unnecessary to determine the value of <p unless the 
substance under examination is suspected of producing polariza¬ 
tion, which will be indicated by a difference between the values of 
T\ and T 2 . In such a case, it is preferable to use some other type 
of photometer. 

The most common use of the polarization photometer is for 
the determination of the density of photographic images. In this 
case, the precision required is not high; and, because of the large 
number of routine measurements that must be made, it is 
desirable to simplify the procedure as much as possible. It is 
customary to determine the density from a single value of 0] and 
to s\ibtract therefrom the density corresponding to the angle <p. 
Thc! error in a single det-ermination of the density made in this 
way is usually less than the variation in density from point to 
point of a photographic plate. 

In the derivation of the above equations, it was assumed that 
the scale of the instrument is adjusted properly with respect to 
t he optical part s. '^Phe procedure in chocking an instrument is to 
place a small lamp in front of one of the windows and a magnifier 
in front, of the ocular in such a position that the filament is in 
focus. I''he Nicol is then rotated until the extinction point is 
r(‘aclu*d. Some means is always provided for rotating either the 
scale, the ind<‘x, (he Nicol, or the Wollaston with respect to the 
other ehunents mentioned; and the movable element should be 
adjuslxal until the scale reading is either exactly 0°, 90®, 180°, or 
270° at the extinction point. If thc instrument is directed 
at. a <liffus(dy reflecting or transmitting surface of uniform 
l>right iH'^ss, tlui photometric field should then balance when the 
scale reading is 45°, 135°, 225°, or 315°. If the instrument is 
dirty,' this will rarely be thc case; but, as was shown above, no 
error is tlauehy introduced. 

The Martens photometer was converted by Kcinig into a 
spect rophotometer by the addition of a dispersing prism as shown 

* Polarizing priHinn Hlumld Ix’* oloancal wit.li ov<m) gmator ciuro than a fine 
Hurfaci’s of optical gluHH Ixicansis of their extnnno HortiK'Bs. 
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in Fig. 311. In this figure, .4 is a side elevation and is a 
development in plan view. An image of the entrance slit Z is 
formed in light of different wave lengths at the exit slit Z'. Thus 
the entire spectrum can be explored by rotating the elements at 
the right of the prism P about an axis parallel to its refracting 
edge. This adjustment is clearly shown by Fig. 145 in Chap. 
XIII, which is a photograph of one form of the instrument. 
Although the various elements are arranged differently than they 



Fig. 311-—The optical system of the Konig-Martens spectrophotometer 
illustrated by Fig. 145 on page 286. A side elevation is shown, above, and a 
development in plan view is shown, below- 


are in the photometer just described,^ the action of the Wollaston 
and Nicol prisms is exactly the same. 

216. Rotatory Polarization. The Polarimeter.—If a beam of 
light is passed in succession through two Nicol prisms whose 
azimuths are perpendicular to each other, the beam will of course 
be totally extinguished. Upon inserting a plate of quartz with 
its faces normal to the optic axis, the light is restored to a certain 
extent and one of the Nicols must be rotated to extinguish it 
again. Evidently, the quartz has rotated the plane of polariza- 

^ The arrangement shown in Fig. 310 is slightly better because a refracting 
surface between the Wollaston and the Nicol produces a slight amount of 
elliptical polarization, and thus the beam cannot be completely extinguished. 
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tion of the incident beam. This phenomenon is exhibited by 
many substances, both solids and liquids, and is of such great 
importance that substances exhibiting it are said to be optically 
active. The rotation is found to be proportional to the thickness 
of the substance and, in the case of a solution, to the concentra¬ 
tion. ^ It also depends upon the wave length of the light (varying 
roughly as the inverse square), and this circumstance gives rise to 
rotatory dispersion. 

The phenomenon of rotatory polarization was discussed in 
Sec. 143, Chap. XVIII, in connection with quartz, and it was 
explained on the hypothesis that an incident beam of plane-polar¬ 
ized light is equivalent to two circularly polarized components 
rotating in opposite senses, one traveling with a greater velocity 
than the other. The sense in which the emergent beam is rotated 
depends upon which of the components travels faster. Thus 
some substances are right-handed (dextrorotatory), some are left- 
handed (laevorotatory), and some, such as quartz, appear in both 
forms. 

By measuring the amount of rotatory polarization, it is possible 
to determine very quickly the concentration of an optically 
active substance in the presence of one that is optically inactive. 
For example, ordinary sugar (sucrose) is dextrorotatory in an 
aqueous solution because of the asymmetry of its molecule. 
Since the tariff on sugar is based on the proportion of pure 
sucrose, the polarimeter is widely used by customs officers for 
determining the purity of sugar imports. Folarimeters especially 
deHigne<l for testing sugtir are called sa(5charimeters. 

The simple form of polarimeter just, described consists merely 
of two Nicol prisms, which are known, respectively, as the 
polarizer and the analyzer. The precision obtainable with this 
form of instruuient is low because the posit ion of the analyzer for 
complete extinct.ion i.s difficult to locate with certainty.*'^ This 
difficulty was overcome in 1S(5() by lellett., who designed a polariz¬ 
ing prism of such a type that, the field seen by the t)bserver is 
dividiul into t wo halves of a.<ljusta.hle brightness like an ordinary 
photomet ric field, 'fhe type of lellett. prism that is used to-day 

* U'tii.s i.s not. .st.ric^dy t.nuf if t he Holution in v«M*y (*oiie<uil,rat.<Ml or if range 
of <*.oi\c(‘ntratiotis i.s (‘XiiCH-sivc!. 

'riu' priiicii)l<\s iin(l(n'lying the doHign of polariintd.c’irH arc! <li.Sf:uaHed 
o.\t«’!nMiv(dy by Skinner, Jour. Optical Soc. Arnvr, and licv. Sci. Inutrum&nth, 
10, 401 (l’9‘25). 



610 


THE PRINCIPLES OF OPTICS 




Fig, 


A B 

312.—C ott s tru c ti o n of the 
Cornu-Jellett prism. 


are of equal intensity. 


is a modification due to Cornu. It consists of a Nicol prism 
with a wedge-shaped section removed, as shown at A in Fig. 312. 
The two parts of the prism are then cemented together as shown 
at B, the result being that the planes of vibration for the two 

parts make a small angle with each 
other. This angle is called the 
half-shadow angle. Evidently 
there is no position of the analyzer 
for which the two beams are ex¬ 
tinguished simultaneously, but 
there is a position for which they 
The sensitivity is highest when the half¬ 
shadow angle is small, but because of the reduction in illumi¬ 
nation, an angle of 2.5° is the practical minimum, even for very 
transparent samples. 

Another half-shadow device that is sometimes used is due to 
Laurent. It consists of a half-wave plate covering one half of 
the polarizer, which is an ordinary Nieol prism. A sheet of glass 
whose optical thickness is equal to that of the half-wave plate 
covers the other half. The action of the device can be under¬ 
stood from Fig. 313, where the optic 
axis of the half-wave plate is shown 
by the crosshatching. The vector 
OA represents the azimuth of the 
beam emerging from the polarizer 
and passing through the glass, and 
the vector OA' represents the azi¬ 
muth of the other half of the beam 
after traversing the half-wave plate. 

It will be remembered from Sec. 212 
that 6' is always equal to 9. The 
half-shadow angle is evidently 20. 

The operation of the instrument is 
the same as for the Cornu-Jellett prism, but it is necessary, of 
course, to use light of the wave length for which the half-wave 
plate was designed. On the other hand, the half-wave plate has 
the advantage that the sensitivity can be varied by rotating 
the polarizer. 

A device that is superior to either of those just described is 
due to Lippich. The optical system of a typical polarimeter 
incorporating the Lippich prism is shown in Fig, 314. Light from 





Fig. 313.—Construction of the 
Laurent half-shade plate. The 
crosshntching indicates the optic 
axis of the quartz. 
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the source ^ passes in turn through the collecting lens C, the 
polarizer P, and the Lippich prism L. This prism consists merely 
of a small Nicol prism covering one half of the field. The light 
then traverses the sample X and the analyzer AT, and enters the 


W 



I 


Fia. 314.—The optical system of the Lippich polarimeter. 


telescope represented by an objective O and an ocular E. The 
telescope is focused on the near face of the Lippich prism, the edge 
of which becomes the dividing line of the photometric field. 
The half-shadow angle in this case is determined by the orienta¬ 
tion of the Lippich prism with respect to the polarizer. 



The types of half-shadow devices hitherto considered suffer 
from the disadvantage that monochromatic light must be used on 
account of the rotatory dispersion of the sample. To allow 
iietorochromatic light to be used, Robiguet developed a polar- 
imeter in which the biquartz plate of Soleil is the half-shadow 
device. This plate consists of semicircular disks of right-handed 
and left-handed quartz placed side by side, as shown in Fig. 315. 
The disks are cut perpendicularly to the optic axes and are 3.75 
mm thick, which is sufficient to rotate yellow light by 90°. If the 
plane of vibration of the incident beam contains the vector OA. 
and the principal plane of the analyzer, yellow light is extin¬ 
guished for both halves of the field and the latter appears a 
uniform purple. By a slight rotation of the analyzer, one half of 
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the field becomes reddish and the other half, bluish. This device 
has many faults, however, and modern polarimeters designed for 
heterochromatic light are based on the principle of compensating 
the rotation of the sample by means of a quartz wedge. These 
instruments have an optical system like the one shown in Fig. 314 
with the addition of the compensating wedge W. This wedge 
consists of a wedge of glass cemented to one of quartz with its 
optic axis as indicated by the crosshatching. The function of 
the glass wedge is to keep the optical path constant for all settings. 
Unless the rotatory dispersion of the sample is greatly different 
from that of quartz, the error due to the dispersion is trifling. 
This type of instrument has the further advantage that mono¬ 
chromatic light can be used if desired, in which case the dispersion 
does not affect the results. The wedge must, of course, be cali¬ 
brated for the particular kind of light source and sample for which 
the instrument is to be used. Most saccharimeters are of this 
type.^ 

217. Photoelasticity.—It has been stated in earlier chapters 
that glass and fused quartz become birefringent when stressed. 
This phenomenon is exhibited quite generally by transparent 
substances that are normally isotropic, and on the basis of it an 
engineering tool of the highest value has been developed. 

Let us consider the stresses in every direction about a point in a 
stressed medium. If vectors representing the stresses are drawn, 
it will be found that their envelope is an ellipsoid. Let the axes 
of this ellipsoid, which are termed the directions of principal 
stress, be designated by p, q, and r. Since the stresses in only two 
dimensions can be studied optically, the stress in the r direction 
must be kept equal to zero to avoid complicating the problem. 
The ellipsoid then reduces to an ellipse with axes p and q. The 

^ In saccliarini6try, & solution, containing 26.000 grams (weighod in air) 
of the sample per 100 cc of water is measured in a tube 200.0 mm long at 
20°C. A linear scale on the wedge is divided into “sugar degrees,” 100°S 
representing pure sucrose. Thus the scale indicates the purity directly. 
The instrument is calibrated by means of a quartz control plate, which, if 
1.6934 mm thick, represents 100°S when yellow light is used. The source is 
an incandescent lamp with a IS-mm cell containing 6 per cent potassium 
bichromate solution. An ordinary polarimeter with monochromatic light 
can be used as a saccharimeter by noting that 100®S corresponds to a 
rotation of 40.763® (circular) for the mercury green line (X = 646.1 m^i) or 
34.620° for the sodium line. The subject of saccharimetry is treated at 
length in Bur. Standards Circ. 44. 
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axis of p is taken as the direction of the compressive stress and 
the axis of q as the direction of the tensile stress. 

Under the influence of the stresses, the substance undergoes a 
deformation that alters its internal structure so as to make it 
birefringent.^ In most substances, the ray vibrating in a plane 
parallel to the direction of the compressive stress travels more 
rapidly than the ray vibrating in the direction of the tensile 
stress. A beam of natural light is therefore decomposed into two 
plane-polarized components having a path dijfference 

d=^C(p-q')t, (310) 

where t is the thickness of the substance and C is a quantity that is 
proportional to the difference (ne-rio) between the indices for the 
two components. The constant C is sometimes referred to as 
the index of forced double refraction.^ 

D 


Fi(j. —Tho opticiil HyHt.om of u strain tostor for optical j3;lass. 

The phenomenon of forced double refraction can be utilized 
very siitiply to tlctect internal stresses within blocks of optical 
glass by means of the apparatus sketched in Fig. SIG.*"* The 

‘ It. i.s iuvportsint to noU's that the bircifrinneruMi is eaiiscKl hy the Htronses 
1111(1 not. by th(^ rc^HiiltiiiK Htniiim. If a HuViHtaiuM^ strained beyond its 
elastic limit, th(? hircifritif^cdKai disappears wh(m the stress is n^moved although 
the HiibstaiK^e has aixpunHl u. pernuuuuit scft. 

■'* 'rivis (piantity can obviously be expressed as the retardation in milli- 
ni(d.('r,s of one (uirnpoiKuit of the liearn with r(‘spe(d. to the othc^r p<!r inilli- 
m(^t.(U' tlu(^kn(‘.ss of the inahu’ial when a nniforin uni<iiriuuisional stress of 1 
gram/nun“ is appli(jd. I£xpn‘Hs<Hl in tlu^se. units, the indices found by Hv.y- 
inans and Allis for some iniitt^rials u,scm1 in i>botoelasti<!ity are as follows: 
camphor (Mdluloid, 12.1 X K)"®; plate glass, 2.6 X 10“*; fused quartz, 
;b4 X 10““. Transparent bakf^ite, which has been developed niorct recently, 
has atj index of fonu'd double refraction that is aijproxiinatoly five tinu’is 
tliat of celluloid and <d)(\VH Hooker’s law over a far greater range of stresses. 

® “ 'rh(i Mau\il'a(d.ur(^ of CJlass and of Optie.al Systems,’' Ordnance De-pi. 
Doc. 2037, p. 206. 



614 


THE PRINCIPLES OF OPTICS 


diffusing glass D is illuminated by a light source S. The light 
entering the eye is reflected from a plate of black glass G at the 
polarizing angle, the proper adjustment being determined by 
setting the Nicol prism -AT for extinction and moving it up and 
down imtil the brightness of the field is a minimum. The sample 
of glass X is then placed in the beam as shown; and, if it is in a 
state of stress, it restores the light in the field. The amount of 
light restored and its color at any given point depend upon the 
directions and magnitudes of the principal stresses at that point. 
If the directions of principal stress are parallel and perpendicular 
to the plane of polarization, the field remains dark. If the 
directions of principal stress make some other angle with the 
plane of polarization, the light is partially restored and the color 
of the field depends upon the stress difference (p — g). As the 
stress difference’ increases, the color changes from black to straw, 
orange, red, blue-green, straw, etc, the colors repeating themselves 
until they fade out in the fourth or fifth order. The precision of 
the method can be increased considerably by introducing a 
sensitive-tint plate K in front of the analyzer. This plate retards 
yellow-green light by a full wave length and therefore causes the 
field to appear purple where the specimen is free from stress. 
In regions where stress is present, however, the path difference 
between the ordinary and the extraordinary beam is increased or 
decreased, and some color other than green is extinguished. 
Thus the field becomes either blue or orange. The order of colors 
from the unstressed region outward is similar to that described 
above, but the colors are more pronounced.^ The sensitivity of 
the method can be judged from the fact that a change in the 
path difference of 10 m/t produces a perceptible change in color. 
A path difference of this order of magnitude per centimeter of 
thickness is quite permissible in optical glass. 

The scope of the photoelastic method has been greatly extended 
by several workers, especially Coker, ^ and the procedure devel- 

1 The sensitive-tint plate can be used with heterochromatio light in a 
polarimeter in lieu of a half-shade device. The analyzer is set to restore 
the sensitive purple, which, because of the pronounced hue change caused 
by a slight deviation from the correct position, can be located more precisely 
than the position for extinction when the plate is not used. 

* See a series of papers in Engineering for 1911, 1916, 1920, and later. 
See also a series in Gen. Elec. Rev. for 1920 and 1921. A comprehensive 
summary of the technique of photoelasticity will be found in a paper by 
Pelanghe in Rev. d’O-ptique, 7, 237 and 286 (1928). 
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oped by them is now in common use for studying the stress 
distributions in contemplated engineering structures. It consists 
essentially in making a model of the structure out of some trans¬ 
parent isotropic material, subjecting the model to a load similar 
to the load to which the structure itself will be subjected, and 
studying the stress distribution within the various members by 
means of polarized light. The first operation is to determine the 
directions of principal stress, which can be done by placing the 
model between crossed ISTicols. Wherever the stress directions are 
parallel and perpendicular to the plane of polarization, the field is 
dark. Thus the field is traversed by dark lines, called isocUnics, 
along which the directions of principal stress have a certain con¬ 
stant inclination. A plot of these isoclinics is made. Both 
Nicols are then rotated through a certain known angle and the 
new isoclinics are plotted. Thus a map of the isoclinics as shown 
at A in Fig, 318 is prepared, each isoclinic representing the locus 
of points for which the directions of principal stress are constant. 

The portions of the field for which the directions of principal 
stress make an angle other than 0° or 90° with the plane of 
polarization have a brightness that depends upon the angle. The 
hue is constant, of course, if the light is monochromatic. Where 
the angle equals 45°, the maximum amount of light is restored. 
The value of (p — g) can then be found by introducing a Babinet 
compensator or equivalent device in the beam and adjusting it 
until the retardation it produces is equal in magnitude but 
opposite in sign to that produced by the specimen. By this 
procedure the field becomes dark again, of course. The scale on 
the compensator indicates the quantity C(p — g)j and to compute 
(p — q) itself, the value of C must be known. This can be deter¬ 
mined by cutting a strip of the same material and subjecting it 
to a uniform unidirectional tensile stress of known magnitude. 
Indeed, the strip itself can be used as a compensator if it is 
oriented so that the direction of the stress applied to it is per- 
l)endicular to the direction of maximum tensile stress within the 
specimen at the point under consideration. If it has the same 
thickness as the specimen, the load that must be applied to effect 
compensation evidently indicates the value of ip — q) directly. 

When the light is heterochromatic, as is the case in practice, 
the portions of the field outside the isoclinics are colored because 
of the rotatory dispersion of the specimen. Fjvery band of con¬ 
stant color, which is termed an isochromatic, is the locus of points 
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for which, the value of (p — O') is the same. The second step in 
making a photoelastic analysis is to plot the isochromatics and to 
determine the value of (p — q) for each. Such a plot is shown at 
B in Fig. 318. The value of (p — g) can be determined with a 
compensator as described above. When the compensator is 
adjusted for one point in an isochromatic, it need only be rotated 
to effect compensation at any other point. A selected isochro¬ 
matic can therefore be traced by simply rotating the compensator. 

The difficulty with using plane-polarized light is that the 
isochromatic pattern is complicated by the presence of the iso¬ 
clinics. Moreover, the specimen must be rotated to distinguish 
the isoclinics from the neutral axis, where there is no stress. 



Fig. 317.—The optical system of a typical apparatus for the pho tool as tic 

analysis of stress. 

Both drawbacks can be avoided by using circularly polarized 
light, in which the isochromatic pattern is the same for every 
orientation of the specimen and the isoclinics disappear. The 
apparatus used by Coker and KimbalP is sketched in Fig. 317. 
Heterochromatic light from a source S is collimated by a lens C 
and passed through a water cell W to prevent overheating the 
Nicols. It is polarized by a Nicol prism^ P and is converted into 
circularly polarized light by a quarter-wave plate J. It then 
passes through the specimen X, the compensator F, a second 
quarter-wave plate Kj and an analyzing prism N. Images of 
X and Y are formed in superposition on the screen. The second 
quarter-wave plate is placed with its axis perpendicular to that 
of the first. It thus neutralizes the effect of the first for the 
points of the specimen where (p — q) equals zero. Hence, where 
the field is dark, the specimen is unstressed. The other portions 

^Gen. Elec. Rev., 24, 73 (1921); Jour. Optical Soc. Amer., 6, 279 (1921). 

2 The purpose of the lenses Li, Li, Li, and La is to permit a large field of the 
specimen to be examined with a polarizing prism of reasonable size. 
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of the specimen produce elliptical polarization, which is not 
neutralized by the second plate, and therefore an isochromatic 
pattern appears on the screen. 

The information furnished by the foregoing procedure 
gives directly the value of (p — q) for all points of the specimen. 
Although the values of p and g themselves can be computed from 
the isoclinic and isochromatic patterns, the operations are 
extremely tedious. An experimental method of determining 
these quantities was devised by Coker. It consists in measuring 
the change in thickness at each point of the stressed specimen and 
then computing (p-\-q) from these data and the elastic moduli of 
the substance. This gives two equations in p and g, from whichi 



Fici. 318.—Sketches illiistratiriff the results obtained by a photoelastic analysif. 


their individual values can be calculated. An optical method 
for accomplishing the same result has been devised by Favre.' 

The importance of t he photoelastic method lies in its ability to 
analyze the stresses within a specimen that is too complicated to 
be treated in any other way. For example, the stress distribution 
within a uniform beam subjected to a bending moment can be 
readily computed, but the problem becomes exceedingly complex 
when a notch is cut in the beam. Figure 318 illustrates the 
treatment of this case by the photoelastic method.^ The beam is 
supported at b in the various sketches and is loaded at the ends. 
The isoclinics arc shown at A and the isochromatics are shown at 
B. The neutral point is at / in these sketches. The directions of 
the j)- and g-strcsses are shown at C by curves to which the 
stresses are everywhere tangent. These curves are sometimes 
called isostalics. Since the directions of p and q are mutually 


^ For a description of these nicjthods, see the paper by Delanghe, Rev. 
iVO-ptique, 7, 237 (1928). More recent papers arc those by Favre, idem.j 11, 
1 (1932) and.Solakian, Jour. Optical Soc. Amer.^ 22, 293 (1932). 

2 See a paper by Maris, Jour. Optical Soc. Amer. and Rev. Sd. Instru¬ 
ments, 16, 203 (1927). 
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perpendicular at every point, the two sets of curves are orthog¬ 
onal. They are also either normal or parallel to the free boundar¬ 
ies of the specimen, since the normal stress at a free boundary is 
zero. Thus the p-isostatics are normal to the upper surface, 
which is in tension, and the g^-isostatics are parallel to it. At the 
lower surface, which is in compression, the opposite condition 
obtains. The zero isostatics intersect at the neutral point /. 
The stress distribution along any section of the specimen can be 
plotted when p and q have been computed. Thus the tangential 
stress along the boundary of the notch is shown at Z), this stress 



Flo. 319.—The isochromatic pattern, about two rivet holes in a member 
subjected to a vertical tensile stress. This photograph was made with circularly 
polarized light of wave length 546.1 m/x. {From a thesis hy Joseph Ha/nrington, 
Jr,, hy courtesy of the JMechanicctl Engineering Department of the Massachusetts 
InstituJte of Technology.) 

being of course a tension. The stress is indicated by the length 
of a vector normal to the boundary at any given point and 
extending to the curve. 

Within the last decade, the stresses in many engineering 
structures, such as eye bolts, gear wheels, and ship’s propellers, 
have been studied by the photoelastic method. Even when a 
theoretical treatment of such structures is possible, the experi¬ 
mental method is ordinarily more rapid. For example, Fig. 319 
shows the isochromatic pattern about two rivet holes in a member 
subjected to a vertical tensile stress. Although it has been found 
possible to determine the stress distribution theoretically in this 
case, the mathematical treatment is so involved that the solution 
of the problem requires weeks of computation. The same result 
can be achieved by the photoelastic method in as many days. 
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least perceptible difference in, 313 
Colorimetry, 308, 310 
Colors, primary, 298 
Coma, 91 

effect of form of lens on, 86, 94 
elimination of, 95, 96 
example of, 56, 86, 90 

participation in artificial flattening of 
field, 106 

relation to Herschel condition, 98 
of typical photographic objective, 90 
Compensators for polarized light, 604, 615 
Compton effect, 8 

Condensers, manufacture of, 337, 348 
for microscopes, 504, 514 
for motion-picture projectors, 540 
Conjugate distances, definition of, 31 
referred to focal points, 51, 56 
to nodal points, 63 
to principal points, 52, 56 
to pupils, 71 
sign convention for, 34 
Contact potentials, 249 
Continuous spectrum, 1,5 
Contrast, enhancement by photography, 221 
of subject, in photography, 220 
Convention of signs, 33, 46, 51, .50, 72 
Cornea, 185 

ineasurement of curvaturo of, 442 
C’oriiu-.lollett prism. 609 
Cosmic rays, 139 
CJover glasses, microscope, 506 
Critical angle, 26 

Critical freciiioiicy of eye to flicker, 196 
C'rookes glass, 390, 392 
radiometer, 156 

C’rystiils, iiglit propagation in, 505 
refractometry of, 363, 364 
twinned, 397 
C’ubo, pliotmaetric, 267 
C.hirvature of field, 102 
of spectral linos, 5,51 
of surfaces, measurement of, 364 
witli gauges, .341 
with ophthalmometer, 442 
with teat glasses, 342, 576 

D 

naguorreotype process, 200 
d’Arsonval radiomicrorneter, 156 
I lavissoit and Oermer’s experiment, 8 
Dawes limit, 133 


Daylight, 172 
artificial, 171 
Densitometers, 210, 284 
Density, optical, 24, 284 
measurement of, 607 
of opaque materials, 239 
ratio of specular to diffuse, 212 
Depolarization, 605n 
Depth of field, 77 

in microscopy, 510 
in photography, 461 
of focus, 79 

Design of optical instruments, 416 421 
422 ’ 

Development constant, 206 
Diaphragm (see Stop) 

Diathermancy, 390 
Dichroiam, 316 
Difference Ilmen, 312 
Diffraction, 121 

at a circular aperture, 124 
at a lens, 127, 130 
Diffraction gratings, 559 
reflection, 368, 563 
method of ruling, 562 
replica, 563 

Diffusing surface, brightness of, 272 
Diopter (dioptre, dioptry), 46a 
prism, 346 
vertex, 435 
Diopter tools, 340 
Dioptromoter, .371 
Dipping refractometer, 363 
Discharge tube, gaseous, 183, 572 
1 Mspersion, 111 
of air, 400 

anomalous and normal, 400 

Cauchy formula for, 400 

of a grating, .560 

Hartmann formula for, 115, 330 

moan ,118 

inoasuroineiit of, ,3.59 

partial, 118 

of a prism, ,546, 549 

rotatory, 609 

of various media, 11.3 

(iS'ec tilHo Index (»f refraction.) 

I>ispersiv<i power, 117 
I>isplaceinent law, Wien’s, 148 
Distances, conjugate, 31 

sign convention f(»r, .34, 46, 61, 72 
I>iBtortion, in leiiscs, 106 
of porspe<rtive, 46.5 
Dividing engine, 562 
l^ominnnt wave-length, 308 
Doppler offeet, 12, 1.5, .566 
Double refraction, 393, .595 
forced, 612 

Drawings, optical, 424 

Dr(>pping, manufacture of mirrors by, 347 

Dyes, effect of mixing, 314 
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E 

Eagle mounting of concave grating, 564 
Eberhard effect, 225 
Echelon grating, 589 
Edging flats, 345 
lenses, 343 

Eflflciency, luminous (see Luminous 
efiflciency) 

Einstein’s photoelectric equation, 249 
Electromagnetic spectrum, 135 
Electromagnetic theory, 6 
Electron, 7, 138 
Emissive power, 143 
Emissivity, 146 
of tungsten, 169 
Emmetropia, 427 
Energy levels, 141 
Engraving glass, 350 
lens mounts, 424 
Entrance pupil, 70 
Entrance window, 76 
Equatorial plane {see Secondary plane) 
Equivalent focal length, 57 
Equivalent thin lens, 57 
Etching glass, 350 
Evaporation of metals, 356 
Excitation functions, 301 
Exclusion principle, 141 
Exit pupil, 71 

of microscope, 499 
of telescope, 481 
Exit window, 76 
Exposure, definition of, 205 
determination of, 275, 508 
Exposure meters, 275 
Extinction coefficient, 404 
Extraordinary ray, 595 
Eye, 185 

accommodation of, 186, 427 

acuity of, 190 

anatomy of, 185 

color vision of, 298 

contrast sensitivity of, 192 

defects of, 427 

optical system of, 187 

refraction of (spectacle fitting), 432 

schematic, 187 

sensitivity to difference in brightness, 192 
to difference in colorimetric purity, 313 
to difference in hue, 312 
to flicker, 196 
spectral, 17, 190 
test charts for, 434 

Eye circle, 482 

Eyepiece {see Ocular) 

P 

Pabry-Perot interferometer, 586 

Ear point of eye, 427 


Pechner’s law, 195 
P6ry spectrograph, 556 
Pield, curvature of, 102, 105 
depth of, 77, 461, 510 
of distinct vision of eye, 188 
of view, 77 

of eye, 188, 444 
limitation of, 76 
of oculars, 474 

of photographic objectives, 445, 446, 
449, 451 

of prism binoculars, 493 
of telescopes, 483. 485, 488, 491 
Pield stop, 75 

Pilms, thin, interference at, 574 
Pilter factor, 231, 291 
Pilters, 385 
gelatin, 388 

absorption in ultraviolet, 390 
cementing, 347 

for heterochromatic photometry, 173 
heat absorbing, 391 

liquid, for producing artificial sunlight, 
173 

to match visibility curve, 293 
in photography, 231 
for ultraviolet and infrared, 389 
First-order theory of optical imagery, 40 
Pizeau’s interferometer, 579 
Flare, 460 

Flashlight powders, 180 
Flats, manufacture of, 345 
Flicker, sensitivity of eye to, 196 
Flicker photometry, 292 
Fluorescent screens, 385 
Fluorite (fluorspar), 398 

index of refraction of, 109, 113 
in semi-apochromatic objectives, 116 
transmission of, 390 
Plux, luminous, 19 

distribution in optical systems, 409 
measurement of, 268 
^/-number, 73 

of photographic objectives, 459 
relation to light-gathering power, 413, 416 
(jSee also Relative aperture.) 

Pocal collimator, 369 
Pocal points, 51 

location by computation, 57 
Pocal length, 51 
achromatizing. 111 
back, definition of, 40 
equivalent, definition of, 57 
measurement of, 368, 458, 503 
relation to coma, 91, 93 
of simple lens, 58 
of system of lenses, 60 
of thick lens, 54, 72 
of thin lens, 46 
Pocometers, 369 
Poous, depth of, 79 
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Focusing optical instruments, method of, 486 
Foot-candle. 21, 274 
Foucault knife-edge test. 367 
prism, 598n 

Fourier analysis of wave trains, 570n 
Fourth-power law of radiation, 145 
Fovea centralis, 186 
Fraunhofer lines, 15, 162, 183n 
Frequency, 10, 137 
l^esnel lens, 535 

Fresnel’s interference experiment, 569 
modification of Huygens’s principle, 122 
reflection formulae, 27 
Fringes, interference, 570 

of equal thickness and of equal inclina¬ 
tion, 579 

increasing sharpness of, 584 
Fundus of eye (see Retina) 

Fused quartz, 397 

index of forced double refraction of, 613 
index of refraction of, 109, 113 

G 

Galilean telescope, 490 
Galvanometer, optical system of, 540 
Gamma rays, 139 
eSauss ocular, 374 

points Principal points) 
theory of imago formation, 40, 80 
CJeneva gauge, 360 

Geometrical optics, convention of signs in, 
33, 46, 51, 50, 72 
definition and postulates of, 32 
(fhosts in grating spo<itra, 562 

in liUniiner-Ctehrcrkc plate spe<^tra, 589 
produced by lenses, 460 
CSlan-Thoinpaon prism, 599 
(Mass, 320, 384 

for absorVjing ultraviolet, 390 

ceinciiting, 346 

crolortMl, 385, 388 

drilling. 337 

grinding, 336 

ground, 384, 456 

heat absorbing, 391 

ind<^x of forced double refraction of, 613 
marking, 350 
opal. 384. 6()5n 
opi.i<uil. 320 
defects of, 331 
dispersion of, 330 
cfTci^t of irnpurities in, 321 
history of, 320 
list of, 328 
manufat^ture of, 321 
pri(?o of, 330 
reproducibility of, 330 
specifi<!ati(>n of, 326. 330 
stability of, 333 
transparency of, 333, 389, 391 


Glass, optical, types of, 325 
plate and window, 384 
polishing, 338, 341 
pressing, 325 
reflectivity of, 28 
rolling, 324 
sawing, 336 
smoke, 388 

measurement of stresses in, 613 
suitability for achromatism, 115, 117 
for transmitting ultraviolet, 389 
uranium, 385 
Glass parts, care of, 334 
cleaning, 502 
inspection of, 358 
specifying, 424 
Glaucoma, 441, 444 
Glycerine as immersion liquid, 406 
Gloss, 23, 282 

specifleation of, 240 
Goggles, 390 

Goniometer, spectrometer as, 372 
Goniometers, 377 
Gonio-photometer, 282 
Grating, diffraction, 559 
echelon, 589 
Gray body, 146 

Gullstrand ophthalmoscope, 440 

H 

Half-shadow devices, 609 
Half-wave plate, 603 
Hnllwachs effect, 247 

Hartmann dispersion formula, 113, 115, 330 
test, 382 

Hastings magnifiers, 473 
ocular, 476 
Headlight lenses, 535 
Hefner lamp, 265 
Helium, discovery of, 566 
spectrum of, 183 

Helmholtz’s ophthalmoscope, 438 
schematic eye, 187 
tlieory of color vision, 298 
Herschel condition, 98 
effect, 233 

Ilerschelian reflector, 488 
Hertzian waves, 136 
Hoterochroinatic light, 15 
Heterophoria, 431, 531 
History of optics, 1 
Homogeneous light, 14 
Hue, 307 

sensitivity of eye to differences in, 312 
Hues, division of spectrum into, 16 
H and curves, 208 
H and D speed, 213 
Huygenian ocular, 474 
Huygens’s principle, 13 

applied to birofringent media, 595 
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Huygens’s principle, correlated with principle 
of rectilinear propagation, 121 
in reflection, 22 
in refraction, 25 
Hydrogen atom, 138 
Hydrogen discharge tube, 183 
Hydrogen spectrum, 183 
Hyperfocal distance, 465 
Hypermetropia, 427 

I 

Iceland spar (aee Calcite) 

Illuminants, photographic effectiveness of, 
232 

lUiimination, 21 

conversion factors for, 274 
due to stars, 194 
measurement of, 273 
in microscopy, 498, 508 
dark field, 513 
vertical, 502 

of projection screens, 537 
Illuiziination levels, average, 160 
lUuminometer, Macbeth, 270, 273 
Image, 29 

illumination in, 410 
Image formation, 29 

reQuirements for perfection of, 80 
third«-order theory of, 81 
Image apace, 31 
Incandescent lamps, 167 
for projection, 538 
special forms, 171 

Indes: of forced double refraction, 613 
Index of refraction, 11 
of air, 400 

measurement of, 359, 549 
relative, 26 

of common optical materials, 109, 113, 394 
of spectacle glass, 438 
Infrared radiation, 137 

effect on photographic materials, 233 
Instruments, optical, design of, 416, 421, 422 
recording, optical system of, 540 
Integrating sphere, 269 
in reflectometry, 278 
Intensity, 19 

measurement of, 265, 274 
minimum perceptible, 193 
Interference, 11, 569 

application in machine-shop practice, 576 
testing stu^facea by means of, 342 
at thin films, 574 

use in measuring index of refraction, 591 
in measuring stellar diameters, 592 
Interference spectroscopes, 588 
Interferometers, 679 

for measuring index of gases, 591 
resolving power of, 588 
stellar, 592 


Interferometers for testing lenses, 382 
Inverse-square law, 21 
lodoeosin test of optical glass, 334 
Ionization of atoms, 138 
Iridectomy, 441 
Iron arc, 184 

Isochromatics, in photoelasticity, 615 
Isoclinics, in photoelasticity, 615 
Isostatica, in pbotoelasticity, 617 
Isotopes, 138 

J 

Jamin’s gas interferometer, 591 
Java! and Schjotz’s ophthalmometer, 442 
Jellett prism, 609 
Johansson gauges, 577 

K 

Kellner ocular, 476 
Kelvin temperature scale, 145n 
Keplerian telescope {see Telescopes, re¬ 
fracting) 

Earchhoff’s law, 144 
Knife-edge test, 367 
K5hler illumination, 508 

K onig- M ar tens spec trop h o t o meter, 286, 

607 

Kryptok lenses, 438 

Krypton radiations, purity of, 572 

L 

Lab-arc, 178 

Lacquers for instruments, 423 
for mirrors, 353 
Lagrange’s law, 43, 93n 
Lambert, definition of, 271 
Lambert’s cosine law, 153, 271 
law of absorption, 24n 
Lamps {see Incandescent lamps; Arcs) 
Lantern-slide projectors, 536 
Latent image, 199 

Lateral magnification isee Magnification) 
Laurent half-shadow plate, 610 
Length, measurement of, by interference 
methods. 579, 587 
Lens bench, 379 

Lens computations, trigonometrical, 36 
Lens formulae, 50, 56 
iSee also Thin lens.) 

Lenses, 29 

camera (see Objectives) 
cementing, 346 

converging and diverging, 29, 47 
correction of, 90, 96 

cylindrical, for correcting astigmatism 
of eye, 431, 436 

in optical system of recording instru¬ 
ments, 542 
depth of field of, 462 
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Lenses, edging and centering, 343 
Fresnel, 535 

grinding and polishing, 337 
inspection of, 358 

measurement of aberrations in, 368, 377, 
455 

mounting, 422 
ophthalmic, 338, 436 
positive and negative, 47 
preparing blanks for, 336 
for searchlights, 535 
truing, 346 
(>Sce also Objectives.) 

Ijensometer, 371 
Light, definition of, 1 
nature of, 5 
natural, 17 

in optical systems, distribution of, 409 
polarization of {see Polarization; Polar¬ 
ized light) 
velocity of, 8 
Light filters (^aee Filters) 

Light-sensitive cells, 244 
also Cells.) 

l.,ight sources, photographic effectiveness of, 
232 

liighthouse lenses, 535 
Tiiineu, difference, 312 

J-iniiting frequencies for photoelectric effect, 
250 

T-ine spectrum. 15 
Lippich prism, 610 

I-iippnuinn process of color photography 573 
Littrow spe(^trograijh, 557 
l-Ioyd’s mirror, 560 
I-rongitudiiial rnagnificiation, 67 
T.owe’a gas iiiterferoincter, 592 
Lumen, 19 
Luminosity, 19, 308 
of (^olor stimulus, 306 
Lumiiu)us olIi<Men<iy, 19 
of bluerk body, 152 
of incandescent lamps, 170 
of solar radiation, 104 
of sunlight lamp, 180 
of tungsten, 160 
LuniinoiiH flux (arc Flux) 

LuminoijH intensity («cc Intensity) 
liUminer-Hrodhun photometer head, 266 
Liimmer-Gehrcke plate, 589 
Lux. 274 

M 

Macbeth iUuminomoter, 270, 273 
Macula lutea, ISO 
Magnesium carbonate, gloss of. 240 
reflectance of, 280 
Magnification, 42 
angular, 62 

apparent and real, 418 


Magnification, empty, 420 

initial, of microscope objective, 495 
lateral, 42 

chromatic difference of, 110 
referred to entrance and exit pupils, 72 
to focal points, 51, 56 
to nodal points, 64 
to principal points, 52, 56 
relation to coma, 91, 93 
by single surface, 42 
by thin lens, 47 
longitudinal, 67 

relation between types of, 67, 81 
Magnifiers, 470--173 
Magnifying power, 418 

of magnifiers and oculars, 470 
of microscopes, 495 
normal, 418 
of spectacles, 435 
of telescopes, 479 
useful, of microscopes, 499 
of telescopes, 482 
Magnitudes, stellar, 194 

measurement of, 238, 274 
Mai us, law of, 601, 606 
Mangin mirror, 586 
Marking ghias, 350 
Martens photometer, 285. 606 
Maxwellian view photometer, 274 
Maxwell’s requirements for perfect optical 
instrument, 80 
Mean dispersion, 118 
Mechanical equivalent of light, 19 
Monmry arc, 177 

spectrum of, 177, 571 
Meridional plane, 99 
Meridional ray, 36 
Metallic roUection, 405 
Metals, electrical deposition of, 355 
limiting frequencies of, 250 
refioctivity of, 401 
Meter, measurement of, 583, 586 
Meter-candle, 274 
Meter-oandlo-Hcciond, 20«5/f 
Methylene iodide, ijroperties of, 364, 406 
MicholHoirs echelon grating, 580 
iiitorfcroineter, 582 
inoasurcmout of meter, 583 
of velocity of light. 9 
method of analyzing complex spectral 
lines. 588 

stellar interferometer, 592 
Micrometers, 372 
stoge, 50«3 

Micrometer ocular, 475 
Micron, 11 

Microfl(U)po condensers, 504 
Microscope objectives, 400 
also Objectives.) 

Microscope oculars, 477 
iSee also Oculars.) 
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Microscopes, 3, 494 
adjtifitment of, 505 
binoculax, 524 
depth of field of, 510 
magnifying power of, 494 
normal, 419 

mechanical tube length of, 499, 503 
optical system of, 494 
optical tube length of, 495 
resolving power of, 496 

use of ultraviolet light to increase, 514 
simple (see Magnifiers) 

Microscopy, 505 
illumination in, 507 
critical, 498 
dark fi.eld, 513 
oblique, 513 
vertical, 502 
ultraviolet, 514 
{See also Photomicrography.) 

Millimicron, 11 
Milliphot, 274 

Minimum deviation of a prism, 548 
Mirrors, 351 
dropping, 347 

ellipsoidal, for motion-picture projection, 
539 

figuring, 348 
fused quartz, 397 
platinizing, 354, 355 
protecting, 353 
for searchlights, 535 
spherical, in projectors, 538 
spherical aberration of, as a function 
of form, 83 

Mittenzwey ocular, 475 
Monochromatic light, definition of, 14 
purity of, 570, 571 
sources of, 181 
Monochromators, 544, 555 
Monochromats, 500 
Moon, brightness of, 167 
Moseley's atomic number, 139 
Motion pictures, 198 

of microscopic specimens, 509 
projectors for, 539 
stereoscopic, 530 
Mounting lenses. 422 
Munaell system of color notation, 310 
Mylius’ test for stability of optical glass. 

334 

Myopia, 427 

N 

Natural light, 17 

Nature of light, 5 

Near point of eye, 427 

Newtonian form of lens equation, 52 

Newtonian reflector, 488 

Newton’s rings, 574 


Nicol prism, 597. 601 
Nodal points, 62 

experimental location of, 379 
negative, 65 
Nodal slide, 66, 379 
Node, 573 

Nokrome lenses, 438n 
Non-homogeneous light, 15 
Noviol glass, 390 
A'-value, 325 
Numerical aperture, 73 

relation to light-gathering power, 414, 416 
{See also Relative aperture.) 

O 

Object, 29 

real and virtual, 30 
Object space, 31 
Objectives, 48 

astrographic, 486 

light-gathering power of, 413, 416 
microscope, 499 
aplanatism in, 98 
cleaning, 502 

correcting for cover-glass tliickness, 
506 

immersion, 98, 501 
initial magnification of, 495, 501 
measurement of focal length and 
numerical aperture of, 503 
resolving power of, 132 
special oculars for, 477 
testing, 381, 503 
types of, 116, 499 
used as condensers, 505 
working distance of. 472, 501 
photographic, 445 

astigmatism and curvature of field of, 
104 

coma of, 90 
correction of, 445 
depth of field of, 461 
distortion of, 108 
meniscus, 104, 106, 446 
spherical aberration of, 90 
symmetrical, 73, 108, 448 
testing, 455 
types of, 446-455 
projection, 537, 539 
telescope, 485 

resolving power of, 133 
{See also Lenses.) 

Ocular, Gauss, 374 
Huy genian. 474 
Ramsden, 476 
Oculars, 470 

achromatism of, 112 

astigmatism and curvature of field of, 
104. 475 

erecting, 477, 490 
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Oculars, magnifying power of, 470 
tube sizes of, 477 
types of, 474-478 
Opacity, 24 
Opera glasses, 402 
Ophthalmic lenses, 338, 430 
Ophthalmometer, 442 
Ophthalmoscope, 438 
Optic axis of crystal, 306, 596 
Optical activity, 609 
Optical axis, 33 
Optical center, 62, 64 
Optical colHneation, 80 
Optical parts, care of, 334, 607n 
classed by quality, 337, 341 
(*SVe alBo Lenses; Prisms.) 

Optometry, 432 
Order, of interference, 571 
of spectrum, 560 
Ordinary ray, 595 
Origin of spectra, 139 
Orthoscopic lenses, 109 
C>scinations (wcc Waves) 

Oscillograph, lamp for, 171 
optical system of, 540 

V 

I*aiut, clause of color of, 318 
gloss of, 282 
for instruments, 423 
for integrating spheres 209, 270 
l*apers, photographies 239 
l^arahollzing tnirrcirs, 349 
Parallax stereograms, 529 
Paraxial rays, behavior of, 40 
I’artial dispersion, 118 
Pen<nl of rays, 14 

IVncils, Btigmati<^ and astlgnuitie, 99 
Penetration effect of biruxMilur instrumonts, 
524 

PerfcM't imagery, r<if|iiireinonts for, 80 
Perirru^t(*r, 444 
Period, 10 

Persist<'n<ie of vision, 196 
I^ersistent lines, 567 

Perspective (x)nsidenttions in opti<^al im¬ 
agery, 81 , 465 

Petzval’s condition for flatness of field, 104 
relation t(» a<dironiatisin, 117 
constriK^tion in jirojcf'tion IcniBes, 540 
portrait objet^tive, 455 
theory of pinliole caiiujra, 125 
Pfiind arc., 184 
Phot, 274 

Photfxdanticity, 612 
Photoelec'tric <Mdls (see CJells) 

Photoehn^tric <*urreints, amplification of, 
256, 294 

Photoelec^tric efFe<^t, 6, 247 
limiting freejuemnes for, 250 


Photoelectric spectrophotometer, 287 
Photoflash lamp, 181 
Photographic materials, 201 
as.trogamma of, 238 

characteristic curves of (H and D curves), 
208, 241 

chemical fog of, 203 
color coefficient of, 226 
color sensitivity of, 229, 289 
contrast of, 211, 214 
control in processing, 228 
density of, 205 

measurement of, 210, 607 
developer for, 217 
fine grain, 236 
reduction potential of, 225 
development of, 223 

effect of bromide on, 224 
laws governing, 206 
proper time for, 226 
effect of flash exposure on, 216 

of improper exposure and development, 
222 

exposure of, definition of, 205 
determination of, 275, 508 
laws gove^rtiing, 204 
mechanism <Kf, 202 
extraneous markings on, 238 
fixing, 199 

solution for, 203 
fog of, 203, 215 
gairiitm of, 211, 214 
grniniiicsB of, 235 
halation of, 237 
hypersonsitizing, 234 
induction period of, 207 
inertia of, 211 
intensification of, 227 
irradiation in, 238 
latitude of, 215 
manipulation of, 203 
nature of, 201 
opaque, 239 
panchromatic, 230, 290 
positive, 239 
reduction of, 228 
resolving power of, 234 
reticulation of, 239 
reversal of, 208 
aolarizatioii of, 20S 
spectral sensitivity of, 229 
speed of, 213 
types of, 216 
washing, 204 

Pliotogrnphic objectives, 445 
speed of, 458 

traimmisHion of and flare in, 460 
(*SVfl ni»o Objectives.) 

Photographic print, fidl scale, 241 
r*hotf)graphic reproduction of tone values 
219, 220 
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Photography, 199 
aerial, 234, 446 

application to photometry, 289, 295 
astronomical, 485 
depth of field in, 461 

effectiveness of various illuminants in, 231 
history of, 199 
in infrared, 233 

perspective considerations in, 465 
stereoscopic, 526 
true to nature, 465 
in ultraviolet, 231 
use of filters in, 231 
Photometer heads, 260 
Photometers, 265, 270, 274, 285, 606 
Photometric constant, 205 
Photometric units, 18, 264 
conversion of, 274 
Photometry, definition of, 18 
of extended sources, 270 
flicker, 292 

heterochromatic, 285, 291 
of incandescent lamps, 268 
physical, 264, 287, 293 
of point sources, 265 
special methods of, 274 
stellar, 274 

by photography, 238 
visual, accuracy of, 266 
Photomicrography, 507 
depth of field in, 510 
lamp for, 171 
oculars for, 477 
stereoscopic, 525 

Photon (unit of retinal illumination), 192 
Photronic cell, 247 
Physiological optics (sec Eye) 

Pigments, cause of color of, 317 
Pinhole camera, 125 

Pinhole test for refractive errors of eye, 436 
Planck^B distribution law, 150 
constant, 249 
value of, 141 

Plane-parallel plate, deviation due to non¬ 
parallelism of, 546 
Plate, Lummer-Gehrcke, 589 
Plates, crystal, 614 

for modifying polarized light, 602 
photographic {see Photographic materials) 
Platinizing by burning in, 354 
by sputtering, 355 
Platinum, reflectivity of, 402 
Point-o-lite lamp, 179 
Polarimeters, 608 

sensitive-tint plate in, 614 
Polarization, 16 

elimination of; 60571 
plane of, 16 

production of, 597, 602, 604 
by reflection, 28, 600 
rotatory, 608 


Polarization, rotatory, in quartz, 306 
Polarized light, 16, 595 
analysis of, 603 
applications of, 17, 608 

to measurement of reflectivity of 
metals, 405 

to photometry, 285, 606 
to saccharimetry, 612n 
to stress analysis, 612 
Polarizing angle, 28, 600 
Porro prism, 493 
Potassium, line of, lS3n. 

Pots for making optical glass, 321 
Power, of a lens, 46 
vertex, 371, 435 
(jSee also Focal length.) 
radiant, 19 

{See also Radiation.) 

Precision of manufacturing optical parts 
{see Tolerances) 

Precision quality of optical parts, 338, 341 
Presbyopia, 427 
spectacles for, 437 
Prescription for spectacles, 432 
transposing, 436 
Pressure of radiation, 145 
Provost’s theory of exchanges, 143 
Primary image, 99 
location of, 102 
Primary image surface, 101 
Primary plane, 99 

Principal plane of polarizing prism, 599 
Principal planes of lens, 50, 94 
Principal points, 50 

for extra-axial rays, 94 
location by computation, 57 
negative, 65 
order of, 59 
of simple lens, 58 
of system of lenses, 61 
Principal ray {see Chief ray) 

Principal surface, 94 
Prism, Amici, 362, 548 
dispersing, theory of, 545 
Porro, 493 
Risley, 532 

thin, deviation and dispersion of, 546 
Prism diopter, 346 
Prisms, manufacture of, 345 
measuring angles of, 372 
polarizing, 597, 609, 610 
preparing blanks for, 336 
specifying, 426 

use in binocular instruments, 493, 525 
Projection, stereoscopic, 530 
Projection lenses, 537, 539 
Projection systems, 534 
Projectors, lantern slide, 536 
motion picture, 539 
Proton, 138 

Pseudoscopic effect, 522 
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Pulfrich refractometer, 359 
Pupil, of eye, diameter of, 189 

{See also Entrance pupil; Exit pupil.) 
Purity, colorimetric, 308, 313 
Purkynfi (Purkinje) phenomenon, 191 
Pyrometer, optical, 271 

Q 

Quality, of g;lasB, 323, 384 

of optical parts, 337—346, 424 
Quantum, 7 
Quantum number, 141 
Quantum theory, 7, 141 
of photoelectric effect, 249 
of radiation, 152 
Quarter-wave plate, 602 
Quartz, 393 

fused Fused quartz) 
index of refraction of, 109, 113 
transmission of, 390 

R 

Radiation, 135 
black body, 146 

filters for transforming, 173n 
luminous efficiency of, 152 
spec^tral distribution law of, 150 
pressure of, 145 

solar, luminous efficiency of, 164 
color temperature of, 148 
theriniil, 142 

from iiicandoscent lamps, 170 
from tungsten, 161) 
hadiation dettMttors, 155 
sensitivity of, 158 
Radiator, diffuse, 20. 146, 154, 272 
sele<rtive and noii-selectivo, 146 
Radiometers, 156, 159 
Radioriietry, 155 
Radiozni<^rom('ter, 156 

Radius of curvature, sign convention for, 34 
(Srr a/.so Chirvature.) 
ititira tilth firs, 567 
Ramsdeii <rir<^le, 482 
ocular, 476 
Range-finders, 523 
Ray of light. 14 
chief. 73 

Ray tracing, general <uise, 34 
iiiimorical examples of, 36 
Hpe(uiLl (Uises, 35 
Rayleigh limit, 133 
Rayleigh-Jeuns distribution law, 150 
Rayleigh's gas interferometer, 592 
theory of pinli{>le (camera, 126 
Rays, nieridi<mul and skew, 36 
ordinary and extraordinary, 595 
paraxial, 40 
Reciprocity law, 205 
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Reoor^ng instruments, optical system of, 
640 

Rectilinear objectives, 109, 447 
Rectilinear propagation, 121 , 124 
Reduction potential (of photographic 
developers), 225 
Reflectance, 277 
absolute, 281 

computation from spectrophotometric 
data, 290 

of metals and alloys, 402 
Reflection, 22 

by a mass of transparent particles. 317 

diffuse, 23, 271 

metallic, 405 

at mirrors, 41 

polarization by, 600 

total, 26 

at transparent media, 26 
Reflectivity, 143, 27771 
of metals and alloys, 402 
Reflectometry, 277 

absolute methods of, 280 
Reflectors, types of, 20, 23 
(See also Mirrors.) 

Refracting surface, cardinal points of, 54 
conjugate distances for, 41 
Refraction, 25 

double, 393, 595, 612 
at a spherical surface, 33 
Refractive index (see Index of refraction) 
Refractometers, 359 
contact liquids for, 406 
preparing samples for, 363, 426 
Relative aperture, 73 

effect on depth of field, 463 
measurement of, 459, 503 
relation to light-gathering power, 413 
of telescopes, 483, 486, 489 
uniform system of marking. 459 
Relative visibility of eye in spectrum, 17, 190 
Resolution, criteria of, 130 
Resolving power, 130 

correlation with magnifying power, 417 
of echelon gratings, 590 
of eye, 189 

of grating spectroscopes, 561 
of interferometers, 588 

limitation due to design and workman¬ 
ship, 133 

of microscopes, 132, 496 

use of ultraviolet light to increase, 514 
of photographic materials, 234 
of photographic objectives, 445 
of prismatic spectroscopes, 550 
of telescopes, 483, 593 
Retina, examination of, 438 
structure of, 186 
Retinoscope, 441 

use in refraction, 433 
Hisley prism, 532 
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Robiguet polarimeter, 611 
Rochon prism, 699 
Rotatory polarization, 608 
Rowland gratings, 563 
Ruete’s ophthalmoscope, 439 
Rutherford’s atomic model, 138 

S 

Sacoharimetry, 609, 612n 
Sagittal image surface, 101 
Sagittal plane, 99 
Salt (rockj, 399 
transmission of, 391 
Saturation, 307 
Sawing glass, 336 

Scattering of light by small particles, 166 
polarization by, 604 
Schott, optical glass, 112 , 117 , 326 
Schumann plates for ultraviolet, 231 
Schuster s method of focusing a spec' 
trometer, 552 
Searchlights, 412, 634 
Secondary image, 94 
location of, 103 
Secondary image surface, 101 
Secondary plane, 99 
Secondary spectrum, 115 

Seeds (in optical glass), 331 
Seidel’s theory of aberrations, 82 
Semi-apochromatio objectives, 116, 600 
Sensitive-tint plate, 614 
Sensitometer, 209 

Seiwation of lenses, measurement of, 372 
Siedentopf’s cardioid condenser, 514 
Sign convention in geometrical optics, 33 
46, 51, 59 , 72 , o. 

Silvering, chemical, 351, 353 
by evaporation, 356 
half, 353 
Simple lens, 58 
Simple lenses, systems of, 59 
Sine condition, 93 

departure from, by photographic objec¬ 
tives, 90 

relation to Herschel condition, 98 
Skew ray, 36 
Skiascopy, 442 
Sky, brightness of, 167, 193 
color of, 165 

color temperature of, 167. 171 
Sky light, 165 

determination of polarization of, 606 
olit lamp, 443 

Slits for spectroscopic apparatus, 558 
Slope angle, 33 

sign convention of, 34 
Snellen charts, 434 
Snell’s law, 25 
Sodium spectrum, 182 
Solar constant, 163 


Soleil's biquartz plate, 611 
Souiid-recording on film, 542 
Specifications for optical parts, 424 
Spectacle lenses, manufacture of, 338 
Spectacle quality of optical parts, 338, 341 
Spectacles, magnifying power of. 435 
fitting, 432 
protective, 390 
types of, 436 

Speculum metal, properties of, 402, 408 
Speed, of lenses, 73, 458 
(.See also f/-number.) 
of photographic materials, 213 
Spectra, origin of, 140 
types of, 15 

Spectral lines, analyzing, 588 
curvature of, 551 

Spectral sensitivity of eye, 17, 190 
of photoelectric cells, 261 
of photographic materials, 229 
Spectrographs, 544, 556 
wedge, 289 

Spectroheliograph, 666 
SpectrohelioBcope, 566n 
Spectrometer, 544 
adjustment of, 374 
autocollimating, 562 
as goniometer, 373 
optical system of, 373, 549 

procedure for measuring refractive index 
with, 549 

Spectrophotometer, photoelectric, 287 
photographic, 289 
polarizing, 607 

Spectrophotometric curves of common 
objects, 297 

Spectrophotometry, 264, 286 , 557 
as basis of colorimetry, 3 ll 
visual, difficulties in, 287, 307 
Spectroradiometry, 158 
Spectroscopes, 544, 553, 666 
direct vision, 648 
interference, 588 
prismatic, 563 

optical system of, 649 

Spectroscopic apparatus, adjusting, 374 , 662 
apphcations of, 565 
grating, 559 
illumination of, 551 
prismatic, 552 

curvature of spectral lines in, 561 
theory of, 645 

resolving power of, 550, 561 
slits for, 568 

Spectrum, division into hues, 16 
electromagnetic, 135 
secondary, 116 
solar, 162 

Spectrum analysis, 666 
Sphere, aplanatism of, 96 
integrating, 269, 278 
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Spherical aberration, 83 
correction of, 87, 98 

elimination by Fresnel construction, 636 
example of, 40 

relation to coma and sine condition, 94 
to distortion, 107 
to Herschel condition, 98 
Spherical surface, cardinal points of, 54 
formula for axial rays, 41 
formulae for extra-axial rays, 102 
refraction at, 33 
Sphoroinetera, 364 
Sport Glass, 492 
Sputtering, cathodic, 365 
Squint, 432, 531 
Stage micrometer, 603 
Stars, measurement of diameter of, 692 
spectroscopic study of, 566 
Stefan-Boltzmann law, 145 
Stellar magnitudes, 194 
Stellar pliotometry, 238, 274 
Sterooscopcis, 526 

for testing binocular vision, 531 
Stereoscopic nncroH<M>pe8, 524 
Stereoscopic photography, 626 
Stereoscopic tolesf^opos, 523 
Stereoscopic vision, measurement of, 531 
radius of, 621 
Stereosc< )py, 617 

distortion in, 620, 622 
enlianceiiKMit of relief by, 628 
Stones (in opti<Mil glass), 331 
Stop, diffraction efTects of, 123 

effect on astigmatism and curvature of 
field, 104 

effec^t on distortion, 106 
(iS'fT a!no Apertures stop; f'ield stop.) 
Strabismus, 432, 631 
Stn'Hses, in fuse<l quartas, 397 
in glass, 323, 332 
in t(^lescope mirrors, 489 
ineasureiiHuit of, 612 

(Her alno Photoelasticity.) 

Striae, 324 

det.<M*tion of, 331, 368 
Str<il)OHcope, light source for, 178 
Sugar (see Sa<*chiiriin<'try) 

Suini>iH^r’H principle, 268 
Sun, 160 

(Sre aino HadiatioTi.) 

Sunlight lamp, 179 
Sunset <uiuse of, 166 

Surfa<Mn Hpheri(uil refraeting (nee Spherical 
surfaiMt) 

Surfa<!Cf <*urvature (sm Chirvature) 

Surfac(^8, testing by iiiterfcrenco metiiods, 
676 

SutcliiT’s ophthalmometor, 442 
Sylvitc (sylvine), 390 
transmission of, 391 


T 

Talbot’s law, 197 
Tangential image surface, 101 
Tangential plane, 100 
Telecentrie systems, 74 
Telephotography, 452 
Telescope, history of, 3 
magnifying power of, 479 
normal, 410 

method of focusing, 486 
mounting of, 489 
resolving power of, 133, 483 
theory of, 479, 490 
Telescope objectives, 486 
(See also Objectives.) 

Telescope oculars («ce Oculars) 

Telescopes, 479 

astronomical Telescopes, refracting) 
binocular, 623 
Galilean, 490 

Keploriaii («cc Telescopes, refracting) 
photographic, 486 
reflecting, 487 

manufacture of mirrors f<jr, 348 
testing mirrors for, 368 
refracting, 484 
spectrographs for, 568 
terrestrial, 489 
weather proof, 487 
TLelea<u>pi<^ gun sights, 483 
Telescopic system, definition c>f, 470 
Temi)erature, absf>lute (Kelvin), 145 /a 
brightne^SH and true, definitions of, 153 
color, 163 

(jSVc ntso Color teinperaturo.) 

T’est charts for eye, 434 
for lenses, 467 
Test glnsses, 366 
use of, 342, 676 
Thalofide coll, 246 
ThtM>dolit<*H, optictal system of, 487 
Thermal radiation {«cc Hadiation) 
Thermopile, 167 
Thi<d< lens, 60 

ThickncHH, numsurement of, 372 
Thin lens, (Muna of, 96 
eq\ii vulont, 67 

forimila for conjugate distan<Tefl, 46 
formulae for extra-axial rays, 103 
lateral magniTmation of, 47 
sphiirical aberration of, 86 
Thiii-Iciiis system, 48 

achromatizing. 111, 114, 117 
astigmatiHin and curvature of field of, 103 
eorroctif>n of, 88, 96 

Third-ord<ir theory of optical imagery, 81 
Thompson polarizing prism, 599 
Thorp's process of making grating replicas, 
563 
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Tolerances, for condensers, 341 
in curvature of surfaces, 426 
in diameter of lenses, 344, 345 
for flats, 345 

method of specifying, 424 
for ophthalmic lenses, 341 
for precision quality lenses, 342 
for prisms, 345 
Tolies ocular, 475 

Tone values, photographic reproduction of, 
219, 226 

Tools for lens grinding, 338 
TSpler’s shadow method, 331 
Toric lenses, 436 
Total reflection, 26 

Tourmaline, polarization of light by, 597 
Transmission, 283 

computation from spectrophotometric 
.data, 290 

of materials in ultraviolet and infrared, 
389 

measurement of, 283, 333, 606 
of optical glass, 333, 389, 391 
Transparency, 23 

(Sec also Transmission.) 

Transverse axis, 66, 379 

Trial frame for refraction of eyes, 435 

Truing lenses, 346, 358 

Tube length of microscope, mechanical, 499 
optical, 495 
Tungs-arc lamp, 179 
Tungsten, properties of, 168 
Tungsten arc, 179 

Tungsten lamps (see Incandescent lamps) 
Tungsten surface, radiation from, 154, 168 
Twyman’s lens-testing interferometer, 382, 
58371 ' 

Tyndall effect, 166, 604 

U 

Ulbricht sphere {see Integrating sphere) 
XJltramicroscopy, 513 

Uniform system (of marking lens apertures), 
459 

Units of measurement of light waves, 11, 136 
Universal spectrograph, 565n 

V 

Value (of a color), 310 

Velocity of light, 8 

Vertex (of refracting surface), 33 

Vertex diopter, 435 

Vertex power, 371, 435 

Vertometer, 371 

Visibility of radiant energy, 17, 190 


Vision, acuity of, 190 
defects of, 427 
persistence of, 196 
Vital-ray region, 163 

W 

Wadsworth constant-deviation spectro¬ 
scope, 554 

Wallace’s process of making grating replicas, 
563 

Water, optical properties of, 391, 399 
Watkins factorial system of development, 
229 

Wave front, 12 

in birefringent media, 595 
effect of lens on, 29, 127 
of size of stop on, 123 
in image formation, 29 
Wave length, 10 

dominant (of a color stimulus), 308 
of electromagnetic radiations, 136 
measurement by interference, 579 
standards of, 182, 184 
Wave mechanics, 8 
Wave motion, 9 
Wave theory of light, 6 
Wave train, Fourier analysis of, 57071 
Waves, electromagnetic, 135 
stationary and traveling, 572 
Weather alkalinity of optical glass, 334 
Weber’s law, 195n 
Wedge spectrograph, 289 
Welding, goggles for, 392 
Wheatstone’s stereoscope, 527 
Wien’s displacement law, 148 
distribution law, 149 

Wiener’s stationary-wave experiment, 573 
Window (jsee Entrance window; Exit 
window) 

Wollaston prism, 599, 606, 608 
Work function, 249 
Working distance, 472 
of magnifiers, 473 
of microscope objectives, 501 
Wratten filters, 388, 390 

X 

X-ray stereoscopes, 627 
X-rays, 139 

photography by, 233 

Y 

Yellow spot (of retina), 186 

Young’s interference experiment, 569 

Young-Helmholtz theory of color vision, 298 




